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Outline	
•  Peridynamic	theory	summary	
•  Defects	and	material	failure	
•  Phase	changes	and	microstructure	
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Gaps	in	classical	con8nuum	mechanics	
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Humble	Scotch®	tape	



Peridynamics:*	What	it	is	
•  It’s	an	extension	of	con8nuum	mechanics	to	media	with	cracks	and	long-range	
forces.	

•  It	unifies	the	mechanics	of	con8nuous	and	discon8nuous	media	within	a	single,	
consistent	set	of	equa8ons.	
	

Con8nuous	body	 Con8nuous	body		
with	a	defect	

Discrete	par8cles	

•  Our	goals	
•  Nucleate	cracks	and	seamlessly	transi8on	to	growth.	
• Model	complex	fracture	paYerns.	
•  Communicate	across	length	scales.	
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*	Peri	(near)	+	dyn	(force)	



Peridynamics	concepts:		
Horizon	and	family	
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•  SS,	J.	Mechanics	and	Physics	of	Solids	(2000)	
•  SS		&	Lehoucq,	Advances	in	Applied	Mechanics	(2010)	

𝐪 

Bond	
𝐱 

ℋ↓𝐱 = family	of	𝐱 

𝛿 



Peridynamic	concept	of	strain	energy	
density	at	a	point	
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Deforma8on	

•  The	strain	energy	density	𝑊(𝐱)	is	determined	by	the	deforma8on	of	the		
en8re	family	of	𝐱.	

•  How	to	describe	this	dependence?	States	

Con8nuum	 Discrete	par8cles	

Discrete	
structures	in	a	

solvent	



States:	Nonlinear	analogues	of	second	
order	tensors	
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•  Classical	theory	uses	tensors	(linear	mappings	from	vectors	to	vectors).	
•  Peridynamics	uses	states	(nonlinear	mappings	from	vectors	to	vectors).	

Tensor	𝐅	

State	𝐘 	

Ellipsoid	

Any	shape	



States	
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𝐪 

Bond	
𝐱 

𝐘 [𝐱]⟨𝐪−𝐱⟩ 
Deformed		
bond	

Strain	energy	density:	𝑊(𝐘 ) 



Opera8ons	with	states	
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Func8ons	of	states	
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Poten8al	energy	minimiza8on	yields	the	
peridynamic	equilibrium	equa8on	
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𝐪 

𝐱 

𝓗↓𝐱  

𝓗↓𝐪  



Material	models	
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𝐪 

𝐱 

𝓗↓𝐱  

𝓗↓𝐪  

•  SS,	Epton,	Weckner,	Xu,	&	Askari,	J.	Elas8city	(2007)	



Examples	of	material	models	
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Direc8on	of	the	deformed	bond	𝛏	



Damage	
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Bond	𝛏	

Broken	bond	𝐘 ⟨𝛏⟩	



Discon8nui8es	are	treated	within	the		
basic	field	equa8ons	

Broken	bond	
Crack	path	

• 	When	a	bond	breaks,	its	load	is	shifed	to	its	neighbors,	leading	to	progressive	failure.	

Cracking	in	a	composite	lamina	 Impact	against	reinforced	concrete	



Emu	numerical	method	
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§  Integral	is	replaced	by	a	finite	sum:	resul8ng	method	is	meshless	and	Lagrangian.	

•  SS	&	Askari,	Computers	&	Structures	(2005)		
•  Tian	&	Du,	SIAM	Journal	on	Numerical	Analysis	(2014)	



Force	states	and	stress	
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•  Lehoucq	&	SS,	J.	Mechanics	and	Physics	of	Solids	(2008)		
•  SS,	LiYlewood	&	Seleson,	J.	Mechanics	of	Materials	&	Structures	(2014)	



Peridynamic	form	of	thermodynamics	
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•  SS	&	Lehoucq,	Advances	in	Applied	Mechanics	(2010)	
•  Bobaru,	&	Duangpanya,	J.	Computa8onal	Physics	(2012)	
•  Oterkus,	Madenci,	&	Agwai,		J.	Mechanics	&	Physics	of	Solids	(2014)	



Fracture	in	a	briYle	plate	with	a	lot	of	
defects	
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•  How	do	defects	join	up	to	form	a	macroscopic	crack?	

Metallic	glass	fracture	(Hofmann	
et	al,	Nature	2008)	



Fracture	in	a	briYle	plate	with	a	lot	of	
defects	
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VIDEO	



Fracture	in	an	elas8c-plas8c	plate	with	a	
lot	of	defects	
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VIDEOS	
Defects	 Displacement	



Cracks	nucleate	due	to	a	material	
instability	
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•  SS,	Weckner,	Askari,	&	Bobaru,	Int.	J.	Fracture	(2010)	
•  Lipton,	J.	Elast.	(2014)	
•  Lipton,	J.	Elast.	(2015)	

∆𝑢 

∆𝑢 

𝑡 
Stable	

Unstable	



Mul8scale	model	of	a	graphene	sheet	
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•  Assign	strength	randomly	to	grain	boundaries.	
•  This	one	realiza8on	fails	at	some	stress	under	uniaxial	tension.	
•  Repea8ng	with	more	realiza8ons	leads	to	sta8s8cal	distribu8on	of	strength	of	the	

polycrystal.	

Stress-strain		

Rate	of	damage	
growth		

Cracks	are	mostly	along	grain	boundaries	



Microstructure		
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•  Proper8es	of	metals	are	strongly	influenced	by	their	microstructure	(sizes	and	
shapes	of	grains).	

•  Microstructure	evolu8on	is	largely	about	the	energe8cs	of	grain	boundaries.	
•  Will	demonstrate:	

•  Phase	boundaries	in	peridynamics	contain	finite	energy.	
•  They	dissipate	energy	as	they	move.	
•  They	move	in	the	direc8on	of	lower	total	poten8al	energy	of	the	system.	

Steel	microstructure		
Image:	R	F	Cochrane,	University	of	Leeds		



Bond-based	model	for	coexistent	phases*		
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•  Elas8c	bars:	Ericksen,	J.	Elast.	(1975)	
•  Crystals:	James,	Archive	for	Ra8onal	Mechanics	&	Analysis	(1981)	
•  Strings:	Purohit	&	BhaYacharya,	J.	Mechanics	&	Physics	of	Solids	(2003)	
•  Lamces:	Truskinovsky	&	Vainchtein,	SIAM	J.	Applied	Math.	(2005)	
•  Inelas8c	con8nuum:	Levitas,	Int.	J.	Solids	&	Structures	(1998)	
•  3D	elas8city:	Abeyaratne	&	Knowles,	Archive	for	Ra8onal	Mechanics	&	Analysis	(1991)	

Bond	strain	𝑠	

Elas8c	bond		
force	density	
𝑊↓𝑌  ⟨𝜉⟩	

𝑠↑− 	 𝑠↑+ 	

Maxwell	line	

𝑉	𝜎	 𝜎	𝐘 ↑+ 	

Phase	boundary	has	internal	structure	in	a	nonlocal	model	

𝐘 ↑− 	

*Dayal	&	BhaYacharya,	J.	Mechanics	&	Physics	of	Solids	(2006)	



Structure	of	the	phase	boundary	
in	a	peridynamic	model	
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•  Hard	load	problem	in	a	bar.	
•  The	phase	boundary	contains	internal	structure,	finite	width	and	energy.	

•  Dayal	&	BhaYacharya,	J.	Mechanics	&	Physics	of	Solids	(2006)..	



Condi8on	for	nuclea8on	of	a	phase	
boundary	
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𝐧 

∆𝐋 

+	phase	 −	phase	



Condi8on	for	energy	minimiza8on	with	
mul8ple	phases	
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Energy	dissipa8on	model	for	a	bond	
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•  Abeyaratne	&	Knowles,	Archive	for	Ra8onal	Mechanics	&	Analysis	(1991).	



Phase	boundary	seeks	out	the		
Maxwell	line	asympto8cally	
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Change	in	
boundary	
displacement	

•  Peridynamic	simula8on	of	a	bar	using	the	dissipa8on	model	discussed	above.	
•  Perturb	the	boundary	condi8ons	and	watch	the	phase	boundary	mo8on.	
•  The	phase	boundary	moves	so	the	system	lowers	its	energy.	

𝑉	𝜎	 𝜎	−	 +	

Bond	strain	𝑠	

Elas8c	bond		
force	density	
𝑊↓𝑌  ⟨𝜉⟩	



Deforma8on	gradually	reduces	the	area		
of	a	phase	boundary	in	2D	
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•  Plate	with	ends	fixed.	Global	strain	𝜖↓0 	is	in	the	unstable	part	of	the	material	
model.	

•  Complex	microstructure	appears	at	first,	then	simplifies.	
•  Driving	force	is	the	energy	stuck	in	a	phase	boundary.	

Bond	strain	𝑠	

Bond	force		
density	𝑓	

𝜖↓0  

Ini8al	strain	 𝜖↓0 	

VIDEO	

Colors	show	bond	strain	



Deforma8on	gradually	reduces	the	area		
of	a	phase	boundary	in	2D	
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Colors	show	bond	strain	



Transforma8on	toughening	(isothermal)	
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•  Can	a	phase	transforma8on	make	a	crack	try	to	stay	closed?	
•  Permanent	transforma8on	in	each	bond.	

2-phase	

1-phase	

Colors	show	bond	strain	

Bond	strain	𝑠	

Bond	force		
density	𝑓	

Loading	

Unloading	

Bond	
breakage	

2-phase	peridynamic	material	model	with	
permanent	transforma6on	



Transforma8on	toughening,	ctd.	
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•  Crack	path	deviates	to	avoid	the	toughened	material	in	front	of	it.	

Colors	show	bond	strain	

VIDEO	



Transforma8on	toughening,	ctd.	
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•  Crack	grows	slower	in	the	2-phase	material.	

Time	
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Free	surfaces	and	material	boundaries		
can	have	energy	too	

VIDEO	

Droplet	mo8on	driven	by	surface	tension	
Sintering	of	4	copper	grains	



Summary	

§  By	trea8ng	discon8nuous	and	con8nuous	deforma8on	within	the	same	
field	equa8ons	we	gain	a	lot	in	modeling	some	aspects	of	materials	
science.	
§  Autonomous	nuclea8on	and	growth	of	defects.		
§  Phase	boundaries	evolve	according	to	driving	force.	
§  Defects	“do	what	they	want.”	
§  We	avoid	the	need	for	supplemental	equa8ons	that	govern	defect	

evolu8on.	
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