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Image Deblurring
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Image deblurring problem: Try to reconstruct the true image from a
blurred and noisy one.
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The Naïve Solution
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Image deblurring is an ill-posed inverse problem: small perturbations
in the data may result in large errors in the solution.
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Tikhonov Regularization
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We regularize by adding information we know about the solution.
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How important is ?
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How important is ?
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How important is ?

0.0028



8

How important is ?
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How important is ?
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How important is ?
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How important is ?
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How important is ?
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How important is ?

0359.0



14

How important is ?
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How to choose 
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Other methods: Discrepancy Principle

Generalized Cross Validation (GCV)

Unbiased Predictive Risk Estimator (UPRE)



Learning from data

16

 ),( )3()3( yx
 axy 

 

.  subject to       

][ min       

 that such parameter   thefind

 ,, pointsdata  Given

)()(

3

1

2)()(

)()(

kk

a

k

kk

a
a

kk

axy

yy

a

yx






 ),( )1()1( yx

 ),( )2()2( yx



Learning  from data
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Designing optimal spectral filters for inverse problems  by Chung, Chung, and O’Leary (2011)
Learning regularization parameters for general-form Tikhonov by Chung and Espanol (2017)



A bilevel optimization problem
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A Bilevel Optimization Approach for Parameter Learning in Variational Models by  Kunisch
and Pock (2013)
Bilevel Approaches for Learning of Variational Imaging Models  by Calastroni et al. (2015)
Bilevel Parameter Learning for Higher-order Total Variarion Regularization Models by De Los 
Santos et al. (2015)



A simpler minimization problem
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Generalized SVD
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Finding the optimal  
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Numerical results: 1D Deconvolution
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Numerical results: 
Box and whisker plots
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Numerical results
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Numerical results: Pareto Curve
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Multi-parameter Tikhonov 
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L = Derivative Op. L = Laplacian Op.L = Identity

The selection of the regularization matrix L is very important and
difficult

…but what if we do not have to choose.



Multi-parameter Tikhonov
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Previous work include:
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S. Lu and S. V. Pereverzev. 2011
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Learning the vector   from data

28

 

KkxLbAx

x

x

xx
K

Kkbx

i

ii

(k)(k)

K

k

(k)(k)

(k)(k)

,...,1for        - min arg 

subject to

1
 min                     

such that   find

,,...,2,1   ,                    

images ningGiven trai

2

2

2
2

2

1

2

2
true

true























The SD case
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Finding the optimal  
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Numerical results
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Numerical results: 
Box and whisker plots
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Numerical results 
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Numerical results 



How it performs in different images 
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Conclusions

• Computing regularization parameters for
Tikhonov regularization is in general a difficult
task

• We developed a learning approach to compute
regularization parameters for one-parameter
and multi-parameter Tikhonov from training
data

• Optimal parameters can be computed off-line

• The optimal parameters work well for images
outside the family of training data
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