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 Goal: To model surface  
morphological evolution 

Crystal surfaces out of equilibrium: A sample  

[Chalmers, King, Shuttleworth, 1948] 

Thermal grooving in Ag (temp. T=920o C)  

Chalmers et al. Proc. Roy. Soc. A, volume 193, plate 10
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~200µm 

Real-time observation of   
L-cystine crystal growth in solution 

(T close to room temperature)  

[Shtukenberg, Zhu, An, Bhandari, Song,  
Kahr, Ward, 2013] 

sharing a screw axis (8), including 61, and observed for lower-order
screw axes (9, 10, 16, 17). The L-cystine spirals are distinguished by
well-defined steps corresponding to each elementary layer as well
as the six steps belonging to a single elementary layer, permitting
direct measurement of the step velocity anisotropy that is re-
sponsible for the deceptive microscopic morphologies.
As a group of six minor steps advances from the core along

the six h1010i directions, the slowest step ultimately will limit the
entire group, leading to bunching of the minor steps and for-
mation of the 5.6-nm major steps flanking the hexagonal islands
and macrospirals in Fig. 1 B and D, respectively. Fig. 1A depicts
six steps radiating from a single dislocation, each related to the
next by a 60° rotation and an elevation of c/6. Consequently, each
step belongs to a different elementary layer. Fig. 4A reveals six
equivalent steps emanating from a dislocation core, with each
elementary layer denoted by a different color. As a particular
minor step denoted at A(+) in each elementary layer advances at
a velocity VA(+), minor step B(+) (from the same elementary
layer) is pulled from the core (depicted here as 33% of a com-
plete angular cycle). Minor step B(+) then advances until it
exceeds a critical length LB(+), at which time C(+) is born. Once
C(+) achieves LC(+) (65%), A(−) is born, and so on. Because
VB(+) > VA(+), the distance between A(+) and B(+) in adjacent
layers decreases until B(+) merges with A(+) (71%), thus
forming a permanent bunch. A bunch of six has a riser of 5.6 nm.
The process of bunching in all directions normal to step edges at
an equal distance from the core produces a hexagonal island
(100%). The process then repeats with the next A(+) elementary
step (133%). An animated version of this simulation is provided
in Movie S3.
The Frank–Read source in Fig. 1C is the product of two

closely spaced dislocations of opposite sense. The total Burgers
vector of this pair of dislocations is zero. The generation of new

steps occurs as for single dislocations (Fig. 4B). As an elementary
layer is extruded through the dislocation pair, its minor steps
connect the opposing dislocation cores. Eventually, the six minor
steps of an elementary layer form an asymmetric six-sided poly-
gon (also known as a loop) but with concavities expected (also
known as reentrant angle) during loop formation. The velocities
of the two segments forming the reentrant angle are doubled in
the simulation because of the well-known acceleration of the
step motion at reentrant angles (18). The cycle is complete when
six loops corresponding to six elementary layers are formed,
bunching along the directions of the slowest advancing steps
(100%). By the time the first generation bunches (indicated by
the red arrow at 130%) it has met a second-generation bunch
(indicated by the blue arrow). Here, the illusion of an overall
macrospiral first becomes evident as the asymmetric loops stack
and the slowest steps of successive loops along the stack are
related by a 60° rotation. In other words, the continually in-
creasing distance between the step bunches and the core, com-
bined with growth rate anisotropy, creates an apparent spiral
(Fig. 4B; Movies S4 and S5).
The well-accepted idea that spiral morphologies arise from a

single dislocation whereas a stack of islands is a telltale sign of a
Frank–Read dislocation source (19, 20) is apparently turned upside
down in the case of L-cystine. The splitting of a major step and
subsequent bunching reverses the morphological consequences

Fig. 1. Real-time in situ AFM of growth hillocks. Hillocks formed by (A)
a single dislocation and (C) by a pair of dislocations, a so-called Frank–Read
source. Corresponding models B and D are illustrated, respectively. Six dif-
ferent colors are used to depict the minor steps that define the six different
c/6 elementary layers. [L-cystine] = 2 mM. An AFM movie of growth from the
Frank–Read source is provided in Movie S1. A movie of features like that in A
can be found in ref. 9. Step sources consisting of two or more dislocations of
the same sense also are observed occasionally (Fig. S2).

Fig. 2. Crystal structure of L-cystine. (A) Three adjacent helices of L-cystine
molecules, viewed normal to the ð1010Þ plane, each winding about the 61
screw axis that coincides with the c axis. Six L-cystine molecules span the 5.6-
nm c axis along the flank of the six f1010g planes. (B) One of the c/6 ele-
mentary layers as viewed normal to the (0001) plane. The A, B, and C steps
marked by red, green, and blue lines, respectively, define six growth direc-
tions (steps may advance from either side of each line). Line A slices the
fewest number of hydrogen bonds and is considered to be the step of lowest
surface energy. Atom color code: carbon (gray), oxygen (red), nitrogen
(blue), sulfur (yellow), hydrogen (white). (C) Schematic illustration of a hex-
agonal L-cystine crystal with Miller planes denoted. A cut-and-fold paper
model for construction of a 3D hexagonal hillock of L-cystine is provided for
the convenience of the reader (Fig. S3).
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Step 
height ~1nm 

Atomic step formation on sapphire 
surface (T close to room temp.) 

[Wang, Guo, Xie, Pan, 2018] 
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morphologies did not change dramatically as the polishing progressed further. For the damage-free region, the 
surface invariably evolved from blur steps to clear steps. In contrast, the evolutions of step morphologies with 
damage were quite different. After polishing for 20 minutes, the steps formed first at peaks which were caused 
by scratches [shown in Fig. 2(a)], which was probably because the energy of the peak region was higher. After 
polishing for 40 and 60 minutes, the step morphologies evolved into large waves of steps and then to small waves 
of steps [shown in Fig. 2(b,c)]. Finally, after polishing for 80 minutes, the steps became straight, as shown in 
Fig. 2(d). Through the polishing process, regions without damage became smoother and showed clear atomic 
step-and-terrace structures. Equally, regions with damage could also obtain clear and straight atomic steps after 
the removal of damage by polishing.

The HRTEM experiment was conducted to provide more information of the polished surface. From the sec-
tional image of HRTEM [in Fig. 3(a)] and the fast Fourier transformation of the HRTEM image [in Fig. 3(b)], it 
was calibrated that the zone axis was [1120]. During the HRTEM experiment, the electron beam was under nor-
mal incidence in general. The sample was controlled to the greatest extent by FIB to be perpendicular to the step 
edge and the surface. And the interplanar distance was in good accordance with that of the (0006) plane. The 
surface of the sapphire wafer used in the experiment was c (0001) ±  0.5°. Hence, the miscut direction (step edge 
direction) of the wafer was a-axis [1120]. Furthermore, there was an ordered layer above the sapphire surface. It 
was speculated that the substrate was under the protection of a hydration layer according to the previous research 
on the removal mechanism of polishing43.

Simulation results. From the AFM experiments, the step height accorded well with the crystal parameters 
of sapphire. From the HRTEM experiments, the sapphire lattices did not distort. Hence, the study on the step 
formation with the idealized step-and-terrace structure (which was defined as the step model created by the 
idealized crystal structure in this simulation) was reliable. Thus, the influences of different miscuts and the com-
positions were investigated through the statistical data of the step widths of idealized step structures. Moreover, 
more subtle arrangements of atoms could be observed by building the idealized step structure, which is far more 
difficult to observe in experiments (see Section S1, S2 in Supplementary Information).

Statistics of Al step widths were conducted to analyze the miscut influence on the step parameter, taking into 
consideration that the surface terminated with Al atoms was with the lowest energy as reported theoretically 
through molecular dynamics44. The Al step width of each step (see Section S1.1, wi was defined as the width of the 
step i was summarized in Fig. 4(a) when the miscut angle (step slope angle) was 5°. The step widths of [1120] 
(a-axis) were periodic (with a periodicity of 3 steps), those of the [1010] (m-axis) were periodic to a limited extent 
(with a periodicity of 6 steps), while those of the other two directions had no apparent periodicity. The reason 
could be attributed to the crystal structure and the atomic distance. There are 6 trilayers in one-unit cell and every 
two trilayers are chirally symmetrical (see Figure S2). Hence, the periodicity of 3 steps reflected the crystal struc-
ture, showing the step structure of a-axis was more regular. If the miscut directions (step edge directions) were 
sorted from regular step structures to less regular ones, the ranking would be: [1120] (a-axis) >  [1010] 
(m-axis) >  [5140] ≈   [4150], which is in accordance with the analysis of step parameter fluctuations (see Section 
S3) and the aerial-view surfaces (see Section S2).

As can be seen from the results above, the step structures formed along a-axis were relatively regular. Thus, 
a-axis was used as the miscut direction (step edge direction) to study the effect of compositions on step struc-
tures. It can be seen from Fig. 4(b), all the step widths of different compositions have the periodicity of 3 steps, 

Figure 1. AFM measurements of sapphire wafer after polishing. Surface morphologies evolved from (a) blur 
steps to (b) clear steps as the polishing progressed.
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FIG. 1. Example AFM micrographs of (a) an unannealed
rippled sample, l ! 360 nm, and (b) a postannealed sample,
l ! 363 nm, Tanneal ! 667 ±C, annealing time ! 2145 s. The
representative line scans for each micrograph are the horizontal
centerlines. The gray scales are the same for each image.

the figure had the same wavelength; however, the sample
in Fig. 1(a) was not annealed while the one shown in
Fig. 1(b) was annealed for a prolonged period of time. Fig-
ure 2 illustrates our key result— the ripple amplitude does
not decay in the classical exponential manner at any time.
Instead, for a ripple with wavelength l, the time evolution
of the amplitude, Al!t", for all cases followed the inverse
linear form:

Al!t" ! Al!0"#!1 1 klt" . (1)

The parameter kl contains all the temperature and scale
dependence. The form of Eq. (1) is predicted by a nonclas-
sical model for the amplitude decay of perfect sinusoids
presented by Ozdemir and Zangwill (OZ) [4], who built on
earlier work by Rettori and Villain (RV) [5] (we herein col-
lectively refer to this model as RV-OZ). The salient points
of the RV-OZ model are summarized as follows.

FIG. 2. Typical amplitude decay behavior (data: squares,
circles) during an in situ anneal, illustrating the nonclassical
decay behavior (classical: dashed lines) and the good fit to
the RV-OZ form, Eq. (1) (solid lines). For these samples,
l ! 565 nm, T ! 672 ±C (squares), l ! 485 nm, T ! 746 ±C
(circles).

Consider a one-dimensional model for a decaying sinu-
soidal profile. In general, the local change in height h!x, t"
at a point x on a surface is proportional to the divergence
in the local flux of diffusing species j!x, t" at that point, a
result simply due to mass conservation. That is,

≠h!x, t"#≠t ~ 2= ? j!x, t" . (2)

The local flux of the diffusing species on a surface during
relaxation depends on the width of the terrace upon which
the adatoms sit, l!x", and also the local chemical potential
difference between atoms on the steps bounding that ter-
race, Dm0!x". When the mass transport rate is limited by
diffusion across the terrace,

j ! !DSC0#kBT"Dm0#l , (3)

where DS is the surface diffusivity, and C0 is the equilib-
rium concentration of adatoms on an infinitely wide terrace
[20]. When the rate is limited by step traversal,

j ! !akPC0#kBT "Dm0 , (4)

where kP is the rate constant for hopping down a step
onto the next lowest terrace [21], and a is the in-plane
lattice constant. The connection between the continuum
and the discrete is through the approximation that l!x" ~
1#j≠h!x"#≠xj. With this approximation and the appro-
priate form for Dm0 (discussed below), a sinusoid with
amplitude evolution given by Eq. (1) is found to be an
approximate solution of Eq. (2) using either Eq. (3) or (4)
[4].
How the time-dependent behavior of the amplitude of a

surface feature is related to a characteristic length scale
of the overall surface morphology has been the subject
of most theoretical studies of surface relaxation. RV-OZ
show that the time decay of the amplitude of the infinite
sinusoid obeys the following scaling behavior, derivable
from careful consideration of the discrete forms the sur-
face diffusive flux. In general, the amplitude Al!t" of a
sinusoid with wavelength l can be expressed as a univer-
sal amplitude decay function,

Al!t" ! A!t#ln" , (5)

such as Eq. (1). The value of the scaling exponent, n,
depends on the microscopic surface kinetics; for diffusion-
limited kinetics [Eq. (3)], n ! 5, and for step traversal-
limited kinetics [Eq. (4)], n ! 4. In the classical model,
only diffusion limited kinetics are applicable and A!t#ln"
is a decaying exponential with n ! 4.
To find the full temperature dependence of Eq. (1), the

form of Dm0 first needs to be clarified. Classically and
above TR , the chemical potential gradient is connected to
the local morphology by a Gibbs-Thomson effect. In this
case, Dm0 is proportional to the local curvature k and the
local surface energy, g. Instead of continuum surface ten-
sion as a driving force for surface area reduction, the forces
that drive relaxation are primarily due to step-step inter-
actions. For discrete surfaces, the chemical potential of
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“Non-classical” smoothening of  
Si surface corrugations (T=667o C) 

[Erlebacher, Aziz, Chason, Sinclair, Floro, 2000] 
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“Classical” shape relaxation by surface diffusion 
[Herring, 1950, 1951; Mullins, 1957] 

surface flux surface chem. potential 
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Making smaller yet stable structures implies using lower temperatures.  
[Gruber, Mullins, 1967; Rettori, Villain, 1988; Ozdemir, Zangwill, 1990 …] 
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<latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="ZOkLZeKN+nl+38snX3PJ6TdEQWk=">AAACOnicbZDLSgMxFIbPeHe8VbduglZwY5lxoxtBcKG4UcFWoVOGM2lag7kMSUYoQ1/Dp3GrPoMP4U5cipnahbcDIT//n8M5+bJccOui6CWYmJyanpmdmw8XFpeWV2qriy2rC0NZk2qhzXWGlgmuWNNxJ9h1bhjKTLCr7Paoyq/umLFcq0s3yFlHYl/xHqfovJXWono9bKXqYCc5k6yPpEyMJF1+N0yTY5QSSZJp0bUD6S9yGtbraW0zakSjIn9FPBabMK7ztPaRdDUtJFOOCrS2HUe565RoHKeCDcOksCxHeot91vZSoWS2U45+NiRb3umSnjb+KEdG7veOEqWtlvMvJbob+zurzP+yduF6+52Sq7xwTNGvQb1CEKdJhckjMIw6MfACqeF+V0Jv0CB1Hua/U36YleO0FnYYemDxbzx/RWu3EUeN+CKCOViHDdiGGPbgEE7gHJpA4R4e4BGegufgNXj7QjsRjBmvwY8K3j8BGRKvfg==</latexit><latexit sha1_base64="eE9BvaXor4ARMFLQFj5ktIARdyE="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit><latexit sha1_base64="wWv92mfNPvoGLQgV2djmkwzBYrw="></latexit> J = �Ds⇢eq

kBT
r�µ

<latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="ZfkW1n8maphWK46UR7cSCOiWs3E="></latexit><latexit sha1_base64="ZfkW1n8maphWK46UR7cSCOiWs3E="></latexit><latexit sha1_base64="ueNYhu10QxHxJ4BWFvpEWt73YII="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit><latexit sha1_base64="KFzewgEPhfitMlifbPUyRq8INGs="></latexit>

diffusivity 

low T 

(const.) surface free energy/area 

mean curvature 

µ = ⌦�
<latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="z/W4JVAkTv8ghfSimLYuYDRKo40=">AAACI3icbZBLSwMxFIXv1FetVas7cRNsBVdlxo1uBMGNOyvYB3RKuZOmbWgyGZKMUErx17hVf43gQvwnYvpY2MeBwOE7CffmRIngxvr+l5fZ2Nza3snu5vby+weHhaN8zahUU1alSijdiNAwwWNWtdwK1kg0QxkJVo8Gd5O8/sy04Sp+ssOEtST2Yt7lFK1D7cJJKZTpTfggWQ/DHkqJJBxgkmCpXSj6ZX8qsmqCuSnCXJV24TfsKJpKFlsq0Jhm4Ce2NUJtORVsnAtTwxKkA+yxprMxSmZao+kXxuTckQ7pKu1ObMmU/n8xQmnMUEbupkTbN8vZBK7LmqntXrdGPE5Sy2I6G9RNBbGKTPogHa4ZtWLoDFLN3a6E9lEjta61tVMW4IRYpYQZ51xhwXI9q6Z2WQ78cvDoQxZO4QwuIIAruIV7qEAVKLzAK7zBu/fhfXrfs2oz3rzjY1iQ9/MHRoKnuA==</latexit><latexit sha1_base64="9qtokK231o6EIa3rlEdE5zKbdpw=">AAACLnicbZDLSgMxFIYzXmu9VV2Jm2AruCozbnQjFN24s4K9QGcoZ9JMG5pMhiQjlFJ8Grfq0wguxK1PIabtLOzlh8DPd87hnPxhwpk2rvvprKyurW9s5rby2zu7e/uFg8O6lqkitEYkl6oZgqacxbRmmOG0mSgKIuS0EfZvx/XGE1WayfjRDBIaCOjGLGIEjEXtwnHJF+m1fy9oF/wuCAHY70OSQKldKLpldyK8aLzMFFGmarvw63ckSQWNDeGgdctzExMMQRlGOB3l/VTTBEgfurRlbQyC6mA4+cIIn1nSwZFU9sUGT+j/iSEIrQcitJ0CTE/P18ZwWa2VmugqGLI4SQ2NyXRRlHJsJB7ngTtMUWL4wBogitlbMemBAmJsaku3zMAxMVJyPcrbwLz5eBZN/aLsuWXvwS1WbrLocugEnaJz5KFLVEF3qIpqiKBn9IJe0Zvz7nw4X873tHXFyWaO0Iycnz+LOqlN</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit><latexit sha1_base64="zcIllUr32EUWhKgGia7bGAX0ZEc=">AAACLnicbZDLSgMxFIYz9VbrrepK3ARbwVWZ6UY3QtGNOyvYC3RKOZOmbWgyGZKMUIbi07hVn0ZwIW59CjHTdmEvPwR+vnMO5+QPIs60cd1PJ7O2vrG5ld3O7ezu7R/kD4/qWsaK0BqRXKpmAJpyFtKaYYbTZqQoiIDTRjC8TeuNJ6o0k+GjGUW0LaAfsh4jYCzq5E+Kvoiv/XtB++D3QQjA/hCiCIqdfMEtuRPhZePNTAHNVO3kf/2uJLGgoSEctG55bmTaCSjDCKfjnB9rGgEZQp+2rA1BUN1OJl8Y43NLurgnlX2hwRP6fyIBofVIBLZTgBnoxVoKV9VaseldtRMWRrGhIZku6sUcG4nTPHCXKUoMH1kDRDF7KyYDUECMTW3lljmYEiMl1+OcDcxbjGfZ1Mslzy15D+VC5WYWXRadojN0gTx0iSroDlVRDRH0jF7QK3pz3p0P58v5nrZmnNnMMZqT8/MHi9qpTw==</latexit>

(Naive) Scaling prediction: ⌧ ⇠ c(T )L4
<latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="YzhnL+PoliAiru+68kA6YEEXmRg="></latexit><latexit sha1_base64="h92YxdZrhxkx4NhHcbbAByVtQsg="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit><latexit sha1_base64="taz6rbm7oFTFg69NTIGb5ZjZQRs="></latexit> size 

lifetime 

D0e�Ea/(kBT )
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c(T ) = CT/Ds(T )
<latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="Rd+8qSFYFgG8H1GN3y/LbYevNeA=">AAACBXicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AW0omk2lDM8mQ3BHK0Bdwq0/jTnwKX0bMtF3YnwOBw3cS7s2JMiksBsGPV9nbPzg8qh77JzX/9Oy8XutYnRvG20xLbXoRtVwKxdsoUPJeZjhNI8m70fSxzLuv3Fih1QvOMj5M6ViJRDCKDrVG9UbQDBYi2yZcmQasNKr/DmLN8pQrZJJa2w+DDIcFNSiY5HN/kFueUTalY953VtGU22GxWHNOrh2JSaKNOwrJgv5/UdDU2lkauZspxYndzEq4K+vnmNwPC6GyHLliy0FJLglqUv6ZxMJwhnLmDGVGuF0Jm1BDGbpmdk5ZgyVBraWd+66vcLOdbdO5bYZBM3wOoAqXcAU3EMIdPMATtKANDGJ4g3fvw/v0vpa9VrxVwRewJu/7DxrznMg=</latexit><latexit sha1_base64="gF4hXmhRHEip4PXTeQwEVkDLTjI=">AAACH3icbZBLSwMxFIXv1Fcdq1bBlZtgK9RNnXGjG0GoC5cV+oJ2GDJp2oZmJkOSEcrQH+NW/TXuiv9FzLRd2MeBCx/nJNzLCWLOlHacmZXb2d3bP8gf2keF45PT4lmhpUQiCW0SwYXsBFhRziLa1Exz2oklxWHAaTsY17K8/UalYiJq6ElMvRAPIzZgBGtj+cWLctkmlcbNYw01bp99ZdAul/1iyak6c6FNcJdQgqXqfvG31xckCWmkCcdKdV0n1l6KpWaE06ndSxSNMRnjIe0ajHBIlZfOz5+ia+P00UBIM5FGc/f/jxSHSk3CwLwMsR6p9Swzt2XdRA8evJRFcaJpRBaLBglHWqCsC9RnkhLNJwYwkczcisgIS0y0aWzrlhUzc7QQXE1tU5i7Xs8mtO6qrlN1Xx3IwyVcQQVcuIcneIE6NIFACu/wAZ/Wl/VtzRbV5qxlx+ewIuvnDzhwoy4=</latexit><latexit sha1_base64="gF4hXmhRHEip4PXTeQwEVkDLTjI=">AAACH3icbZBLSwMxFIXv1Fcdq1bBlZtgK9RNnXGjG0GoC5cV+oJ2GDJp2oZmJkOSEcrQH+NW/TXuiv9FzLRd2MeBCx/nJNzLCWLOlHacmZXb2d3bP8gf2keF45PT4lmhpUQiCW0SwYXsBFhRziLa1Exz2oklxWHAaTsY17K8/UalYiJq6ElMvRAPIzZgBGtj+cWLctkmlcbNYw01bp99ZdAul/1iyak6c6FNcJdQgqXqfvG31xckCWmkCcdKdV0n1l6KpWaE06ndSxSNMRnjIe0ajHBIlZfOz5+ia+P00UBIM5FGc/f/jxSHSk3CwLwMsR6p9Swzt2XdRA8evJRFcaJpRBaLBglHWqCsC9RnkhLNJwYwkczcisgIS0y0aWzrlhUzc7QQXE1tU5i7Xs8mtO6qrlN1Xx3IwyVcQQVcuIcneIE6NIFACu/wAZ/Wl/VtzRbV5qxlx+ewIuvnDzhwoy4=</latexit><latexit sha1_base64="XjA+rAbJOeST2EcS0cXll9mWGRA=">AAACKnicbZDLSsNAFIYnXmu8RcWVm8FGqJuauNGNUKwLlxV6gzaEyXTaDp1kwsxEKKEP41Z9GnfFrc8hTtos7OWHAz/fOYdz+IOYUakcZ2psbG5t7+wW9sz9g8OjY+vktCl5IjBpYM64aAdIEkYj0lBUMdKOBUFhwEgrGFWzfuuVCEl5VFfjmHghGkS0TzFSGvnWuW2buFS/fqjC+s2TL7U1bdu3ik7ZmQmuGjc3RZCr5lu/3R7HSUgihRmSsuM6sfJSJBTFjEzMbiJJjPAIDUhH2wiFRHrp7P0JvNKkB/tc6IoUnNH/GykKpRyHgZ4MkRrK5V4G1/U6ierfeymN4kSRCM8P9RMGFYdZFrBHBcGKjbVBWFD9K8RDJBBWOrG1VxZgRhTnTE5MHZi7HM+qad6WXafsvjjFymMeXQFcgEtQAi64AxXwDGqgATBIwRt4Bx/Gp/FlTI3v+eiGke+cgQUZP39LxqS/</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit><latexit sha1_base64="qxQ9WX2a7e98keMaB3x0z2J/g/k=">AAACKnicbZDLSsNAFIYn9VbjLSqu3Ay2Qt3UpBvdCMW6cFmhN2hDmEyn7dBJJsxMhBL6MG7Vp3FX3Poc4qTNwl5+OPDznXM4h9+PGJXKtmdGbmt7Z3cvv28eHB4dn1inZy3JY4FJE3PGRcdHkjAakqaiipFOJAgKfEba/riW9tuvREjKw4aaRMQN0DCkA4qR0sizLopFE5caNw812Lh98qS2ZrHoWQW7bM8F142TmQLIVPes316f4zggocIMSdl17Ei5CRKKYkamZi+WJEJ4jIakq22IAiLdZP7+FF5r0ocDLnSFCs7p/40EBVJOAl9PBkiN5GovhZt63VgN7t2EhlGsSIgXhwYxg4rDNAvYp4JgxSbaICyo/hXiERIIK53YxitLMCWKcyanpg7MWY1n3bQqZccuOy+VQvUxiy4PLsEVKAEH3IEqeAZ10AQYJOANvIMP49P4MmbG92I0Z2Q752BJxs8fTGakwQ==</latexit>
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Macroscale 

20 µm 
[Imaging of Si(001): Blakely,Tanaka, 1999 ] 

[Imaging : B. S. Swartzentruber, 2002] 

terrace 
step 

Mesoscale  

Below the roughening 
transition temperature: 

Steps and terraces 
  

a

a!
0
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!

@th
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|

(Normal) Step velocity 

h

Classical-atomistic scale 
 h

How can one reconcile models 
across these scales? 

What is a ”suitable” macroscale description? 
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Crystal facets (macroscopic plateaus)	

4 H.P. Bonzel / Physics Reports 385 (2003) 1–67

Fig. 2. (a) SEM image of an equilibrated Pb crystallite viewed along a [1 !10] direction, annealed at T =473 K and imaged
at room temperature [37]. (b) STM image of Pb crystallite on Ru(001) at 323 K, showing top (111) facet, average facet
radius ∼ 140 nm, and smaller side facets [49]. (c) STM image of a 3D Pb crystallite at 363 K, showing (111) facet at
the top (average facet radius ∼ 230 nm) and step resolved vicinal surface next to this main facet. (d) Schematic of a 3D
crystallite supported by a "at substrate. Note de#nitions of contact angle, surface and interface free energies.

describe the time dependent shape changes in 3D [22–26]. A number of reviews of anisotropic
surface free energy and ECS have appeared in the past [6,27–34], some in close relationship to the
e$ect of adsorption on the ECS [35,36].
It follows from the foregoing that a systematic study of 3D equilibrium crystal shapes can yield

important surface energetic quantities, such as step, kink, surface and step–step interaction free en-
ergies [30,37–44]. Exact 3D images of well equilibrated crystallites are needed for the evaluation
of fundamental energies of forming these defects and of their interaction. A beautiful example of
an equilibrated Pb crystallite, imaged by scanning electron microscopy (SEM), is shown in Fig. 2a
[37]. The crystal of 6 !m diameter is viewed along a ⟨110⟩ direction, such that "at (111) and
(100) oriented facets appear on the periphery. The transitions between facets and rounded regions

(a) 
⇠ 0.5µm

STM image: faceted Pb crystallite (top view) 
[Bonzel, 2003] 

Facet 

steps 

H.P. Bonzel / Physics Reports 385 (2003) 1–67 25
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Fig. 16. (a) Step-resolved image of (111) facet and vicinal surface of a Pb crystallite annealed at 380 K. (b) Line scan
from image of Fig. 16a showing sequence of monatomic steps, !t by Eq. (6).

Returning to Fig. 16 of Pb, a portion of a line scan taken for a certain azimuthal direction is
presented in Fig. 16b. This scan was successfully !tted with Eq. (7) yielding relative values of
f3=! = 2065 nm and f4=! = −320 nm [70]. Alternatively, !tting the data in Fig. 16b with Eq. (7),
modi!ed by setting f4=0 and by assuming a free exponent n, resulted in f3=!=1840 nm and n=1:48.
The similarity of f3=! values obtained in the two !ts indicates that the second term of Eq. (7) is
of minor importance here, i.e. that the in"uence of the higher order f4 interaction is negligible. The
same kind of !t was carried out for 180 line scans, taken in 2◦ azimuthal increments all around the
(111) facet. Despite considerable scatter in the pre-factor of (x−x0)n, the average values of f3=! and
n were 1840 nm and 1:49± 0:06, respectively. The average value for the exponent is identical with
the theoretically predicted universal value of 3=2, in contrast to a previous report of non-universal

⇠ 5 nm

H.P. Bonzel / Physics Reports 385 (2003) 1–67 21

Fig. 12. Sequence of STM images of single layer peeling from Pb(111) facet at 353 K. Image size: 400 nm × 200 nm,
last three, 200 nm × 100 nm [48].

Fig. 13. Experimental top layer peeling kinetics for three examples with late decays !tted by Eq. (14). Fit curves shown
as thick black lines [48].

an exponent of 4.8, in excellent agreement with the theoretical value of 5. A numerical simulation
of single layer peeling based on the theory of decay of a cone [26,143,144] is shown in Fig. 14b.
Repulsive step interaction was included and parameters for di"usion controlled kinetics were used.
The results reproduce the experiment well [48]. A systematic study of the temperature dependence
of the kinetics of approaching the ECS would yield important data on the energetics of sur-
face di"usion and/or adatom detachment from step/kink sites. Such a study has thus far not been
carried out.

4.3. Facet shapes and boundaries

The most frequently investigated material in the form of small micron-sized crystallites near
equilibrium is Pb. Because of its relatively low melting temperature of Tm = 600:7 K and low

(b) 

Sequence of STM images: Single-layer peeling  
on facet [Thurmer et al. 2001] 

How can a macroscopic 
description (PDE) outside facet 
be reconciled with step motion  

near facet? 

free bdry 
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Mesoscale: Step flow: BCF model [Burton, Cabrera, Frank, 1951] 

•  Robin-type boundary conditions at bounding step edges :  

i-th terrace, 
ηi< η<ηi+1 

η=ηi 
ηi+1 

top terrace 

•  Adatom diffusion  
on i-th terrace: 

x 

y 

•  Step normal velocity : 

σ
Local coordinates (⌘,�);

descending steps of height a;
i-th step at ⌘ = ⌘i

vi,?

vi,? = a2(Ji�1,? � Ji,?)

“Gibbs-Thomson relation” 

µi(�, t): step chemical potential: change of i-th step energy per atom

Ji = �Dsr⇢i, Ds�⇢i + F =
@⇢i
@t

⇡ 0 ⌘i < ⌘ < ⌘i+1

�J+
i,? = q+[⇢

+
i � ⇢eqi (�, t)], ⌘ = ⌘i; J�

i,? = q�[⇢
�
i � ⇢eqi+1(�, t)], ⌘ = ⌘i+1

[Rowlinson, Widom, 1982…] 
⇢eqi = ⇢se

µi/T
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Macroscale 

20 µm 
[Imaging of Si(001): Blakely,Tanaka, 1999 ] 

[Imaging : B. S. Swartzentruber, 2002] 

terrace 
step 

Mesoscale  

I. From step motion laws to PDEs 

a

a!
0

v?
!

@th

|rh
|

h

[Rigorous analysis: Al Hajj Shehadeh, Kohn, Weare, 2011; Gao, Ji, Liu, Witelski, 2018] 

[Sample of studies in physics/math. physics: Spohn, 1993; Selke, Duxbury, 1995;  
Chame, Rousset, Bonzel, Villain, 1996; Israeli, Kandel, 1999; Chame, Villain, 2001]  
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Scope 

Facets are special regions of the crystal surface.

We need to understand how microscale step motion influences  
facet evolution. 

[DM, Aziz, Stone, 2005; DM, Kohn, 2006; Fok, Rosales, DM, 2008;  
Bonito, Nochetto, Quah, DM, 2009;  DM, Nakamura, 2011; Nakamura, DM, 2013; 

 Schneider, Nakamura, DM, 2014; Liu, Lu, DM, Marzuola, submitted] 

PDE away from facet? 

Boundary conditions at facet? 
Issues: 
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Relaxation PDE in 2+1 dimensions, outside facets 

Step 
chemical 
potential 

step veloc. 

Total step energy [DM, Kohn, 2006]  

Generally (without linearization): 

Ji,? / ⇢i � ⇢seµi/T J / �M(rh) ·reµ/T

Ill-defined on facet 

Facet: rh = 0

4th-order, parabolic- 
like PDE for h 

Gradient flow of  E[h] 

µi ! µ =

✓
�E

�h

◆

L2

dEst
N

dt
=

X

i

Z

step i

vi,? µi ds

E[h] =

Z
�(rh) dx =

Z
{g1|rh|+ (g3/3)|rh|3} dx

)

Flux 
(Fick-type law)  

Tensor mobility; in diffusion-limited kinetics, M=1 

⇡ ⇢eqi

(linearization) 

Ji / �r⇢i, divJi = 0
on terrace; 

Ji,? / ⇢i � ⇢s(1 + µi/T )

at step 

J = �M(rh) ·rµ)
Singular surface free energy 

mass 
conservation 

) @h

@t
= �divJvi,? = Ji�1,? � Ji,?
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PDE in diffusion-limited kinetics (M=1) 

By linearized Gibbs-Thomson relation:  

@th(x, t) = C�

"
�div

 
rh

|rh| + g|rh|rh

!#
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�E

�h

; E[h] =

Z
�(rh) dx, �(p) = |p|+ (g/3)|p|3
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sing%lar at facet 

[Aspects of analysis: Kobayashi, Giga, 1999; Spohn, 1993; Odisharia, Thesis, 2006; 
Kashima, 2004; Giga, Giga, 2010; Giga, Kohn, 2011…] 

What is the meaning of this evolution equation  
(in continuum-scale framework) in presence of facets? 
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Digression: ODE (toy) model 

du(t)

dt
= �sgn(u(t)) ; u(0) = u0
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Find the continuous solution to ODE: 

u
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<latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="VTxdlEWR9xc+iv35UxaplliCHuo=">AAAB7XicbZBLS8NAFIVv6qvGqtGtm2Aj1IUlcaMuBMGNywrGFtoQJtNJO3TyYOamUEL/iRsXKv4dd/4bp4+Fth4Y+DhnhnvnRLngCl3326hsbG5t71R3zb3a/sGhdVR7VlkhKfNpJjLZiYhigqfMR46CdXLJSBIJ1o5G97O8PWZS8Sx9wknOgoQMUh5zSlBboWU5jlk08Py2CN0LNB0ntOpu053LXgdvCXVYqhVaX71+RouEpUgFUarruTkGJZHIqWBTs1colhM6IgPW1ZiShKmgnG8+tc+007fjTOqToj13f78oSaLUJIn0zYTgUK1mM/O/rFtgfB2UPM0LZCldDIoLYWNmz2qw+1wyimKigVDJ9a42HRJJKOqyTF2Ct/rldfAvmzdN79GFKpzAKTTAgyu4gwdogQ8UxvACb/BulMar8bFoq2IsazuGPzI+fwDMs498</latexit><latexit sha1_base64="VTxdlEWR9xc+iv35UxaplliCHuo=">AAAB7XicbZBLS8NAFIVv6qvGqtGtm2Aj1IUlcaMuBMGNywrGFtoQJtNJO3TyYOamUEL/iRsXKv4dd/4bp4+Fth4Y+DhnhnvnRLngCl3326hsbG5t71R3zb3a/sGhdVR7VlkhKfNpJjLZiYhigqfMR46CdXLJSBIJ1o5G97O8PWZS8Sx9wknOgoQMUh5zSlBboWU5jlk08Py2CN0LNB0ntOpu053LXgdvCXVYqhVaX71+RouEpUgFUarruTkGJZHIqWBTs1colhM6IgPW1ZiShKmgnG8+tc+007fjTOqToj13f78oSaLUJIn0zYTgUK1mM/O/rFtgfB2UPM0LZCldDIoLYWNmz2qw+1wyimKigVDJ9a42HRJJKOqyTF2Ct/rldfAvmzdN79GFKpzAKTTAgyu4gwdogQ8UxvACb/BulMar8bFoq2IsazuGPzI+fwDMs498</latexit><latexit sha1_base64="Kve6Nl/VE1XzCuMnV6WZMSZgC8M=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPVgSL+pBKHrxWMHYQhvCZrtpl24+2J0USug/8eJBxas/xZv/xm2bg1YfDDzem2FmXpgJrsBxvozKyura+kZ109za3tnds/YPHlWaS8o8mopUdkKimOAJ84CDYJ1MMhKHgrXD0e3Mb4+ZVDxNHmCSMT8mg4RHnBLQUmBZtm3mdTi9zgPnDEzbDqya03DmwH+JW5IaKtEKrM9eP6V5zBKggijVdZ0M/IJI4FSwqdnLFcsIHZEB62qakJgpv5hfPsUnWunjKJW6EsBz9edEQWKlJnGoO2MCQ7XszcT/vG4O0aVf8CTLgSV0sSjKBYYUz2LAfS4ZBTHRhFDJ9a2YDokkFHRYpg7BXX75L/HOG1cN996pNW/KNKroCB2jOnLRBWqiO9RCHqJojJ7QC3o1CuPZeDPeF60Vo5w5RL9gfHwDB9OQ2w==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit><latexit sha1_base64="njKUXbnzCx6Hv6gsQAq51Pp/HZU=">AAAB+HicbVBNS8NAEN3Urxq/oh69LDZCPViSXtSDUPTisYKxhTaEzXbbLt18sDsplNB/4sWDild/ijf/jds2B219MPB4b4aZeWEquALH+TZKa+sbm1vlbXNnd2//wDo8elJJJinzaCIS2Q6JYoLHzAMOgrVTyUgUCtYKR3czvzVmUvEkfoRJyvyIDGLe55SAlgLLsm0zq8L5TRY4F2DadmBVnJozB14lbkEqqEAzsL66vYRmEYuBCqJUx3VS8HMigVPBpmY3UywldEQGrKNpTCKm/Hx++RSfaaWH+4nUFQOeq78nchIpNYlC3RkRGKplbyb+53Uy6F/5OY/TDFhMF4v6mcCQ4FkMuMcloyAmmhAqub4V0yGRhIIOy9QhuMsvrxKvXruuuQ/1SuO2SKOMTtApqiIXXaIGukdN5CGKxugZvaI3IzdejHfjY9FaMoqZY/QHxucPCHOQ3Q==</latexit>

u0
<latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="SgJ958WbxC3pG5x9MevQj0DmWx8=">AAACDHicbZDNSgMxFIXv1L9aq1a3boKt4KrMuFF3ghuXFRxbaIeSSTNtaGYyJHeEMvQZ3KpP40p8BV9GzLRd2J8DgcN3Eu7NCVMpDLruj1Pa2t7Z3SvvVw6qh0fHtZPqs1GZZtxnSirdCanhUiTcR4GSd1LNaRxK3g7H90XefuHaCJU84STlQUyHiYgEo2iR38j6bqNfq7tNdyaybryFqcNCrX7ttzdQLIt5gkxSY7qem2KQU42CST6t9DLDU8rGdMi71iY05ibIZ8tOyYUlAxIpbU+CZEb/v8hpbMwkDu3NmOLIrGYF3JR1M4xuglwkaYY8YfNBUSYJKlL8nAyE5gzlxBrKtLC7EjaimjK0/WycsgQLgkpJM63YwrzVetaNf9W8bXqPLpThDM7hEjy4hjt4gBb4wEDAK7zBu/PhfDpf82ZLzqLiU1iS8/0HS8efBg==</latexit><latexit sha1_base64="SgJ958WbxC3pG5x9MevQj0DmWx8=">AAACDHicbZDNSgMxFIXv1L9aq1a3boKt4KrMuFF3ghuXFRxbaIeSSTNtaGYyJHeEMvQZ3KpP40p8BV9GzLRd2J8DgcN3Eu7NCVMpDLruj1Pa2t7Z3SvvVw6qh0fHtZPqs1GZZtxnSirdCanhUiTcR4GSd1LNaRxK3g7H90XefuHaCJU84STlQUyHiYgEo2iR38j6bqNfq7tNdyaybryFqcNCrX7ttzdQLIt5gkxSY7qem2KQU42CST6t9DLDU8rGdMi71iY05ibIZ8tOyYUlAxIpbU+CZEb/v8hpbMwkDu3NmOLIrGYF3JR1M4xuglwkaYY8YfNBUSYJKlL8nAyE5gzlxBrKtLC7EjaimjK0/WycsgQLgkpJM63YwrzVetaNf9W8bXqPLpThDM7hEjy4hjt4gBb4wEDAK7zBu/PhfDpf82ZLzqLiU1iS8/0HS8efBg==</latexit><latexit sha1_base64="/PQ2lXaV/ElOpypGfE1Hc1X1U/s=">AAACF3icbZC7TsMwFIZPuJZyKzCyWLRITFXCAmwVLIxFIrRSG1WO67RWHTuyHaQq6jOwAk/DhFgZeRmE02agl1+y9Os75+gc/2HCmTau++OsrW9sbm2Xdsq7e/sHh5Wj4yctU0WoTySXqh1iTTkT1DfMcNpOFMVxyGkrHN3l9dYzVZpJ8WjGCQ1iPBAsYgQbi/xa2nNrvUrVrbtToWXjFaYKhZq9ym+3L0kaU2EIx1p3PDcxQYaVYYTTSbmbappgMsID2rFW4JjqIJseO0HnlvRRJJV9wqAp/T+R4VjrcRzazhiboV6s5XBVrZOa6DrImEhSQwWZLYpSjoxE+c9RnylKDB9bg4li9lZEhlhhYmw+K7fMwZwYKbmelG1g3mI8y8a/rN/UvQe32rgtkivBKZzBBXhwBQ24hyb4QIDBC7zCm/PufDifztesdc0pZk5gTs73HzPIoIQ=</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit><latexit sha1_base64="tr665I4oque4/pi6zWKYDhPkwko=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXJWZbtRd0Y3LCo4ttEPJpGkbmkmG5IxQhj6DW/VpXIlbl76MmGlnYS8/BH6+cw7n5A9jwQ247o9T2Njc2t4p7pb29g8Oj8rHJ09GJZoynyqhdDskhgkumQ8cBGvHmpEoFKwVju+yeuuZacOVfIRJzIKIDCUfcErAIr+a9Nxqr1xxa+5MeNV4uamgXM1e+bfbVzSJmAQqiDEdz40hSIkGTgWblrqJYTGhYzJkHWsliZgJ0tmxU3xhSR8PlLZPAp7R/xMpiYyZRKHtjAiMzHItg+tqnQQG10HKZZwAk3S+aJAIDApnP8d9rhkFMbGGUM3trZiOiCYUbD5rtyzAjIBSwkxLNjBvOZ5V49drNzXvoV5p3ObJFdEZOkeXyENXqIHuURP5iCKOXtArenPenQ/n0/matxacfOYULcj5/gM0aKCG</latexit>
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du

dt
= 0 if u = 0

<latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="8jHuH5s7AfhAxz5SC5XVPbeJPYc=">AAACOnicbZDNSgMxFIXv+O9Ytbp1E7SCqzLjRl0UBDcuFawVOqVk0kwbmkyG5I5YhnkOn8at+gq+hCtxKaY/gn8HAodzEu7NF2dSWAyCF29ufmFxaXll1V+rrG9sVrcq11bnhvEm01Kbm5haLkXKmyhQ8pvMcKpiyVvx8Gzct265sUKnVzjKeEfRfioSwSi6qFsNazU/SgxlRREZRXplXn45LBtBRCIV67tCJGVE8kbg12rd6l5QDyYif004M3sw00W3+hH1NMsVT5FJam07DDLsFNSgYJKXfpRbnlE2pH3edjalittOMflaSfZd0iOJNu6kSCbp9xcFVdaOVOxuKooD+7sbh/917RyT404h0ixHnrLpoCSXBDUZcyI9YThDOXKGMiPcroQNqAOFjua/U36E4wS1lrb0HbDwN56/pnlYP6mHlwGswA7swgGEcASncA4X0AQG9/AAj/DkPXuv3tuU7Jw3Q7wNP+S9fwKUzLB4</latexit><latexit sha1_base64="8jHuH5s7AfhAxz5SC5XVPbeJPYc=">AAACOnicbZDNSgMxFIXv+O9Ytbp1E7SCqzLjRl0UBDcuFawVOqVk0kwbmkyG5I5YhnkOn8at+gq+hCtxKaY/gn8HAodzEu7NF2dSWAyCF29ufmFxaXll1V+rrG9sVrcq11bnhvEm01Kbm5haLkXKmyhQ8pvMcKpiyVvx8Gzct265sUKnVzjKeEfRfioSwSi6qFsNazU/SgxlRREZRXplXn45LBtBRCIV67tCJGVE8kbg12rd6l5QDyYif004M3sw00W3+hH1NMsVT5FJam07DDLsFNSgYJKXfpRbnlE2pH3edjalittOMflaSfZd0iOJNu6kSCbp9xcFVdaOVOxuKooD+7sbh/917RyT404h0ixHnrLpoCSXBDUZcyI9YThDOXKGMiPcroQNqAOFjua/U36E4wS1lrb0HbDwN56/pnlYP6mHlwGswA7swgGEcASncA4X0AQG9/AAj/DkPXuv3tuU7Jw3Q7wNP+S9fwKUzLB4</latexit><latexit sha1_base64="BAIjD5HzKYhE9ffoUUX21R8cr/g="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit><latexit sha1_base64="hxib8q02jRO5YyeDqZVs4QtrSB8="></latexit>

Define 

) u(t) =

⇢
u0 � t sgn(u0) , 0  t  |u0|
0 , t > |u0|

<latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="sVvZAQCfYwn11vlWfQDcC5ZiMGw="></latexit><latexit sha1_base64="sVvZAQCfYwn11vlWfQDcC5ZiMGw="></latexit><latexit sha1_base64="N5TM+r1MRfoynO2Le/kBvX3UWes="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit><latexit sha1_base64="4rD7JEh8f6KK7q5ZY5Txi5s8ck0="></latexit>

du✏(t)

dt
= � u✏(t)p

u(t)2 + ✏2
; small ✏ (✏ # 0)

<latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="epQRAKN7kb+SCF6aH9wk643MhEs="></latexit><latexit sha1_base64="epQRAKN7kb+SCF6aH9wk643MhEs="></latexit><latexit sha1_base64="gqfWXkuVBZTvbNxDFHG2CyOB8e8="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit><latexit sha1_base64="SELIrffM5Usc2lAAHSdBwELPIPU="></latexit>

This result can be recovered by regularization, e.g., consider 

u(t)

|u(t)| =
 

�

�u

!
|u| if u 6= 0

<latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="YMbKzGZjh1a221CFX8C+n+CmCsE="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="iINShOwjZ1qYytxLkbkF8d4YtgI="></latexit><latexit sha1_base64="YMbKzGZjh1a221CFX8C+n+CmCsE="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit><latexit sha1_base64="nD99d6P84qfX9OFo7EF4PfMviWM="></latexit>

|u|
<latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="5zfsLd7MsUXK8Z1g+0kRMNBUFbk=">AAACEHicbZDNTgIxFIXv4B+OqOjWTSNj4orMuFF3Jm5cYuIIBiakUwo0tNNJ2zEhA0/hVn0aV8YX8GWMHWAh4EmanHynzb09ccqZNr7/7ZQ2Nre2d8q77l5l/+CwelR51DJThIZEcqlaMdaUs4SGhhlOW6miWMScNuPRbZE3n6nSTCYPZpzSSOBBwvqMYGPRk+e5k2ziel63WvPr/kxo3QQLU4OFGt3qT6cnSSZoYgjHWrcDPzVRjpVhhNOp28k0TTEZ4QFtW5tgQXWUzxaeojNLeqgvlT2JQTP690WOhdZjEdubApuhXs0K+F/Wzkz/KspZkmaGJmQ+qJ9xZCQqfo96TFFi+NgaTBSzuyIyxAoTYzv6d8oSLIiRkuupawsLVutZN+FF/boe3PtQhhM4hXMI4BJu4A4aEAIBAS/wCm/Ou/PhfM6bLTmLio9hSc7XLyfon+8=</latexit><latexit sha1_base64="5zfsLd7MsUXK8Z1g+0kRMNBUFbk=">AAACEHicbZDNTgIxFIXv4B+OqOjWTSNj4orMuFF3Jm5cYuIIBiakUwo0tNNJ2zEhA0/hVn0aV8YX8GWMHWAh4EmanHynzb09ccqZNr7/7ZQ2Nre2d8q77l5l/+CwelR51DJThIZEcqlaMdaUs4SGhhlOW6miWMScNuPRbZE3n6nSTCYPZpzSSOBBwvqMYGPRk+e5k2ziel63WvPr/kxo3QQLU4OFGt3qT6cnSSZoYgjHWrcDPzVRjpVhhNOp28k0TTEZ4QFtW5tgQXWUzxaeojNLeqgvlT2JQTP690WOhdZjEdubApuhXs0K+F/Wzkz/KspZkmaGJmQ+qJ9xZCQqfo96TFFi+NgaTBSzuyIyxAoTYzv6d8oSLIiRkuupawsLVutZN+FF/boe3PtQhhM4hXMI4BJu4A4aEAIBAS/wCm/Ou/PhfM6bLTmLio9hSc7XLyfon+8=</latexit><latexit sha1_base64="iX7kpVbDJfe9T2/PmqAUNZqYiFc=">AAACG3icbZC7TsMwFIadcivhVmBksWiQmKqEBdgqWBiLRGhRG1WO67RW7TiyHaQq7VOwAk/DhFgZeBmE02agl1+y9Os75+gc/2HCqNKu+2OV1tY3NrfK2/bO7t7+QeXw6FGJVGLiY8GEbIVIEUZj4muqGWklkiAeMtIMh7d5vflMpKIiftCjhAQc9WMaUYy0QU+OY4/Tse043UrVrblTwWXjFaYKCjW6ld9OT+CUk1hjhpRqe26igwxJTTEjE7uTKpIgPER90jY2RpyoIJsePIFnhvRgJKR5sYZT+n8iQ1ypEQ9NJ0d6oBZrOVxVa6c6ugoyGiepJjGeLYpSBrWA+e9hj0qCNRsZg7Ck5laIB0girE1GK7fMwZxoIZia2CYwbzGeZeNf1K5r3r1brd8UyZXBCTgF58ADl6AO7kAD+AADDl7AK3iz3q0P69P6mrWWrGLmGMzJ+v4DGWChcQ==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit><latexit sha1_base64="OJ/Mw6tv0kYI3gXMTl5rBL5ElqI=">AAACG3icbZC9TsMwFIWd8lfCX4GRxaJBYqqSLsBWwcJYJEKL2qhyXKe1aseR7SBVaZ+CFXgaJsTKwMsgnDYDtD2SpaPv3qt7fcKEUaVd99sqra1vbG6Vt+2d3b39g8rh0YMSqcTEx4IJ2Q6RIozGxNdUM9JOJEE8ZKQVjm7yeuuJSEVFfK/HCQk4GsQ0ohhpgx4dx56kE9txepWqW3NngsvGK0wVFGr2Kj/dvsApJ7HGDCnV8dxEBxmSmmJGpnY3VSRBeIQGpGNsjDhRQTY7eArPDOnDSEjzYg1n9O9EhrhSYx6aTo70UC3Wcriq1kl1dBlkNE5STWI8XxSlDGoB89/DPpUEazY2BmFJza0QD5FEWJuMVm75B3OihWBqapvAvMV4lo1fr13VvLt6tXFdJFcGJ+AUnAMPXIAGuAVN4AMMOHgGL+DVerPerQ/rc95asoqZY/BP1tcvGgChcw==</latexit>

u
<latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="bZISzsl8CwHiCIstWgRqoTwnmuk=">AAACBHicbZDNSsNAFIVv6l+NVevaTbAIrkriRt0JblxWMLbQhjKZTNqhk5kwcyOU0Bdwq0/jSnwLX0actF3YnwMDh+/McO+cOBfcoO//OLWd3b39g/qhe9Rwj09Om40XowpNWUiVULoXE8MElyxEjoL1cs1IFgvWjScPVd59ZdpwJZ9xmrMoIyPJU04JWtQZNlt+25/L2zTB0rRgqWHzd5AoWmRMIhXEmH7g5xiVRCOngs3cQWFYTuiEjFjfWkkyZqJyvubMu7Qk8VKl7ZHozen/FyXJjJlmsb2ZERyb9ayC27J+geltVHKZF8gkXQxKC+Gh8qo/ewnXjKKYWkOo5nZXj46JJhRtM1unrMCKoFLCzFzbV7DezqYJr9t37eDJhzqcwwVcQQA3cA+P0IEQKCTwBu/Oh/PpfC1qrTnLfs9gRc73H3p4nJ0=</latexit><latexit sha1_base64="Jrogd6OWhT8aeZBM3ThMdRv3Gsc=">AAACDnicbZDNSgMxFIXv1L86Vq1u3QQ7gqsy40bdCW5cVnBsoR1KJs20oZlkSDJCGfoQbtWncSW+gS8jZtou7M+BwOE7CffmxBln2vj+j1PZ2t7Z3avuuwe1w6Pj+kntWctcERoSyaXqxFhTzgQNDTOcdjJFcRpz2o7H92XefqFKMymezCSjUYqHgiWMYGNR2/Pc3PW8fr3hN/2Z0LoJFqYBC7X69d/eQJI8pcIQjrXuBn5mogIrwwinU7eXa5phMsZD2rVW4JTqqJitO0UXlgxQIpU9wqAZ/f+iwKnWkzS2N1NsRno1K+GmrJub5CYqmMhyQwWZD0pyjoxE5d/RgClKDJ9Yg4lidldERlhhYmxDG6cswZIYKbmeurawYLWedRNeNW+bwaMPVTiDc7iEAK7hDh6gBSEQGMMrvMG78+F8Ol/zZivOouJTWJLz/QdCOZ7l</latexit><latexit sha1_base64="Jrogd6OWhT8aeZBM3ThMdRv3Gsc=">AAACDnicbZDNSgMxFIXv1L86Vq1u3QQ7gqsy40bdCW5cVnBsoR1KJs20oZlkSDJCGfoQbtWncSW+gS8jZtou7M+BwOE7CffmxBln2vj+j1PZ2t7Z3avuuwe1w6Pj+kntWctcERoSyaXqxFhTzgQNDTOcdjJFcRpz2o7H92XefqFKMymezCSjUYqHgiWMYGNR2/Pc3PW8fr3hN/2Z0LoJFqYBC7X69d/eQJI8pcIQjrXuBn5mogIrwwinU7eXa5phMsZD2rVW4JTqqJitO0UXlgxQIpU9wqAZ/f+iwKnWkzS2N1NsRno1K+GmrJub5CYqmMhyQwWZD0pyjoxE5d/RgClKDJ9Yg4lidldERlhhYmxDG6cswZIYKbmeurawYLWedRNeNW+bwaMPVTiDc7iEAK7hDh6gBSEQGMMrvMG78+F8Ol/zZivOouJTWJLz/QdCOZ7l</latexit><latexit sha1_base64="3yWyiyDdydUd93b7eG9Is49x85g=">AAACGXicbZC7TsMwFIYdriXcCowsFg0SU5WwAFsFC2ORCK3URpXjOq1VJ47sE6Qq6kOwAk/DhFiZeBmE02agl1+y9Os75+gc/2EquAbX/bHW1jc2t7YrO/bu3v7BYfXo+EnLTFHmUymkaodEM8ET5gMHwdqpYiQOBWuFo7ui3npmSnOZPMI4ZUFMBgmPOCVgUMtx7Mx2nF615tbdqfCy8UpTQ6Wavepvty9pFrMEqCBadzw3hSAnCjgVbGJ3M81SQkdkwDrGJiRmOsin507wuSF9HEllXgJ4Sv9P5CTWehyHpjMmMNSLtQKuqnUyiK6DnCdpBiyhs0VRJjBIXPwd97liFMTYGEIVN7diOiSKUDAJrdwyBwsCUgo9sU1g3mI8y8a/rN/UvQe31rgtk6ugU3SGLpCHrlAD3aMm8hFFI/SCXtGb9W59WJ/W16x1zSpnTtCcrO8/KImgZQ==</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit><latexit sha1_base64="RnH4FomgWAler18oVHwuJI4tUq8=">AAACGXicbZC7TsMwFIadcivhVmBksWiQmKqkC7BVsDAWidBKbVQ5rtNadeLIPkGqqj4EK/A0TIiViZdBOG0GevklS7++c47O8R+mgmtw3R+rtLG5tb1T3rX39g8OjyrHJ09aZooyn0ohVTskmgmeMB84CNZOFSNxKFgrHN3l9dYzU5rL5BHGKQtiMkh4xCkBg1qOY2e24/QqVbfmzoRXjVeYKirU7FV+u31Js5glQAXRuuO5KQQTooBTwaZ2N9MsJXREBqxjbEJipoPJ7NwpvjCkjyOpzEsAz+j/iQmJtR7HoemMCQz1ci2H62qdDKLrYMKTNAOW0PmiKBMYJM7/jvtcMQpibAyhiptbMR0SRSiYhNZuWYA5ASmFntomMG85nlXj12s3Ne+hXm3cFsmV0Rk6R5fIQ1eoge5RE/mIohF6Qa/ozXq3PqxP62veWrKKmVO0IOv7DykpoGc=</latexit>

slope 1 slope -1 

pick slope 0 

(What happens if u = 0?)
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“Extended-gradient formalism” 
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PDE: Extended-gradient formalism,typical settings 

@HE[h] := {f 2 H : E[h+ g]� E[h] � (f, g)H 8g 2 H}

What should the above rule amount to, practically? 

Suppose the facet is smoothed out via regularization  
of E[h] by some parameter, ν. Then, in the limit as ν approaches 0, 

one should recover the evolution of the above formalism. 
   

Typically: H = L2 , H�1

reflects kinetics surface  
diffusion: 

DL kinetics “Natural” boundary conditions at facet edges follow. 

Evolution PDE is everywhere replaced by
the rule that �@th is an element of subdi↵erential
@HE[h] with minimal norm in Hilbert space H.

11/34 
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Discrete scheme for steps: 

PDE 

BC’s ? 

Diffusion-limited kinetics: Radial geometry 
                                                                                                                

h
E

t
h

δ
δ

Δ∝
∂

∂   

PDE: 

Nearest-neighbor, 
force-dipole 

step-step interactions 

Step curvature 

    Linearized Gibbs-Thomson rel. 
H�1

gradient flow

Ė =
��E
�h

, ht

�
L2 = �k��E

�h
k2H�1  0

E[h] =

Z ⇥
|rh|+ (g/3)|rh|3

⇤
dx ; g =

g3

g1

[Schneider, Nakamura, DM, 2014] 
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Free-boundary approach: Boundary conditions 

(hf,Jf ,µf, ξf )

r 

Natural BC’s in radial setting 

Keep 

time of 
n-th step collapse 

Q(t) =
1

2

⇢
rn+2(tn) + rn+1(tn)

2rn+2(tn)
+

rn+1(tn) + rn(tn)

2rn+1(tn)

�

tn  t < tn+1

In close agreement with step simulations;  
Q(t) ⇡ const., n � 1

Collapse times tn
• Height continuity: h(r+f , t) = hf (t)

• Slope continuity

• (Normal) Mass-flux er · J: cont.

• µ = �div⇠: extended continuously
onto facet

• er · ⇠ = ⇠: continuous

rf (t)

hf (t)

[Schneider, Nakamura, DM, 2014] 

Alternative: 

⇠(rf (t)
�, t) = Q(t) ⇠(rf (t)

+, t)

µ(rf (t)
�, t) = Q(t)�1 µ(rf (t)

+, t)

Replace by jumps: 

14/34 



Rel. step interaction strength: g=0.1 

Jump 
bc’s 

Natural 
bc’s 

Numerics: Conical initial data; self-similar regime  

Can we reconcile these two scales via resolving only few top steps? 

Discrete slopes behave as self-similar for long times 
Ansatz: m(r, t) ⇡ M(rt�1/4)

15/34 



g=0.1 Step trajectories 

(relative to initial configuration)

i-th step collapse time, ti

13/34 

ri(t)
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“Hybrid” iterative scheme: Algorithm 

t = tn⇤

Top view 
  

steps 
continuum 

Initiation: n0 = 0 , n⇤ � 1 ; t̃0 = 0

rn+M+l+1 = rn+M+l +
a

m(rn+M+l, t)
; l = 0, 1 , t̃n0 < t  t̃n⇤ , n0  n < n⇤

1. Compute slope profile via natural bc’s. 

2. Simulate M top steps, typically M=3, terminated by 

3. Re-compute slope using jump conditions at: 

4. Go to 2, and iterate (advancing time). 
[Schneider, Nakamura, DM, 2014] 16/34 



Numerics (conical initial data) 

natural 
bc’s 

Hybrid, n*=5, 
2 iter. Hybrid, 

15 iter. 

g=0.1 g=1 

natural 
bc’s 

Hybrid, 
5 iter. 

m m 

Open questions: 
Can one derive jump conditions from step motion?  

How about other kinetic regimes?  Non-radial geometry? 
17/34 



PDE from full Gibbs-Thomson relation for steps 

�

�E

�h

; E[h] =

Z
�(rh) dx, �(p) = |p|+ (g/3)|p|3
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What plausible predictions for facets can be made by this PDE 
(in a full continuum-scale framework) ? 

[Liu, Lu, DM, Marzuola, subm.] 

Open issue: Rigorous formulation of appropriate gradient flow   

PDE plausibly comes from scaling limit of atomistic dynamics  
                                                            [Marzuola, Weare (2013)] 
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PDE in 1+1 dimensions; periodic profile 

Goal:  To construct a solution: 
Formulate a system of ODEs for facet height and position. 

 Compare to regularized PDE 

Neglect of |h
x

|h
x

term

@
t

h = @
xx

exp


�@

x

✓
@
x

h

|@
x

h|

◆�

Claim: BC’s at facet: 
µ(x, t) = �@

x

˜

⇠(x, t) and

˜

⇠(x, t): continuous in x

Facet speed by mass conservation

h

x

xf (t)�xf (t)

 f

⇣
arctan f � ⇡

2

⌘
+ 1 =

1

2xf
;  f :=

q
1�X

2
f

Xf
, Xf := xf

s
ḣf

2

Q( f ) ; monotone, 0 < Q( f )  1

No evolution if facet size is below a “critical” value 
ḣf � 0

ẋf [h0(xf )� hf ] = ḣf xf

(if Xf 6= 0)

Bottom facet: 

hf (t)
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Numerical simulations of PDE and ODEs solutions 
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Exp. PDE (regularized): 
Numerics for PDE: Via regularization of E[h]

bottom facet freezes 
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; h(x, t = 0) = sin(2⇡x)
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[Liu, Lu, DM, Marzuola, subm.] 
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Fig. 2. Snapshots of evolving surface height profile, h(x, t), under initial data
h(x, 0) = sin(x) (top panel) by fourth-order total variation flows given by: expo-
nential PDE (32) with regularization parameter ⌫ = 10�3 on a time scale T = 10�4

(bottom left panel); and by PDE (33) with regularization parameter ⌫ = 10�3 on a
time scale T = 10�2 (bottom right panel).
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Fig. 3. (Color Online) Snapshots of evolving surface height profile, h(x, t), for two
di↵erent values (N = 60, 120) of the number, N , of grid points on a time scale
T = 10�4. The height h(x, t) evolves according to exponential PDE (32) with initial
data h(x, 0) = sin(x) and regularization parameter ⌫ = 10�3.

which explains the small discrepancy observed in those plots involving x
f

(t).
To compare the relevant parameters to the PDE evolution, we take

h
f,pde

(t) = max
x2[0,2⇡]

h(x, t) ,

x
f

= max{x 2 [0, 2⇡] : ( max
x2[0,2⇡]

h(x, t))� h(x, t) < "} , (34)
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Numerical simulations of PDE and ODE solutions (cont.) 
[Liu, Lu, DM, Marzuola, subm.] 

1 2 3 4 5 6 7 8 9 10

t 10
-4

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

F
ac

et
 h

ei
g
h

t

ODE dynamics
PDE dynamics

t

hf

Facet height 

Open question: How does this prediction compare to step motion? 
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Mesoscale  

BCF (phenomenological) model: 
Adatom diffusion/Fick’s law + 

Step velocity law + 
Linear kinetic relation at step 

Kinetic restricted  
solid-on-solid 

model: 
Atoms hop 

in 1+1 dimensions 

II. From atoms to step motion 

[Patrone, DM, 2014; Patrone, Einstein, DM, 2014; Lu, Liu, DM, 2015;  
Schneider, DM, 2017; Schneider, Patrone, DM, 2018] 22/34 
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Fig. 2. Microscopic view: Schematic of atomistic processes allowed by the 1D atom-
istic model on lattice with lateral spacing a. Movable atoms are shown in dark grey.
(a) Top panel: Hopping of adatoms on each terrace with rate D, detachment of edge
atom from step to upper (�) or lower (+) terrace with rate Dk�±, and deposition
of atoms from above with rate F . (b) Middle panel: Hopping of adatoms near step
to same terrace with rate D, attachment of adatom from lower terrace to step edge
with rate D�+, and hopping of unbonded neighboring adatoms with rate D. (c)
Bottom panel: Attachment of adatom from upper terrace to step edge, and hopping
of adatom lying on top of another adatom to same terrace with rate D.

the system, including the atoms deposited on the surface from above.
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FIG. 1. Schematic for main assumptions of KRSOS model.
Bottom panel: Movable atoms are shown in dark grey. The ki-
netic rates are: D, for atom hopping away from the step; D�±
(dashed atoms and arrows) for atom attachment to the step
from the upper (�) or lower (+) terrace; Dk�± for atom de-
tachment or attachment at step; F for deposition from above;
and ⌧�1 for desorption. The factors �± = exp[�E±/(kBT )]
account for Ehrlich-Schwoebel barriers, E± [5, 6]. The step
position is s(↵,m). Top panel: 1D energy-barrier landscape.

where N is an integer expressing the system size (N �
1), k = exp[�EB/(kBT )], and EB is the bonding en-
ergy of an atom to the step (kBT is the Boltzmann en-
ergy). By condition (2), the number of externally de-
posited atoms at the desorption time scale is more than
one, but is limited by the average number of adatoms
detached from the step in equilibrium. We obtain three
types of results. First, we describe analytically the sta-
tionary solution, peq↵,m, of Eq. (1); see Eq. (3). This solu-
tion describes the KRSOS model in equilibrium. The use
of peq↵,m along with a “maximum principle” for Eq. (1),
outlined below, enable us to estimate the magnitude of
corrections to the BCF model. Our approach provides an
atomistic view of the interplay between deposition and
desorption in regime (2). Second, by time-dependent av-
erages over states (↵,m), we derive non-equilibrium ki-
netic laws for the motion of a step; these include correc-
tions to the BCF model. We find that such deviations are
controlled by the Arrhenius factor k and the equilibrium
adatom density, ceq; see Eqs. (4)–(11). In particular, es-
timates (11) form a key result of our analysis. Third, we
connect our approach to nanowire growth (see Table I).

The present work forms an extension of recent studies
in the atomistic origin of crystal growth, e.g., [9–17]. Our
specific objectives, however, are di↵erent from those of
past works. For example, here we explain why neglecting
atomic correlations in mesoscale theories such as variants
of the BCF model [4] may pose restrictions on atomistic
rates. We describe these restrictions, as well as possible
implications of their violation in single-step motion.

Our analysis prioritizes kinetic corrections to the 1D
BCF model, when the system is not at equilibrium, and
thus complements [9, 10, 13–15], which focus on the
derivation of the standard BCFmodel (near equilibrium).
Our goals resemble those of [16, 17], in which correc-
tions to the BCF model due to nucleation are considered.

However, we neglect nucleation here and instead place
emphasis on systematic estimates of corrections due to

kinetic interactions when the adatom system is not di-

lute. Our approach is distinct from that in [12, 13] where
discrete adatom di↵usion is speculated without invoca-
tion of adatom correlations. The present master-equation
approach originated from [10] where deposition and des-
orption are left out. Our formalism extends the atomistic
model of [11] to include desorption. Detailed derivations
are omitted here; the interested reader may consult [18].
We use the symbol |̂ for a (Lagrangian) lattice site

relative to the step, as opposed to the (Eulerian) index j
of the fixed lattice. The lattice spacing is denoted by a.

Microscale model. We now elaborate on the KRSOS
model; cf. Eq. (1). Following [9–11], we represent each
configuration by the ordered pair (↵,m); the multiset

↵ is an unordered list of the lattice sites that contain
adatoms. For example, the state (↵,m) = ({},m

0

) has
no adatoms and an initial total number of atoms equal
to m

0

. The state (↵,m) = ({ı̂, ı̂, |̂},m
0

+ 2) contains two
adatoms at site ı̂ and one at |̂, of which two came from
external deposition and one detached from the step.
By this formalism, the microscale step position is

uniquely determined in a given state (↵,m): If the step
is initially at site s

0

in the fixed lattice frame, the step
position at a later configuration (↵,m) is s(↵,m) =
s
0

� |↵|+m�m
0

. This formula invokes the cardinality of
↵, |↵|: the total number of adatoms in the given state.

The above system representation along with rules (a)–
(c) (see Introduction) can be used to define the tran-
sition rates T

(↵,m),(↵0,m0
)

of Eq. (1). By Fig. 1, this
matrix accounts for: atom hopping away from the step
(rate D); attachment/detachment at the step (rates D�±
and Dk�±); and external deposition as well as desorp-
tion (rates F and ⌧�1). Formulas for T

(↵,m),(↵0,m0
)

are
prescribed accordingly; see [9, 10] for mass conserving
KRSOS transitions, and [11] if external deposition is in-
cluded. For desorption, we define T

(↵,m),(↵0,m0
)

= ⌧�1 if
m = m0 � 1 and |↵| = |↵0| � 1 and |↵0 \ ↵| = 1. Note
that the multiset di↵erence ↵ \↵0 contains the elements
in ↵ that are not in ↵0, counting multiplicity.

We now outline attributes of Eq. (1) that can be used
to quantify corrections to the BCF model. A stationary
solution to this equation may or may not exist for long
times if F > 0. In contrast, for mass-conserving dynam-
ics (if F = 0), it was shown [10] that a stationary solution
to the master equation always exists since the transition
rates satisfy Kolmogorov’s criterion [19].

In the present case, a consequence of kinetic regime (2)
is the existence of a stationary solution to Eq. (1), viz.,

peq↵,m = (1� k)N�1k|↵|(1�R)Rm�m0 ; (3)

R = F⌧
(N�1)k is a non-dimensional parameter expressing

the relative strength of deposition compared to desorp-
tion. Notice that Eq. (3) satisfies the detailed-balance
relation T

(↵,m),(↵0,m0
)

k|↵
0|Rm0

= T
(↵0,m0

),(↵,m)

k|↵|Rm,
by leaving out the normalization factor. In other words,

Desorption 

Key parameters: 
k and F/D 
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Atomistic configurations and step motion 

(↵,m): state of system

Mass of system (changed by deposition from above) 

s0: initial site for edge atom

: ini*al	mass	
multiset: positions of adatoms 

s: Microscale step position

adatom number increase 

Edge atom adatom 

s ja

mass increase (# of deposited atoms) 

s = {s0 � (|↵|� |↵0|) + (m�m0)}a
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Master equation 

ṗ↵,m(t) =
X

↵0,m0

T(↵,m),(↵0,m0)p↵0,m0(t)

All transition rates not listed in (7) are zero. Here, we introduce the multiset
di↵erence ↵ \↵0, which itself is a multiset containing the elements in ↵ that
are not in ↵0, counting multiplicity. For example, {ı̂, |̂, |̂} \ {|̂} = {ı̂, |̂}. Addi-
tionally, the symbol || · || indicates the `p-norm with p � 1, and we define the
“multiset increment operation” as ↵̃ = {ı̂+ 1| for all ı̂ 2 ↵}, i.e. the set ↵̃ is
just ↵ after each element has been incremented by one. Setting F = 0 in (7)
reduces (6) to the master equation governing surface relaxation [7].

Among the transition rates that are zero, notable examples include

T(↵,m),(↵0
,m

0) = 0, if m = m0 and |↵| < |↵0|� 1 or |↵| > |↵0|+ 1; (8a)

T(↵,m),(↵0
,m

0) = 0, if m = m0 and |↵| = |↵0|+ 1

and � 1 2 ↵0; (8b)

T(↵,m),(↵0
,m

0) = 0, if m = m0 + 1 and |↵|  |↵0|. (8c)

Equation (8a) indicates that no more than one atom may attach to or detach
from the step in a single transition. Equation (8b) asserts that no atoms may
detach if the site directly above the edge atom is occupied, and (8c) prevents
atoms from being deposited at s(↵,m). Note that the transitions described in
(7a)-(7c), along with (8a) and (8b) are subject to detailed balance [6, 7].

The master equation (6) along with transition rates (7) and (8) completely
govern the full mass-dependent microscale model. For some of our purposes,
notably the maximum principle of Section 3 and its application, we require an
alternate version of equation (6) that describes the evolution of a marginalized
PDF, p↵(t), where the mass variable has been summed.

Definition 3. (Marginal probability density function.) The marginal proba-
bility density is

p↵(t) =
X

m

p↵,m

(t), (9)

where p↵,m

(t) satisfies (6) with transition rates (7) and (8).

The marginal PDF in Definition 3 satisfies what will be referred to as the
marginalized master equation, found by summing over the mass variable m
on both sides of (6). It is important to note that a sum over m on the right-
hand side of master equation (6) involves careful consideration of rules (7)
since the transition rates T(↵,m),(↵0

,m

0) depend on m in addition to the PDF
p↵,m

(t).

Next, we give the marginalized master equation and rules for the associated
transition rates. The master equation for the marginalized PDF of Definition

12

 
X

↵,m

T(↵,m),(↵0,m0) = 0

!

Only 1 adatom moves at a time  
              

Deposited atom does 
not instantly become edge atom 

probability density for (↵0,m0
)

[Schneider, DM, 2017; Schneider, Patrone, DM, 2018] 

3

in regime (2), the interplay between mass-non-conserving
processes brings about a balance that allows for equilib-
rium to prevail at long enough times. Formula (3) en-
ables us to quantify the impact of the correlated motion
of adatoms at the mesoscale, as discussed below.

In regime (2), Eq. (1) obeys a “maximum princi-
ple” [18] which states that if the initial data p↵,m(0)
satisfies max

↵,m
{p↵,m(0)/peq↵,m}  C with a parameter-

independent constant C, then max
↵,m

{p↵,m(t)/peq↵,m}  C.

Thus, if the distribution over atomistic configurations is
close enough to equilibrium initially, it always remains
so. This property is derived by singling out the elements
T
(↵,m),(↵,m)

in the summation over (↵0,m0) in Eq. (1)
and recalling that peq↵,m obeys (1) with zero left-hand side.

Discrete averaging. Next, we make use of the averaging

hQi =
X

↵,m

Q(↵,m)p↵,m(t) , (4)

where Q(↵,m) is any microscale quantity and p↵,m(t)
obeys Eq. (1). For example, for suitable Q(↵,m), the
flux on the right (+) or left (�) of the step is

J±(t) =±
X

↵,m

⇥
T
(↵±,m),(↵,m)

p↵,m(t)

�T
(↵,m),(↵±,m)

p↵±,m(t)
⇤
; (5)

↵± is the adatom state resulting from rightward or left-
ward detachment at the step.

The discrete kinetic laws that we obtain via Eq. (4) at
the mesoscale include: (i) a step velocity law; (ii) a condi-
tion for the adatom flux at the step; and (iii) a di↵usion-
like equation for the adatom density. These laws form
the core of the BCF model [8]. Laws (ii) and (iii) contain
corrections due to the correlated motion of adatoms.

The average step velocity is obtained by di↵erentiating
step position, &(t) = hs(↵,m)ia, at time t, in view of
Eqs. (1) and (5). The resulting motion law is

&̇(t) = a [J�(t)� J
+

(t)] , (6)

as expected by mass conservation [8].
For case (ii), by manipulating Eq. (5) we obtain [11]

J±(t) = ⌥D�±a [c±1

(t)� ceq]⌥D�±af±(t) , (7)

where c|̂(t) is the Lagrangian adatom density |̂ lattice
sites away from the step, c|̂(t) = h⌫|̂(↵)i/a, and ⌫|̂(↵)
is the number of adatoms at site |̂ for configuration ↵.
The equilibrium adatom density, ceq, is calculated via
stationary solution (3), and is found to be

ceq =
hni

(N � 1)a
=

k/a

1� k
, (8)

which is independent of the parameter R, and agrees
with the respective result in [10] for conserved dynamics

in the dilute limit, if k ⌧ 1. In Eq. (7), the terms f±(t)
are corrective fluxes beyond the BCF model; for example,

f
+

(t) = k


ceq +

X

↵,m

1(⌫�1

(↵) > 0)p↵,m(t)/a

�

�
X

↵,m

1(⌫
1

(↵) > 1)⌫
1

(↵)p↵,m(t)/a , (9)

which comes from the high occupancy of lattice sites; the
function 1(·) is 1 if its argument is true and 0 otherwise.
For case (iii), we seek an equation of motion for the

adatom density. It is convenient to accomplish this task
for the Eulerian density, ⇢j(t) = h⌫j�s(↵,m)

(↵)i/a. The
di↵erentiation of this ⇢j(t) in t and use of Eq. (1) yield

⇢̇j(t) = D�j⇢j(t) +
F

(N � 1)a
� 1

⌧
⇢j(t)

�D�jRj(t) +
1

⌧
Rj(t) , (10)

for all j away from the step [20], which is a variant of
the usual discrete di↵usion; �j is the second-order finite-
di↵erence operator, viz., �juj = uj�1

� 2uj + uj+1

.
The derivation of Eq. (10) relies on the separation of
terms expressing occupancy of lattice sites by two or
more adatoms from other contributions to the requisite
average. The terms Rj(t) then result as high-occupancy

corrections to discrete di↵usion, which originate from the
correlated motion of adatoms; see Fig. 2.

Estimates of corrections. In principle, the corrections
f±(t) and Rj(t) are negligible when the system is su�-
ciently dilute [10, 11]. In contrast, these corrective terms
may become important when two or more adatoms are
on the same terrace with high enough probability; see
Fig. 2(b), (c). Therefore, it is meaningful to determine
for what values of atomistic parameters the terms f±(t)
and Rj(t) contribute significantly to the mesoscale laws.
By invoking properties of Eq. (1), we obtain the bounds

|Rj(t)| . kceq , |f±(t)| . kceq , (11)

provided the system is in growth regime (2). Here, the
symbol . indicates boundedness up to a constant factor
that does not depend on KRSOS parameters.
Estimates (11) are derived by combining formulas for

the corrections f±(t) and Rj(t), e.g., Eq. (9), with the
“maximum principle” for Eq. (1) and the stationary solu-
tion, peq↵,m, from Eq. (3). Consequently, f±(t) and Rj(t)
are found to be bounded by time-independent quantities
that can be evaluated via our explicit formula for peq↵,m.
Kinetic Monte Carlo (KMC) simulations confirm es-

timates (11). In Fig. 3 (bottom panel), we compare
the high-occupancy corrections to the discrete di↵usion,
calculated via KMC simulations, to the value kceq that
enters estimates (11) with unit prefactor. The adatom
densities and corresponding corrections shown in Fig. 3
are averages over configurations generated by the usual
Bortz-Kalos-Lebowitz algorithm (or “n-fold way”) [21].

Average of Q: 

Goal: 
To obtain relations between  

averages for step position and adatom density  
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Definition. The marginal probability density is

Marginal density  

p↵(t) =
X

m

p↵,m(t)

ṗ↵ =
X

↵0

T↵,↵0p↵0(t)

= D
X

↵0

[A↵,↵0 + ✏B↵,↵0 ]p↵0(t); ✏ = F/D .

The marginalized master equation is

Diffusion, 
attachment/detach. 

Deposition 

PROPOSITION 1. If a non-trivial steady-state solution, pss↵ , of the

marginalized master eq. exists, the solution p↵(t) satisfies

max
↵

p↵(t)

pss↵
 max

↵

p↵(0)

pss↵
(t > 0) .
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Discrete averages: Definitions 

number of adatoms per site 

0 1 -1 -2 

- + 

Definition 3. Discrete adatom fluxes at step edge:

J±(t) = ⌥
X

↵,m

I(⌫�1(↵,m) = 0)

⇥
⇥
T(↵±,m),(↵,m)p↵,m(t)� T(↵,m),(↵±,m)p↵±,m(t)

⇤

(ii) The Lagrangian-type adatom density is defined by

c|̂ =
X

↵,m

⌫|̂(↵)p↵,m(t)/a =

X

↵

⌫|̂(↵) p↵(t)/a .

|̂

where ↵± =

e↵ [ {±1} results by atom detachment

Definition 2. (i) The Eulerian adatom density is

⇢j(t) =
X

↵,m

⌫j�s(↵,m)(↵)p↵,m(t)/a .

±
+ 

Definition 1. The average step position is

&(t) = a
X

↵,m

{s0 � (|↵|� |↵0|) + (m�m0)}p↵,m(t) .
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⇢̇j(t) = D[⇢j�1(t)� 2⇢j(t) + ⇢j+1(t)] +
F

(N � 1)a

�D[Rj�1(t)� 2Rj(t) +Rj+1(t)]

+ boundary (step-edge) terms
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discrete Fick’s law Mass accumulation near step edge 

Discrete averages: Adatom density 

discrete diffusion 
 

high-occupation correction 

0 1 -1 -2 

- + 

|̂

⌫
|̂

(↵) is replaced with 1(⌫
|̂

(↵) > 0), which amounds to using the definition of
adatom density in [7].

Now, by transition rates (7) and our definition of ⌫
|̂

(↵), we write equation
(32) as

⇢̇
j

(t) = D [⇢
j�1(t)� 2⇢

j

(t) + ⇢
j+1(t)] +

F

(N � 1)a

�D [R
j�1(t)� 2R

j

(t) +R
j+1(t)]

� X

↵,m

(

�
j,s(↵,m)


D1(⌫�1(↵) > 0) +D1(⌫1(↵) > 0) +

F

N � 1

�

� �
j,s(↵,m)�1


D1(⌫�1(↵) > 0) +Dk��1(⌫�1(↵) = 0)

�D��1(⌫1(↵) = 0)1(⌫�1(↵) > 0)
�

� �
j,s(↵,m)+1


D1(⌫1(↵) > 0) +Dk�+1(⌫�1(↵) = 0)

�D�+1(⌫1(↵) = 1)
�)

p↵,m

(t)/a . (33)

A few remarks on (33) are in order. The first two lines include a di↵usion-
type second-order di↵erence scheme for ⇢

j

(t) and the accompanying correc-
tion to discrete di↵usion, respectively. The third line of (33) asserts that
the right-hand side vanishes identically when j = s(↵,m). The remaining
terms function as boundary conditions at the right (j = s(↵,m) + 1) or left
(j = s(↵,m)� 1) of the step; they contribute only when j is in the vicinity of
the step via the Kronecker delta functions. The corrections R

j

(t) are defined
as

R
j

(t) =
X

↵,m

h
⌫
j�s(↵,m)(↵)� 1(⌫

j�s(↵,m)(↵) > 0)
i
p↵,m

(t)/a . (34)

The terms (34) measure discrete corrections related to certain correlated mo-
tion of adatoms. In particular, these corrections to discrete di↵usion arise from
the fact that the KRSOS model includes constant adatom hopping rates, re-
gardless of the number of adatoms present at a given lattice site. In e↵ect,
atomistic configurations with multiple adatoms at the same lattice site intro-
duce interactions between particles since only one is able to move. This high-
occupancy e↵ect can be seen in (34) since ⌫

j�s(↵,m)(↵) � 1(⌫
j�s(↵,m)(↵) >

0) 6= 0 when two or more adatoms are at site j.

In its present form, (33) is slightly misleading, since it does not explicitly
reveal advection terms coming from ⇢̇

j

(t), when j is close enough to the step
edge. Such terms should express the jump that the adatom density possibly
exhibits across the edge, i.e., the property that c1(t) � c�1(t) (in Lagrangian
coordinates) is in principle an O(1) quantity.

To unveil this e↵ect, we resort to Lagrangian coordinates on the lattice. The

23

by 2-particle  
or highly occupied states 

&̇(t) = a [J�(t)� J+(t)]
From average step position: 

(Def. 1) 

Evolution of discrete adatom density  (by Def. 2 and master eq.): 

By vanishing  
bdry  
terms 

J±(t) = ⌥Da [c±2(t)� c±1(t)]⌥Da
h
R̂±2(t)� R̂±1(t)

i

(⌧ ! 1)
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Discrete averages: Kinetic relation at step edge 

0 1 -1 -2 

- + Linear kinetic term correction 
j

From F=0: equil. soln. 
of master eqn. ceq =

hni
(N � 1)a

=
k/a

1� k

Def. 3: J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t)

Mass 
Flux   

(Def.3) 

viz.,

J+(t) =
X

↵,m

1(⌫�1(↵) = 0)
h
T(↵+,m),(↵,m)p↵,m

(t)� T(↵,m),(↵+,m)p↵+,m

(t)
i

=Dk�+

X

↵,m

1(⌫�1(↵) = 0)p↵,m

(t)�D�+

X

↵,m

1(⌫1(↵) = 1)p↵,m

(t)

=Dk�+

X

↵

1(⌫�1(↵) = 0)p↵(t)�D�+

X

↵

1(⌫1(↵) = 1)p↵(t)

=Dk�+

"

1�X

↵

1(⌫�1(↵) > 0)p↵(t)

#

�D�+

X

↵

1(⌫1(↵) = 1)⌫1(↵)p↵(t)

=D�+a

"
k/a

1� k
(1� k)� k

X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�D�+a

"

c1(t)�
X

↵

1(⌫1(↵) > 1)⌫1(↵)p↵(t)/a

#

=�D�+a [c1(t)� ceq]�D�+af+(t) (29)

In the above, the second equality results from substitution of the transition
rates (7), the third equality results from summing the mass variable, the fourth
equality makes use of the complement rule for probability, and the fifth equal-
ity includes multiplication by one and addition by zero. Similar steps can be
used to derive the corresponding formula for J�(t). Together, these fluxes can
be written as

J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t) . (30)

In (30), the first term on the right-hand side is the discrete analog of the linear
kinetic relation of the BCF model. We invoke the definitions for c±1(t) and ceq

according to (26a) and (27), respectively; and define

f+(t) = k

"

ceq +
X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�X

↵

1(⌫1(↵) > 1)⌫1(↵)p↵(t)/a (31a)

and

f�(t) = k

"

ceq +
X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�X

↵

1(⌫1(↵) > 0)⌫�1(↵)p↵(t)/a

�X

↵

1(⌫1(↵) = 0)1(⌫�1(↵) > 1)

⇥ [⌫�1(↵)� 1] p↵(t)/a . (31b)

Equations (31) signify corrective fluxes accompanying the discrete analog of

21

viz.,

J+(t) =
X

↵,m

1(⌫�1(↵) = 0)
h
T(↵+,m),(↵,m)p↵,m

(t)� T(↵,m),(↵+,m)p↵+,m

(t)
i

=Dk�+

X

↵,m

1(⌫�1(↵) = 0)p↵,m

(t)�D�+

X

↵,m

1(⌫1(↵) = 1)p↵,m

(t)

=Dk�+

X

↵

1(⌫�1(↵) = 0)p↵(t)�D�+

X

↵

1(⌫1(↵) = 1)p↵(t)

=Dk�+

"

1�X

↵

1(⌫�1(↵) > 0)p↵(t)

#

�D�+

X

↵

1(⌫1(↵) = 1)⌫1(↵)p↵(t)

=D�+a

"
k/a

1� k
(1� k)� k

X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�D�+a

"

c1(t)�
X

↵

1(⌫1(↵) > 1)⌫1(↵)p↵(t)/a

#

=�D�+a [c1(t)� ceq]�D�+af+(t) (29)

In the above, the second equality results from substitution of the transition
rates (7), the third equality results from summing the mass variable, the fourth
equality makes use of the complement rule for probability, and the fifth equal-
ity includes multiplication by one and addition by zero. Similar steps can be
used to derive the corresponding formula for J�(t). Together, these fluxes can
be written as

J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t) . (30)

In (30), the first term on the right-hand side is the discrete analog of the linear
kinetic relation of the BCF model. We invoke the definitions for c±1(t) and ceq

according to (26a) and (27), respectively; and define

f+(t) = k

"

ceq +
X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�X

↵

1(⌫1(↵) > 1)⌫1(↵)p↵(t)/a (31a)

and

f�(t) = k

"

ceq +
X

↵

1(⌫�1(↵) > 0)p↵(t)/a

#

�X

↵

1(⌫1(↵) > 0)⌫�1(↵)p↵(t)/a

�X

↵

1(⌫1(↵) = 0)1(⌫�1(↵) > 1)

⇥ [⌫�1(↵)� 1] p↵(t)/a . (31b)

Equations (31) signify corrective fluxes accompanying the discrete analog of

21

Accumulation of 
adatoms  
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BCF model, corrections, and estimates	

0 1 -1 -2 

- + 

) J±(t) = ⌥D�±a [c±1(t)� ceq]⌥D�±af±(t)

Linear kinetic relation   correction D�±a = O(1)

J±(t) = ⌥Da [c±2(t)� c±1(t)]⌥Da
h
R̂±2(t)� R̂±1(t)

i
Also:

Dilute regime: k  O(a) and ✏N ⌧ O(a); corrections are negligible

correction 

[Schneider, Patrone, DM, 2018] 

BCF model emerges 

PROPOSITION 2. For near-equilibrium evolution, f±(t) obey

f±(t)  C1
k

1� k

k

a
+ C2

✏N

(1 + �±)a
.

In the same vein, the corrections R̂j(t) satisfy

R̂j(t)  C1
k

1� k

k

a
+ C2

✏N

a
(✏ = F/D) .
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Kinetic Monte Carlo (KMC) simulations: Flux 

F = 0, k = 2.5⇥ 10�3

system may no longer be modeled in accord with the BCF theory if, for ex-
ample: k = O(1); or, k = O(a) and ✏ = O(a2). These conditions indicate
situations in which high supersaturation may occur, because of large enough
detachment rate at the step edge or high enough deposition onto the surface
from above.
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Fig. 4. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for di↵erent values of
deposition rate, F , with N = 50, D = 1010, k ⇡ 0.0025, and �± = 1. From left to
right: (a) F = 0 (✏ = 0); (b) F = 106 (✏ = 10�4); and (c) F = 107 (✏ = 10�3).
In each plot, the solid line represents kinetic law (56), by neglect of f+. The error
bars are determined by use of the standard deviation of flux in: (a) 10 ensembles of
107 simulations; and (b), (c) 10 ensembles of 106 simulations. Evidently, the system
evolves closely to thermodynamic equilibrium, in accord with the BCF model.

Figure 4 depicts the adatom flux on the right of the step edge under conditions
that enable the system to remain close to thermodynamic equilibrium, i.e., for
su�ciently small detachment rate or external deposition rate. In these cases,
the supersaturation has small values. Linear kinetic law (56), with neglect of
the corrective flux, f+, is found on average to provide a reasonably accurate
approximation for the adatom flux at the step edge.

The remaining plots of this section depict situations in which the adatom
flux on the right of the step edge may deviate from linear kinetic law (56),
and thus f+ may become significant. In particular, Figures 5 and 6 reveal the
behavior of the adatom flux versus supersaturation on the right of the step for
large enough k or F , respectively. The deviation from the conventional linear
behavior predicted by (56) is manifested di↵erently in each case.

Let us consider the high-detachment rate cases with zero deposition, as these
are depicted in Figure 5. If the supersaturation is su�ciently close to zero,
when the flux is small enough, then the flux is approximately linear with
supersaturation but with a slope that can be di↵erent from the value D�+a
predicted by kinetic law (56). Farther away from equilibrium, the dependence
of adatom flux on supersaturation evidently becomes nonlinear. This nonlinear
behavior becomes more pronounced for larger k.

Next, consider a small detachment factor, k, but large deposition rate F ; see
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Fig. 4. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for di↵erent values of
deposition rate, F , with N = 50, D = 1010, k ⇡ 0.0025, and �± = 1. From left to
right: (a) F = 0 (✏ = 0); (b) F = 106 (✏ = 10�4); and (c) F = 107 (✏ = 10�3).
In each plot, the solid line represents kinetic law (56), by neglect of f+. The error
bars are determined by use of the standard deviation of flux in: (a) 10 ensembles of
107 simulations; and (b), (c) 10 ensembles of 106 simulations. Evidently, the system
evolves closely to thermodynamic equilibrium, in accord with the BCF model.

Figure 4 depicts the adatom flux on the right of the step edge under conditions
that enable the system to remain close to thermodynamic equilibrium, i.e., for
su�ciently small detachment rate or external deposition rate. In these cases,
the supersaturation has small values. Linear kinetic law (56), with neglect of
the corrective flux, f+, is found on average to provide a reasonably accurate
approximation for the adatom flux at the step edge.

The remaining plots of this section depict situations in which the adatom
flux on the right of the step edge may deviate from linear kinetic law (56),
and thus f+ may become significant. In particular, Figures 5 and 6 reveal the
behavior of the adatom flux versus supersaturation on the right of the step for
large enough k or F , respectively. The deviation from the conventional linear
behavior predicted by (56) is manifested di↵erently in each case.

Let us consider the high-detachment rate cases with zero deposition, as these
are depicted in Figure 5. If the supersaturation is su�ciently close to zero,
when the flux is small enough, then the flux is approximately linear with
supersaturation but with a slope that can be di↵erent from the value D�+a
predicted by kinetic law (56). Farther away from equilibrium, the dependence
of adatom flux on supersaturation evidently becomes nonlinear. This nonlinear
behavior becomes more pronounced for larger k.

Next, consider a small detachment factor, k, but large deposition rate F ; see
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✏ = F/D = 10�3

k = 2.5⇥ 10�3
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Fig. 5. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge without external de-
position (F = 0) for di↵erent values of detachment factor, k, and fixed parameters
N = 50, D = 1010, and �± = 1. From left to right: (a) k = 0.04; (b) k = 0.09; and
(c) k = 0.20. In each plot, the solid line represents kinetic law (56), by neglect of
f+. The error bars are determined by use of the standard deviation of flux in 10
ensembles of 105 simulations.

Figure 6. We observe that for the smallest value of F used in these plots [Fig-
ure 6(a)], the flux computed via KMC simulations agrees reasonably well with
linear kinetic law (56) for a wide range of values for the supersaturation, �+.
For larger values of F [Figures 6(b), (c)], the flux remains linear in the density
with a slope equal to the predicted value, D�+a, as the density approaches its
equilibrium value. However, as the supersaturation increases in magnitude, the
nonlinear dependence of the flux is noticeable and becomes more pronounced
with increasing varied parameter, F . It is worth noting that an increase in
the deposition rate F used in KMC simulations beyond the one used in Fig-
ure 6(c), even by a factor of two, drastically alters the long-time behavior of
the system: apparently no steady state can be established for su�ciently large
F .
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Fig. 6. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for small yet fixed
detachment factor, k = 2.5 ⇥ 10�3, and di↵erent values of deposition rate F , with
fixed parameters N = 50, D = 1010, and �± = 1. From left to right: (a) F = 108

(✏ = 10�2); (b) F = 2 ⇥ 108 (✏ = 2 ⇥ 10�2); and (c) F = 4 ⇥ 108 (✏ = 4 ⇥ 10�2).
The solid line represents kinetic law (56), by neglect of f+, in each plot. The error
bars are determined using the standard deviation of flux in 10 ensembles of: (a) 106

simulations; and (b), (c) 105 simulations.

As described above, the high-k and F cases of Figures 5 and 6, respectively,
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✏ = F/D = 4⇥ 10�2

k = 2.5⇥ 10�3

�+ := (c1 � ceq)/ceq
supersaturation 
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Fig. 5. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge without external de-
position (F = 0) for di↵erent values of detachment factor, k, and fixed parameters
N = 50, D = 1010, and �± = 1. From left to right: (a) k = 0.04; (b) k = 0.09; and
(c) k = 0.20. In each plot, the solid line represents kinetic law (56), by neglect of
f+. The error bars are determined by use of the standard deviation of flux in 10
ensembles of 105 simulations.

Figure 6. We observe that for the smallest value of F used in these plots [Fig-
ure 6(a)], the flux computed via KMC simulations agrees reasonably well with
linear kinetic law (56) for a wide range of values for the supersaturation, �+.
For larger values of F [Figures 6(b), (c)], the flux remains linear in the density
with a slope equal to the predicted value, D�+a, as the density approaches its
equilibrium value. However, as the supersaturation increases in magnitude, the
nonlinear dependence of the flux is noticeable and becomes more pronounced
with increasing varied parameter, F . It is worth noting that an increase in
the deposition rate F used in KMC simulations beyond the one used in Fig-
ure 6(c), even by a factor of two, drastically alters the long-time behavior of
the system: apparently no steady state can be established for su�ciently large
F .
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Fig. 6. Plots of KMC simulations (circles) and linear kinetic law (solid line) for
adatom flux versus supersaturation on the right of step edge for small yet fixed
detachment factor, k = 2.5 ⇥ 10�3, and di↵erent values of deposition rate F , with
fixed parameters N = 50, D = 1010, and �± = 1. From left to right: (a) F = 108

(✏ = 10�2); (b) F = 2 ⇥ 108 (✏ = 2 ⇥ 10�2); and (c) F = 4 ⇥ 108 (✏ = 4 ⇥ 10�2).
The solid line represents kinetic law (56), by neglect of f+, in each plot. The error
bars are determined using the standard deviation of flux in 10 ensembles of: (a) 106

simulations; and (b), (c) 105 simulations.

As described above, the high-k and F cases of Figures 5 and 6, respectively,
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F = 0, k = 0.2

KMC simulations: Flux (cont.) 

Non-dilute regime 
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Corrections to BCF model: Fitting to KMC data 

F = 0, k = 0.2

di↵er in the way that the e↵ect of corrective flux f+ is manifested in the
observed value of the flux near equilibrium. Let us make an e↵ort to discuss
the origin of this behavior in the context of the atomistic model by resorting
to formulas (31). The first line in these formulas contains the prefactor k
along with a sum over states with one or more adatoms in the lattice site
corresponding to the edge atom. This set of configurations does not allow for
atom detachment; thus, according to this contribution to f+, the change of
the flux with supersaturation should be suppressed. This prediction should
explain the behavior of the slope of the flux versus supersaturation as shown
in Figure 5. The remaining terms in (31) come from two- or higher-particle
states, which furnish significant contributions if k or F is su�ciently large.
These remaining corrections account for configurations in which attachment
is inhibited, thus causing an overall increase of the flux out of the step. This
prediction is consistent with Figure 6.

We have been unable to explicitly express the corrective fluxes, f±(t), as a
function of adatom densities c±1(t) on the basis of the analytical model. In
order to quantify the nonlinear behavior of the flux near the step edge, we fit
the fluxes computed by KMC simulations to polynomials of �+ = c1/c

eq � 1.
Figure 7 shows the fitted flux in two cases where deviations are significant:
High k with small F ; and high F with small k. In each case, a quadratic
polynomial of supersaturation appears to capture adequately the behavior of
the flux.

σ
+

-0.8 -0.6 -0.4 -0.2 0

J +
/(

D
φ

+
a
c

e
q
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7 J
+
/(Dφ

+
aceq) = -0.191σ

+
 + 0.616σ

+

2

σ
+

0 2 4 6 8 10 12

J +
/(

D
φ

+
a

c
e

q
)

-10

-8

-6

-4

-2

0 J
+
/(Dφ

+
aceq) = -1.006σ

+
 + 0.015σ

+

2

(a) (b)

Fig. 7. Plots of KMC simulations (circles) and fitted quadratic polynomials of �+
(solid line) for adatom flux versus supersaturation on the right of step edge, for
high detachment rate or high deposition rate. The fixed parameters are: N = 50,
D = 1010, and �± = 1. From left to right: (a) k = 0.20 with F = 0; and (b)
k = 2.5 ⇥ 10�3 with F = 4 ⇥ 108. In each plot, the widths of the error bars
are determined by use of the standard deviation of flux in 10 ensembles of 105

simulations.

We conclude that a linear kinetic relation for the adatom flux at the step edge
in principle does not su�ce to capture the full range of phenomena displayed
by the atomistic solid-on-solid model. Instead, it is more reasonable to propose
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✏ = F/D = 4⇥ 10�2

k = 2.5⇥ 10�3

Non-dilute regime 

Can one derive explicit formulas for the coefficients? 
Extensions to higher dimension (curved steps) ? 
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Conclusion and Outlook 
•  Boundary conditions for PDE at facets need step microstructure.  
    Proposal: jump discontinuities of thermodynamic variables. 
       Can the jump conditions emerge from limits of step flow? 
       Extensions to earlier times; richer kinetics, fully 2D setting? 
 
  

•  By master eq. for adatoms in 1+1 dims, BCF description arises in low-
supersaturation regime of atomistic model. 

 
•  For high enough supersaturation, linear kinetic relation for adatom 

flux has nonlinear corrections, estimated in toy model. 
    Emergence of step model from atomistic dynamics in 2+1 dimensions? 

 

•  Full Gibbs-Thomson formula in step flow model yields an  
          “exponential PDE” as formal continuum limit. This expresses  

 top-bottom asymmetry in relaxation of height profile.  
         Connection of continuum prediction to (discrete) step flow?  
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Numerical simulations: Bi-periodic profiles, g1=0 

Tensor 
M 

Transition to 1D profile! 

(no facets form) 

h 

[Bonito, Nochetto, Quah, DM, 2009] 



Numerical simulations of PDE vs ODEs (cont.)  
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Equilibrium prob. density in closed form 

pss↵,m = peq↵ = (1� k)N�1k|↵|

peq↵,m = (1� k)N�1k|↵|(1�R)Rm�m0

R =
F ⌧

(N � 1)k

• 1 < F ⌧ < (N � 1)k :

(Mass conserving) • ⌧ ! 1, F ⌧ ! 0:



Property of marginalized master equation 
PROPOSITION 1. If a non-trivial steady-state solution, pss↵ , of the

marginalized master equation exists, then any solution p↵(t) satisfies

max
↵

p↵(t)

pss↵
 max

↵

p↵(0)

pss↵
, t > 0 .

Proof. We have

ṗ↵(t) = T↵,↵p↵(t) +
X

↵0 6=↵

T↵,↵0p↵0
(t)

= T↵,↵p
ss
↵
p↵(t)

pss↵
+

X

↵0 6=↵

T↵,↵0pss↵0
p↵0

(t)

pss↵0

=

X

↵0 6=↵

T↵,↵0pss↵0

⇢
p↵0

(t)

pss↵0
� p↵(t)

pss↵

�
.

Note that T↵,↵0pss↵0 � 0 for all ↵0 6= ↵. If ↵ maximizes (minimizes) p↵0
(t)/pss↵0

over all ↵0
, then ṗ↵(t)  0 (ṗ↵(t) � 0). ⇤

 
X

↵0

T↵,↵0pss↵0 = 0

!

Near equilibrium evolution: max↵{p↵(0)/pss↵ }  C.


