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Goal: automated rigorous computations
to capture complex dynamics

1. Discretize and compute combinatorial enclosure

2. Build Conley index pair
3. Compute index representative [CHomP]
4. Process the index information «— this talk
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- — o Wazewski Principle:
Con(S,f) #[0]s = S#9@

Corollary:
Con(S’, fInsofIn, of Iny) #[0]s =
31 x € S’ with itinerary p(x) =123

- Labeled Conley index: set of all
- such cyclic Conley indices
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Symbolic dynamics

Goal: prove semi-conjugacies to symbolic dynamics

Why: entropy, periodic orbits, etc.

m Finite alphabet A (here regions of phase space)
Bi-infinite seq x =...Xx_2 X—1 X0 X1 X2... withx; € A
Full shift Xy = .AZ
Shift map 0 : AZ —» AZ, o(x); = Xis+1
Subshift X € X¢y invariant under o: o(X) =X
Forbidden blocks F: X = {x : x has no block in F }

SFT (vertex shift) Sofic shift (vertex pres.)

F=4{101,10001, 1000001, ...}

In both cases, topological entropy h(Xs) =109 Amax(G)
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Constructing Semi-Conjugacies

Idea: find lots of cycles yielding nontrivial Conley index
Proposition: If X is a shift space of cycles with

nontrivial index, then f is semi-conjugate to X := cl(X).
What is the best possible subshift X for index pair P?

XP = cl( U] x1--Xk : Con(S”, fluy, ©+++ fly,) #[01s })

= cl( U{ X1 Xk : [MaXeMXxi-1 ... X2 ] £ [0]s })
Aside: cocyclic subshifts [Kwapisz 2000]

Proposition: f is semi-conjugate to (any subshift of) X

But computing XP seems daunting...
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Previous Work: SFTs

[with Sarah Day and Rodrigo Trevino]

m Start with complete graph

= Remove edges, until you can prove...

m All cycles in the graph have nontrivial index
Could be infinitely many cycles!
Technique: look for scalar multiples of matrix products
seen before, and proceed by induction

m Tricky argument

= Fairly slow, but gets the job done
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SFT approach: have to cut edge (0, 1) or (1, 0) because
MOIMI0 =[1-1][1]=0

Let’s dream big. What is X"?
Sequences containing 10°991 are forbidden... even shift!
sofic shift, but not SFT

Key idea: Build sofic shift iteratively, whose states
encode enough info to decide if next transition yields a
0 matrix product: matrix image space
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Algorithm: Sofic Processor

Require: Labeled Conley index M € 7", # iter T
Ensure: Vertex presentation G of a sofic subshift of X?

1: procedure SoficProcessor(M, T)

2: G < empty graph with nodes {q,I;} forallae A
3 mark all nodes of G

4: while marked nodes left, or until T iterations, do
5: unmark some marked node {a,A} of G

6: forbe Ado

7 B — ech(Mab A)

8 if B=0, continue

9: if {b,B} ¢ G then

10: add node {b,B} to G and mark it
11: add edge ({a, A}, {b,B})to G

12: return sink strongly-connected component of G
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Optimality

But is this expressive enough to get all of X"?

Theorem (Day, F.)

If Algorithm 1 (sofic processor) terminates before the
cutoff T, and returns G, then Xg = XP, and XP is sofic.

Always happens in practice!
100s of examples and counting...
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Massive Hénon Example

Index pair: built from 350 low-period orbits
185030 boxes (+ 3193 exit set), 342 regions «— A

XP is sofic! G has 388 vertices and 586 edges.
h(Hénon) > h(XP) > 0.4555 up from 0.4320
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