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CONSTRAINED PROBLEMS

minimize  H(u) + G(v)
subject to Au+ Bv=5»
Big Idea: Lagrange multipliers

max min H(u) + G(v) + (A,b— Au — Bv) + _ [|b— Au — Bo|?

» Optimality for A: b — Au— Bv =0
* Reduced energy:  H(u) + G(v)

» Saddle-point = Solution to constrained problem



ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»

Blg |dea: Lagrange multipliers

max min H(u) + G(v) + (A,b— Au — Bv) + _ [|b— Au — Bo|?

Alternating Direction Method of Multipliers
wps1 = arg min H(u) + (g, —Au) + %Hb — Au — Bu|?

u

7_
Vg1 = argmin G(v) + (A, —Bv) + §Hb — Aupyq1 — BUH2

(Y

>\k—|—1 — )\k -+ T(b — Auk_|_1 — ka_|_1)



IS T RIBU [ ED PROBLEERSS

machine learning = model fitting

*data Is stored across many servers
*datasets are big (memory Is an Issue)
*communication Is expensive

DoD Supercomputing
Resource Center

Google compute engine




DISTRIBUTED PROBLEMS

minimize g(x) + Z ol

example: sparse least squares

minimize p|x| + §\|Ax — l# Aq

As
A= ,

1
minimize p|x| + Z §||Az$ T bz'H2

data stored on different servers



TRANSPOSE REDUCTION

1
minimize §HA£E — |?

LA AN i i
F I 2

normal equations




TRANSPOSE REDUCTION

Aq
1 Az
minimize || Az — b|| A=1 .
Apn
LA AN

distributed computation

T ATo =2  Ab,

normal equations

ATA = AT A,
Big idea

Solve complex problems with ADMM,
solve least-squares sub-problems with R




UNWRAPPED ADMM

phnizesS g fAT) = gl —I—Z]‘},Ax

Eélineliel S
I Lo g
minimize 7 |x||* + h(Ax)

A = data, h = hinge loss



UNWRAPPED ADMM

minimize g¢(x)+ f(Ax) = g(x +ZfZA$

Eélineliel S
i Lo g
minimize §H:L’H + h(Ax)
“unwrapped’ form

minimize §||$||2 + h(z)

subject to 2z = Ax



TRANSPOSE REDUCTION
ADMM

1
minimize 5 |z||* + h(Az)

“unwrapped’ form
1
minimize §||w||2 + h(z)

subject to 2z = Ax

scaled augmented Lagrangian

1
minimize _|l2]|? + h(z) + guz — Az + A||?



TRANSPOSE REDUCTION
ADMM

1
minimize 5 |z||* + h(Az)

scaled augmented Lagrangian

1
minimize  |z/|? + h(2) + guz — Az + A||?

ADMM
o = min _ 2] + [l — Az + A¥|?
e mzin h(z) + %Hz = g L e ’7
B F kL A k] Least squares:

use | R GERE



SLOBAL UPDATE

scaled augmented Lagrangian

1
minimize §||xH2 + Z i) = %sz — Az + Ni|?

central servers: x-update

1
oM = min Z||z||” + %sz — Az + M¥|?

solution
B A A Y Al

pre-computed once Ccomputed in the cloud
on each rteration




EXPERIMENT: SVM

2K features, 50K data points/core

Amount of Data (GB)
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Goldstein & Taylor: “Unwrapping ADMM...” AISTATS 16



FORE COMPLEX PROBEERS

GLMs & Linear classifiers Neural nets




ADMM FOR NEURAL NETS

a1

minimize {(ag)

1 1
+§HZ2 — Wiaq|* + §Ha2 — o (z2)||?
1 1

+5 llz3 — Waaz|* + S llas — o (23)lI°



MINIMIZATION STEPS

1 mimimize1 l(as)
+§||22 — Wiaq||* + §Ha2 — o (22)||?

1 1
+§HZ3 — Waas||* + 5\\% — o(z3)]|°

Solve for weights: least squares convex
Solve for activations: least squares + ridge penalty convex
: . e NON-CONVEX
Solve for inputs: coordinate-minimization
but global

Use TR to solve least squares: scales across nodes



Test Set Accuracy

NEURAL NETS

3 hidden layers
~ | 50K welghts
"Higes™ particle classification

7500 core TR vs GPU

0.65
( TR BFGS
060l 7500 cores GPU
0.55}
050l SGD
' GPU
04390 10 10° 10°
Time (s)

“Training Neural Networks Without Gradients: A Scalable ADMM Approach.”
Taylor, Burmeister, Xu, Singh, Patel, Goldstein. ICML 2016



Imaging Application
Regularizing Smooth Support



BLOCK-5SPARSE
REGULARIZATION

J(z) = |zl
ceC

B aaaey




BLOCK-5SPARSE
REGULARIZATION




NUMERICS

simple block sparse problem

minimize [|x — v||5 + A Z |xc]|2-
i celC;

constrained formulation

minimize ||x = v||3+ A ) [yl
e ceC;

subject to y,. = X., Vc
augmented Lagrangian

minimize |X—V||2 Z)‘HYC||2 _HYC—XC+)\cH2
x€ERY ceC;

Yuan and Yin. ‘“Model Selection and Regression...”” 2006



LO\/\/—RANK + SPARSE

¢’
Ef' B /

LI + low rank Block Sparse + low rank

Shah, Studer, Goldstein. “Convex Regularization of Sparse Signals with Smooth Support”



ACCELERATED SPLIT TING
METHODS



HOW 1O MEASURE
CONVERGENCE?

No “"Objective’” to minimize

Unconstrained Constrained

S ¢

o
S
A S

/
//
. T
e - ’/J// ‘‘‘‘‘‘
-




eSO UAES

minimize H(u) + G(v)
subject to Au—+ Bv=2»

» Lagrangian
minmax H(u)+ G(v) + (\,b — Au — Bv)

(Y A
* Derivative for \ b— Au — Bv =0
» Derivative for u OH(u) — A"\ =0

* We have converge when derivatives are ‘'small
T :b—Auk—ka
dr, = OB (B{vr AV )



EACLICTT RESIDUAESS

* Explicit formulas for residuals

r. = b — Auir — Bug,
O = A By, = o)
» Combined residual

1
ek = lIrill® + =lldx|*

MM MA conversge at rate

cr < O(1/k)
Goal: O (%)

Goldstein, O'Donoghue, Setzer, Baraniuk. 2012 & Yuan and He. 2012



FAST AR

Require: v_; =99 € RN A_; = 5\0 =N = = (]
IBSiorw ="1,2,3... do

2. wy, = argmin H(u) + (A, —Au) + Z||b — Au — Boy||?
3: v = argmin G(v) + (A, —Bv) + Z||b — Auy, — Bu||?
4: )\kZS\k—I—T(b—Auk—ka)

Y S E
A |
6 Vkp+1 = Uk (();”;H o — )
3 Sl
T A1 = A+ (A — Ak-1)
8: end for

Goldstein, O'Donoghue, Setzer, Baraniuk. ‘“Fast alternating direction methods.” 2014



FAST AR

Require: v_; =99 € RN A_; = 5\0 =N = = (]
Stor ki —=1,2.3... do ;
2:  ug = argmin H(u) + (\g, —Au) + Z||b — Au — By ||?
3: v = argmin G(v) + (A, —Bv) + Z||b — Aug — Bv||?
4: )\kZS\k—I—T(b—Auk—ka)

1++/14+4a?
. —1
6 Vk+1 = Uk (();’ZH (Vg — Vg—1)
) —1
T Ak = A+ (A — Ae—1)
8: end for

Goldstein, O'Donoghue, Setzer, Baraniuk. ‘“Fast alternating direction methods.” 2014



CONVERGENCE RESULTS

To prove formal convergence bounds, need assumptions:
» Strong convexity of the objective

» Stepsize restriction

Theorem

Suppose H and G are strongly convex and that
O‘HO'%;
p(ATA)p(BT B)*’
then fast ADMM converges with
Ol = NP

T k2
Without strong convexity, convergence is still
cuaranteed using a “restart” method.

7'3<

Goldstein, O'Donoghue, Setzer, Baraniuk. ‘“Fast alternating direction methods.” 2014




RESULTS: ROF

i V| + guu— 7112

172/3116

— |

142/2149

£ vt 190/4990



ELASTIC NET REGRESSION

A 1
2 a2 + - | du — £

Random A, Sparsity = [5/40

_ _ _ / Vanilla ADMM
20X f:m ] N 'S _ Fast ADMM

o R e N
A

Fast ADMM+restart

min A1 |u| -
U

Restricted Stepsize
| | |

10

| | |
0 100 200 300 400
Iteration

Goldstein, O'Donoghue, Setzer, Baraniuk. “Fast alternating direction methods.” 2014



BIG ADVANTAGE: PARAMETER
SENSITIVITY

6000

—— fast ADMM
standard ADMM

4000 -

Iterations

2000 -

1000 -

/ vary

L T this guy

107 107" 10° 10’ 10°
parameter'

max min H(u) + G(v) + (A,b— Au — Bv) + _ [l — Au — Bo|?

A U,V




INEVY STURE
ADAPTIVE ADMM

minimize  H(u) + G(v)
subject to Au+ Bv =25

how to choose!
Augmented Lagrangian (

max min H (u) + G(v) + (\,b — Au — Bv) + gub — Au — By))?

A U,V




BFEC I RAL STEPSIZE ROCES

minimize H(u) + G(v)
subject to Au+ Bv=5»

Advantages “Spectral” approximation

Fast! Superlinear for some problems
8%
2

Automated | ‘ T ‘ ‘ 2

y:

Spectral adaptive methods

Gradient descent: Barzilai-Borwein

Forward-backward: SpaRSA L

optimal stepsize = =
Constrained problems: ?7?



ADAPTIVE ADMM

minimize H(u) + G(v)
subject to Au+ Bv=5»

|

dual problem: no constraints
i AR N = (O B 4= CF 8T )

= B
—1IAI? 2
= =N

optimal stepsize = \/%73



PUAP T IVE ADFES

minimize  H(u) + G(v)
subject to Au+ Bv =25

curvatures are ‘‘free”
E 5 oiven ADMM rterates
min H* (A" \) — (A, b) + G*(B* \) feis o
A w w Al (Ak =3 )\O)TA(uk R uko)

. p [\ = Aol
—1IAl? SIS
=1y =N

()\k RS )\O)TB(vk = Uko)

optimal stepsize = o B = W




BEFENDENCE ON S TEFSIZESS

Fast

&0 e
(a) Elastic net regressmr/

Vanilla

T T T T T T '!—'F-!-\'!'!-H"\

ADMM

Residual
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Initial penalty parameter

5

Balancing

Zheng Xu, Mario Figueiredo, Tom Goldstein.
“Adaptive ADMM with spectral penalty parameter selection.” 2014



PROBLEM SCALING

(b) Quadratic programming

3
10 - E
2
s 10 ]
- 5
= ’
g
3
Adaptive___-15" BT ———
ADMM -==-Fast ADMM
1 Residual balance
0 — Adaptive ADMM
Sy S B SR SR

100 100 100 100 100 10 10 100 100 10" 10
Problem scale

Zheng Xu, Mario Figueiredo, Tom Goldstein.
“Adaptive ADMM with spectral penalty parameter selection.” 2014
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