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Transforming 2nd Order Systems to 1st Order Systems
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Traveling waves are solutions of

(Evo) ut = F(u), x ∈ R, t ≥ 0, u(x, t) ∈ Rm, (F nonlin PDO)

of the form

(TW) u(x, t) = v?(x− µ?t) =: v?(ξ), v? : profile, µ? : velocity.

Examples:
Reaction-Diffusion equations F(u) = Auxx + g(u),
Semilinear hyperbolic equations F(u) = Cux + g(u),
Coupled hyperbolic-parabolic systems, including Reaction-Diffusion
equations with non-invertible A
. . .



Traveling Wave - Boundary Value Problem
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Typically: v? and µ? unknown.
Inserting (TW) into (Evo) leads to BVP

Traveling wave equation

(BVP1)
0 = F(v?) + µ?v?x „ = Av?ξξ + µ?v?ξ + g(v?)“

lim
ξ→±

v?(ξ) = v?±

Problem: How to find a good initial guess for the BVP-solver?
Solution: Direct forward simulation by Freezing method introduced by
Beyn&Thümmler 2004 yields both:
Approximations of v? and µ?.
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(Evo) ut = F(u), x ∈ R, t ≥ 0, u(x, t) ∈ Rm,

Idea: Separate evolution of the profile from evolution of its position:

Freezing ansatz
u(x, t) = v

(
x− γ(t), t

)
=: v(ξ, t),

v(·, t): „profile at time t“
γ(t): „position at time t“

Plug into (Evo): ut = F(u)

Freezing system

(FR1)


vt = F(v) + γtvξ

γt = µ

new degree of freedom γt
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Freezing system

(FR1)


vt = F(v) + µ vξ
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0 = Φ(v, µ), phase condition.
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Extend to 2nd order equations:

(DW) M utt = Auxx + f (u, ux, ut), x ∈ R, t ≥ 0, u(x, t) ∈ Rm

Theorem on stability of traveling waves for (DW)
The freezing System
Indicate some key ideas in the proof
Not today: For generalizations to multi-d and more general relative
equilibria see Wolf-Jürgen Beyn’s talk from Tuesday
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(DW) Mutt = Auxx + f (u, ux, ut)

considered the co-moving frame

u(x, t) = v(x− µ?t, t) =: v(ξ, t)

becomes

(DWco) Mvtt =
(
A− µ?

2M)vξξ + 2µ?Mvξt + f (v, vξ , vt − µ?vξ).

A traveling wave (time-independent profile v(ξ, t) = v?(ξ)) satisfies

Traveling wave equation

0 =
(
A− µ?

2M)v?ξξ + f (v?, v?ξ ,−µ?v?).
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An observation of Hadeler 1988 can be used to show:

(FHN-W)
εu1,tt + u1,t = u1,xx + u1 − 1

3 u3
1 − u2

εu2,tt + u2,t = νu2,xx + 0.08(u1 + 0.7− 0.8u2)

with ε = 0.01 and ν ≈ 0.1056 has a traveling pulse solution, traveling with
velocity µ? ≈ −0.7868.
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(DWco) Mvtt =
(
A− µ?

2M)vξξ + 2µ?Mvξt + f (v, vξ , vt − µ?vξ)

f ∈ C3(R3m, Rm)

M invertible, M−1A positive diagonalizable
∃(v?, µ?) ∈ C2

b ×R, TW-solution with v?ξ ∈ H3(R, Rm) \ {0},

(BVP2)
0 =

(
A− µ?

2M)v?ξξ + f (v?, v?ξ ,−µ?v?),

v?(ξ)→ v±, v?ξ(ξ)→ 0, as ξ → ±∞, f (v±, 0, 0) = 0,

(A− µ?
2M) is invertible
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(DWco) Mvtt =
(
A− µ?

2M)vξξ + 2µ?Mvξt + f (v, vξ , vt − µ?vξ)

linearization about steady state v?, (abbreviate f? = f (v?, v?ξ ,−µ?v?ξ))

(DWlin) P(∂t, ∂ξ)v = Mvtt − (A− µ?
2M)vξξ − 2µ?Mvξt+(

µ?D3f? −D2f?
)
vξ −D3f?vt −D1f?v = 0,

ansatz v(ξ, t) = eλtw(ξ) (Laplace transform) yields
Quadratic Eigenvalue Problem

P(λ, ∂ξ)w =
(
λ2P2 + λP1(∂ξ) + P0(∂ξ)

)
w = 0, P(λ, ∂ξ) : H2 → L2

Note: P(λ, ∂ξ) depends on ξ!
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Quadratic Eigenvalue Problem

P(λ, ∂ξ)w =
(
λ2P2 + λP1(∂ξ) + P0(∂ξ)

)
w = 0, P(λ, ∂ξ) : H2 → L2

There is δ > 0, s.t.
σpt(P(·, ∂ξ))

⋂{Re λ > −δ} = {0} and 0 is simple eigenvalue

N
(
P(0, ∂ξ)

)
= span

{
v?ξ

}
and P1v?ξ 6∈ R

(
P(0, ∂ξ)

)
, furthermore

N
(
P(λ, ∂ξ)

)
6= {0}, Re λ > −δ implies λ = 0

Dispersion set of P to the left of −δ

Re σdisp(P) = Re
{

λ ∈ C : detP±(λ, iω) = 0, ω ∈ R
}
=

Re
{

λ ∈ C : det
(
λ2M + λP±1 (iω) + P±0 (iω)

)
= 0, ω ∈ R

}
≤ −δ
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Spectral set σdisp(PFHN):



Stability with Asymptotic Phase
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Theorem (Beyn, Otten, RM 17)

Structural + Spectral Assumptions.
Then: ∀0 < η < δ ∃ρ > 0, s.t. the Cauchy problem

Mutt = Auxx + f (u, ux, ut), u(·, 0) = u0, ut(·, 0) = v0

with data u0 ∈ v? + H3, v0 ∈ H2, satisfying

‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2 ≤ ρ,

has a unique global solution u ∈ v? +
⋂2

j=0 C
2−j([0, ∞); Hj) =: v? + CH2.

Moreover, there are ϕ∞ = ϕ∞(u0, v0) and C = C(η, ρ), s.t.

|ϕ∞| ≤ C
(
‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2

)
,

‖u(·, t)− v?(· − µ?t− ϕ∞)‖H2 + ‖ut(·, t) + µ?v?ξ(· − µ?t− ϕ∞)‖H1

≤ C
(
‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2

)
e−ηt, ∀t ≥ 0.
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Consider
(DW)

Mutt = Auxx + f (u, ux, ut)

u(x, 0) = u0(x), ut(x, 0) = v0(x).

Ansatz as before: u(x, t) = v
(
x− γ(t), t

)
=: v(ξ, t)

Freezing system for 2nd order evolution equations

(FR2)



Mvtt =
(
A− γt

2M
)
vξξ + 2γt Mvξt + γttMv + f (v, vξ , vt − γtvξ)

γt = µ1

µ1,t = µ2

0

again we lack 1 equation, need a phase condition!

Consistent initial data:

(Init)

γ(0) = 0, v(·, 0) = u0, vt(·, 0) = v0 + µ1(0)u0,x,

µ1(0) = −
〈v0, v̂〉
〈u0,x, v̂ξ〉

, µ2(0) = . . .
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Result of the freezing method, applied to the FHN-Wave system
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Result of the freezing method, applied to the FHN-Wave system
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Theorem (Beyn, Otten, RM 17)

Structural + Spectral Assumptions + the template v̂ ∈ v? + H1

satisfies, 〈v? − v̂, v̂ξ〉 = 0, 〈v?ξ , v̂ξ〉 6= 0.
Then: ∀0 < η < δ ∃ρ > 0, s.t. for all u0 ∈ v? + H3, v0 ∈ H2 with

‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2 ≤ ρ,

and consistent µ1(0), µ2(0), s.t. 〈u0 − v̂, v̂ξ〉 = 0 holds:
The freezing system (FR2) has a unique global solution (v, µ1, µ2, γ),
v ∈ v? + CH2, µ1 ∈ C1, µ2 ∈ C, γ ∈ C2.
Moreover, ∃C = C(ρ, η) > 0, s.t.

‖v(·, t)− v?‖H2 + ‖vt(·, t)‖H1 + |µ1(t)− µ?|
≤ C

(
‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2

)
e−ηt, ∀t ≥ 0.
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Traveling Waves in 1st Order Systems

Extension to 2nd Order Systems

Transforming 2nd Order Systems to 1st Order Systems
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Theorem (RM 12)

If the first order Cauchy problem

(HYP)
Ut = EUx + F(U), x ∈ R, t ≥ 0, U(x, t) ∈ Rl,

U(·, 0) = U0

satisfies the structural and spectral Assumptions.
Then: ∀0 < η < δ ∃ρ0 > 0, s.t. (HYP) has for all U0 ∈ V? + H2 with

‖U0 −V?‖H2 ≤ ρ0

a unique global solution U ∈ V? +
⋂1

j=0 C
1−j([0, ∞); Hj) =: V? + CH1.

Moreover, there are ϕ∞ = ϕ∞(U0) and C = C(η, ρ0), s.t.

|ϕ∞| ≤ C‖U0 −V?‖H2

‖U(·, t)−V?(· − µ?t− ϕ∞)‖H1 ≤ C‖U0 −V?‖H2e−ηt, ∀t ≥ 0.
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(HYP) Ut = EUx + F(U), x ∈ R, t ≥ 0, U(x, t) ∈ Rl

(HYPlin) P1st(∂t, ∂ξ)V = Vt − (E + µ?I)Vξ − Z(ξ)V = 0

Structural assumptions
1 E is real diagonalizable
2 F ∈ C3(Rl, Rl)
3 exists (V?, µ?) TW solution U(x, t) = V?(x− µ?t), V? ∈ C1

b, V?ξ ∈ H2

4 Z(ξ) := DF
(
V?(ξ)

)
→ Z±, Z′(ξ)→ 0, as ξ → ±∞

5 the matrix (E + µ?I) is invertible
Spectral assumptions: There is δ > 0 s.t.

6 detP±1st(λ, iω) = det
(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R

⇒ Re λ ≤ −δ < 0
7 P1st(λ, ∂ξ) = λI− (E + µ?I)∂ξ − Z(ξ) : H1(R, Cl)→ L2(R, Cl) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple
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Spectral assumptions: There is δ > 0 s.t.

6 detP±1st(λ, iω) = det
(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R

⇒ Re λ ≤ −δ < 0
7 P1st(λ, ∂ξ) = λI− (E + µ?I)∂ξ − Z(ξ) : H1(R, Cl)→ L2(R, Cl) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple
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V?(ξ)
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(DW) utt = N2uxx + M−1f (u, ux, ut)

where N2 = M−1A, N is positive square root.
How to transform?

Need a semilinear first order system
Nonlinearity f depends on u, ux and ut

⇒ Need a 3m-dimensional system!
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(DW) utt = N2uxx + M−1f (u, ux, ut)

where N2 = M−1A, N is a positive square root.
(⇒ (∂t + N∂x)(∂t −N∂x) = ∂tt −N2∂xx)

U =

U1
U2
U3

 =

 u
ut + Nux
ut −Nux

, so that

Ut =

 NU1x
NU2x
−NU3x

+

 U3
f̃ (U)

f̃ (U)

 =

N
N
−N

Ux + F(U),

f̃ (U) = M−1f
(
U1, 1

2 N−1(U2 −U3), 1
2 (U2 + U3)

)
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TW solution u(x, t) = v?(x− µ?t) of utt = N2uxx + M−1f (u, ux, ut)

leads to TW solution (V?, µ?), V? =

 v?
(N− µ?I)v?ξ

− (N + µ?I)v?ξ

, of

Ut =

N
N
−N

Ux +

 U3
f̃ (U)

f̃ (U)

 = E Ux + F(U).

2nd order Structural assumptions⇒ 1st order Structural assumptions:
1 E is real diagonalizable (since N2 = M−1A pos. diagonalizable)
2 F ∈ C3(R3m, R3m) (since f ∈ C3)
3 exists (V?, µ?) TW solution V? ∈ C1

b, V?ξ ∈ H2, more precisely:
V?(ξ)→ (v±, 0, 0)> as ξ → ±∞ (since v? ∈ C2

b, v?ξ ∈ H3)
4 Z(ξ) := DF

(
V?(ξ)

)
→ Z±, Z′(ξ)→ 0, as ξ → ±∞

5 (E + µ?I) is invertible (since A− µ?
2M = M(N− µ?I)(N + µ?I) is)



Transformation to 1st Order – Spectral
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Linearize Vt = (E + µ?I)Vξ +

 V3
f̃ (V)

f̃ (V)

 about V?:

Vt = (E + µ?I)Vξ + DF(V?)V = (E + µ?I)Vξ + Z(ξ)V

P1st(∂t, ∂ξ)V=Vt −

N + µ?I
N + µ?I

−N + µ?I

Vξ −

 0 0 I
φ1 φ2 φ3
φ1 φ2 φ3

V=0

Spectral assumptions: There is δ > 0 s.t.
6 det

(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R implies

Re λ ≤ −δ < 0
7 P1st(λ, ∂ξ) : H1(R, C3m)→ L2(R, C3m) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple
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Linearize Vt = (E + µ?I)Vξ +

 V3
f̃ (V)

f̃ (V)

 about V?:

Vt = (E + µ?I)Vξ + DF(V?)V = (E + µ?I)Vξ + Z(ξ)V

P1st(∂t, ∂ξ)V=Vt −

N + µ?I
N + µ?I

−N + µ?I

Vξ −

 0 0 I
φ1 φ2 φ3
φ1 φ2 φ3

V=0

Spectral assumptions: There is δ > 0 s.t.
6 det

(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R implies

Re λ ≤ −δ < 0 But impossible: ω = 0⇒ det(−Z±) = 0 !
7 P1st(λ, ∂ξ) : H1(R, C3m)→ L2(R, C3m) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple



Transformation to 1st Order

25 May 25, 2017 Jens Rottmann-Matthes - Stability of Waves in Second Order Evolution Equations KIT, CRC 1173

KIT

(DW) utt = N2uxx + M−1f (u, ux, ut)

where N2 = M−1A, N is a positive square root.
(⇒ (∂t + N∂x)(∂t −N∂x) = ∂tt −N2∂xx)

U =

U1
U2
U3

 =

 u
ut + Nux
ut −Nux

, so that

Ut =

 NU1x
NU2x
−NU3x

+

 U3
f̃ (U)

f̃ (U)

 =

N
N
−N

Ux + F(U),

f̃ (U) = M−1f
(
U1, 1

2 N−1(U2 −U3), 1
2 (U2 + U3)

)
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U1
U2
U3
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 u
ut + Nux

ut −Nux + cu

, c ∈ R, so that

Ut =

 NU1x
NU2x
−NU3x

+

 U3
f̃ (U)

f̃ (U)

 =

N
N
−N

Ux + F(U),

f̃ (U) = M−1f
(
U1, 1

2 N−1(U2 −U3), 1
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(DW) utt = N2uxx + M−1f (u, ux, ut)

where N2 = M−1A, N is a positive square root.
(⇒ (∂t + N∂x)(∂t −N∂x) = ∂tt −N2∂xx)

U =

U1
U2
U3

 =

 u
ut + Nux

ut −Nux + cu

, c ∈ R, so that

Ut =

 NU1x
NU2x
−NU3x

+

 U3 − cU1
f̃ (U)

f̃ (U) + cU2

 =

N
N
−N

Ux + F(U),

f̃ (U) = M−1f
(
U1, 1

2 N−1(U2 −U3), 1
2 (U2 + U3)

)
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(DW) utt = N2uxx + M−1f (u, ux, ut)

where N2 = M−1A, N is a positive square root.
(⇒ (∂t + N∂x)(∂t −N∂x) = ∂tt −N2∂xx)

U =

U1
U2
U3

 =

 u
ut + Nux

ut −Nux + cu

, c ∈ R, so that

Ut =

 NU1x
NU2x
−NU3x

+

 U3 − cU1
f̃ (U)

f̃ (U) + cU2

 =

N
N
−N

Ux + F(U),

f̃ (U) = M−1f
(
U1, 1

2 N−1(U2 −U3 + cU1), 1
2 (U2 + U3 − cU1)

)
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TW solution u(x, t) = v?(x− µ?t) of utt = N2uxx + M−1f (u, ux, ut)

leads to TW solution (V?, µ?), V? =

 v?
(N− µ?I)v?ξ

cv? − (N + µ?I)v?ξ

, of

Ut =

N
N
−N

Ux +

 U3 − cU1
f̃ (U)

f̃ (U) + cU2

 = E Ux + F(U).

2nd order Structural assumptions⇒ 1st order Structural assumptions:
1 E is real diagonalizable (since N2 = M−1A pos. diagonalizable)
2 F ∈ C3(R3m, R3m) (since f ∈ C3)
3 exists (V?, µ?) TW solution V? ∈ C1

b, V?ξ ∈ H2, more precisely:
V?(ξ)→ (v±, 0, cv±)> as ξ → ±∞ (since v? ∈ C2

b, v?ξ ∈ H3)
4 Z(ξ) := DF

(
V?(ξ)

)
→ Z±, Z′(ξ)→ 0, as ξ → ±∞

5 (E + µ?I) is invertible (since A− µ?
2M = M(N− µ?I)(N + µ?I) is)
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Linearize Vt = (E + µ?I)Vξ +

 V3
f̃ (V)

f̃ (V)

 about V?:

Vt = (E + µ?I)Vξ + DF(V?)V = (E + µ?I)Vξ + Z(ξ)V

P1st(∂t, ∂ξ)V=Vt −

N + µ?I
N + µ?I

−N + µ?I

Vξ −

 0 0 I
φ1 φ2 φ3
φ1 φ2 φ3

V=0

Spectral assumptions: There is δ > 0 s.t.
6 det

(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R implies

Re λ ≤ −δ < 0
7 P1st(λ, ∂ξ) : H1(R, C3m)→ L2(R, C3m) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple
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Linearize Vt = (E + µ?I)Vξ +

 V3 − cV1
f̃ (V)

f̃ (V) + cV2

 about V?:

Vt = (E + µ?I)Vξ + DF(V?)V = (E + µ?I)Vξ + Z(ξ)V

P1st(∂t, ∂ξ)V=Vt−

N + µ?I
N + µ?I

−N + µ?I

Vξ −

− cI 0 I
φ1 φ2 φ3
φ1 φ2 + cI φ3

V=0

Spectral assumptions: There is δ > 0 s.t.
6 det

(
λI− iω(E + µ?I)− Z±

)
= 0 for some ω ∈ R implies

Re λ ≤ −δ < 0
7 P1st(λ, ∂ξ) : H1(R, C3m)→ L2(R, C3m) satisfies

N
(
P1st(λ, ∂ξ)

)
6= {0} ⇒ λ = 0 or Re λ ≤ −δ and 0 is alg. simple
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Relate spectral properties of P(λ, ∂ξ) : H2 → L2,

P(λ, ∂ξ) =
(
λ2P2 + λP1(∂ξ) + P0(∂ξ)

)
to spectral properties of P1st(λ, ∂ξ) : (H1)3 → (L2)3,

P1st(λ, ∂ξ) =

P−N(λ, ∂ξ) + cI 0 −I
−φ1 P−N(λ, ∂ξ)− φ2 −φ3
−φ1 −φ2 − cI PN(λ)− φ3

 ,

where P±N(λ, ∂ξ) = λI +
(
±N− µ?I

)
∂ξ .

The key is the following „magical factorization“:



Factorization and its Consequences

29 May 25, 2017 Jens Rottmann-Matthes - Stability of Waves in Second Order Evolution Equations KIT, CRC 1173

KIT

0 0 I
0 I −I
I 0 0

P1st(λ, ∂ξ) =M−1P(λ, ∂ξ) −φ2 − cI PN(λ, ∂ξ)− φ3
0 P−N(λ, ∂ξ) + cI −PN(λ, ∂ξ)
0 0 −I


 I 0 0

−PN(λ, ∂ξ) I 0
−P−N(λ, ∂ξ)− cI 0 I
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0 0 I
0 I −I
I 0 0

P±1st(λ, iω) =

M−1P±(λ, iω) −φ±2 − cI PN(λ, iω)− φ±3
0 P−N(λ, iω) + cI −PN(λ, iω)
0 0 −I


 I 0 0

−PN(λ, iω) I 0
−P−N(λ, iω)− cI 0 I


Proposition: Dispersionrelation

detP±1st(λ, iω) = 0⇔ detP±(λ, iω) = 0 or
det
(
P−N(λ, iω) + cI

)
= det

(
λI− iω(N + µ?I) + cI

)
= 0,

⇒ σdisp(P1st) = σdisp(P) ∪ (−c + iR)
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0 0 I
0 I −I
I 0 0

P1st(λ, ∂ξ) =M−1P(λ, ∂ξ) −φ2 − cI PN(λ, ∂ξ)− φ3
0 P−N(λ, ∂ξ) + cI −PN(λ, ∂ξ)
0 0 −I


 I 0 0

−PN(λ, ∂ξ) I 0
−P−N(λ, ∂ξ)− cI 0 I


Proposition: Eigenvalues

∃λ? > −c, s.t. σdisp(P1st) ∩ [λ?, ∞) = ∅

P1st(λ, ∂ξ) : H1 → L2 is Fredholm of index 0 for all λ ∈ ρ+, connected
component of {Re λ > −c} \ σdisp(P1st) containing [λ?, ∞)

σpt(P)∩ ρ+ = σpt(P1st)∩ ρ+ and simple eigenvalues in this set coincide
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1 Initial data for 2nd order problem small perturbation of traveling wave:

‖u0 − v?‖H3 + ‖v0 + µ?v?ξ‖H2 ≤ ρ

⇒ ‖U0 −V?‖H2 ≤ constρ (1st order initial data)

2 1st order stability result: U ∈ V? + CH1 global solution,
U(·, t)→ V?(· − µ?t− ϕ∞) in H1

3 Remains:
Second and third component of U satisfy
U2 = U1t + NU1x and U3 = U1t −NU1x + cU1
U1t =

1
2
(
U2 + U3 − cU1

)
∈ CH1

U1x = N−1

2
(
U2 −U3 + cU1

)
∈ CH1

First component of U, U1, really is a (the) solution to the 2nd order Cauchy
problem, in particular: U1 ∈ v? + CH2, not just v? + CH1 !

Then H1-convergence of U1, U2, U3 implies H2 convergence of U1 = u
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Traveling waves for 2nd order semilinear wave equations
Generalization of freezing method
Stability results for traveling waves and freezing method
Proof by transformation to 3m-dimensional 1st order system

Advantage 1: Fully semilinear case possible
Advantage 2: Solutions of 1st and 2nd order problems directly related (for
minimal dimension 2m, we needed an auxiliary equation to show this)
Disadvantage: Introduction of additional spectrum
Key idea: Shift this additional spectrum
Relating the spectral properties by a really beautiful factorization (personal
opinion!)

Generalization to higher spatial dimensions in W.-J. Beyn’s talk from
Tuesday
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Thank You !
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