Lagrangian Transport Through Surfaces
in Volume-Preserving Flows
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Setting

e fluid — d-dimensional continuum (manifold) M C RY, d = 2,3

¢ fluid motion — differentiable, volume-preserving flow F

(CM) (DS)
( . d
Fo:[0,T] x M — RE, V:[O,T]led—s»IRd
Fg(p)=p’ q
Ft( )_ FtOFs( ) A V(t’ X) n tht(Fo( ))
O L A div(v) = 0.
kdetDFE 1;

¢ fluid velocity — differentiable, nonautonomous, divergence-free
vector field v
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Eulerian transport through a surface

e C — codimension-one surface (section) in R9 with normal n
e 1 = [0, T] x C — extended section in extended state space

H

2.5

2 trajectory

15

p — material density

n - v — flux density
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Lagrangian transport through a surface
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Lagrangian transport through a surface

Daniel Karrasch May 20,2015 4



|s solving the task of any interest?

:QO O 0 Q
L 5. O

= il O
s A%

Video courtesy of Florian Huhn  panjel karrasch  May 20, 2015 5



Is solving the task of any interest? IT |S!

Transport by Lagrangian coherent structures / Lagrangian coherent
vortices / coherent sets: K., Haller, Froyland, Padberg-Gehle, Bollt,
Mezic, Rom-Kedar, Rowley, etc.
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Proof |

Consider (extended) Eulerian<+Lagrangian coordinate change ¢
Input: (¢, x) — a space-time point from ‘H
Output: (t, p) — the Lagrangian particle p = F?(x) occupying x at t

®(H) = S — streak surface
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Lagrangian transport through a surface
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Proof |

Consider (extended) Eulerian<+Lagrangian coordinate change ¢
Input: (f, x) — a space-time point from H
Output: (t, p) — the Lagrangian particle p = F?(x) occupying x at t

trajectory

®&(H) = S — streak surface
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Proof |l

Consider complete coordinate change:

: d n : :
v section — streak surface — material particles
H 2 =

g

-

rajeclory 24

o for all material points p with only transversal crossings:
deg(WV, p) defined & counts the net number of crossings

e Dk = {p: deg(V,p) = k} — donating region' of material
particles with k net crossings

'Q. Zhang [2013,2015]
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Proof |l

e What about material particles p with tangential “crossing”?
Characterized by:

1. Eulerian: u(t, x) - n(x) = 0 at crossing (¢, x), i.e., no flux
2. Lagrangian: critical values of W, with zero measure (Sard’s
Theorem)

e From a consequence of the Area Formula:

/ det dW(t, x) = / deg(V, p) dp= 3 kvol (Dy)
H R keZ

e From a calculation:
detdV(t, x) = u(t, x) - n(x)

= Eq. (2)
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Proof |V
e General conserved quantities p:
Dp
Tl op+u(t,:)-Vp=0,

p(t, x) = p(0, V(t, X)) = p(0, p).
/H o(t, x) detdW(t, x) dt dx =

_ /H £(0, W(t, x)) detdW(t, x) df dx =
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Computation of Di’s in 2D

Transport contribution by green ellipse: restrict domain of integration
in Lagrangian integral
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