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Question #1
What is the nature of your data?

- quality
- quality
- observability
- extrapolation vs interpolation



Mathematical Framework

x

Dynamics

Measurement

State-space Parameters

Stochastic effects

Measurement model Measurement noise

Dynamics



Model Discovery

Finding governing equations



Ax=b



Data Science Today
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Over
- \
- pinv
- Lasso
- Ridge 
- Elastic net
- Robust fit



Ax=b

subject to  

min g(x)



f(A,x)=b

subject to  

min g(x)



Governing Dynamical Systems

 Generic nonlinear , time-dependent, parametric system 

Measurements (assimilation) 



What Could the Right Side Be?

Limited by your imagination 

2nd degree polynomials 



Sparse Identification of Nonlinear Dynamics (SINDy)



Nonlinear Systems ID



Identifying Slow Manifolds



Modifications:  Implicit-SINDy

Niall Mangan



Michaelis-Menten:  enzymatic reaction



Parsimony



Model Selection and Information Theory

Model Selection

- 1950s  KL divergence
- Early 70s  AIC (Akaike)
- 78 BIC (G. Schwarz)
- BIC/AIC limited # of models



Discovering PDEs

Sam Rudy



Lagrangian Measurements



Disambiguation





Experiments



Arduino Magic

Taren Gorman



KEY CHALLENGES
- Limited measurements & data
- Noise
- Multi-scale physics
- Latent variables
- Parametric dependencies
- Stochastic systems



Multiscale Systems



What is this?



Limits of Model Discovery

Kathleen Champion



Multiscale Physics Discovery





Latent Variables







Parametric Systems



Parametric Burgers

Sam Rudy



Parametric Discovery

Group LASSO vs 
Sequential Group Threshold 
Regression (SGTR)  

Our innovation:  SGTR 
(works amazingly well!)



Parametric Dependence



Noise









SINDy Innovations

Schaeffer --  corrupt data, PDEs, integral formulation, algorithm 
convergence
Dongbin Xiu & co-workers (2018) – Sampling strategies 
Guang Lin & co-workers (2018)  -- Uncertainty Metrics

Zheng, Askham, Brunton, Kutz & Aravkin (2018) – SR3 sparse relaxed 
regularized regression  (for SINDy, LASSO, CS, TV, Matrix Completion …)



Manifolds and Embeddings

Observables & Coordinates



Bernard Koopman 1931



Dynamic Mode Decomposition

Travis Askham  — optimized DMD



Approximate Dynamical Systems

Linear dynamics 
(equation-free) 

Eigenfunction  
expansion 

Least-square fit 



Some Applications

ECOG recordings

Erichson, Brunton & Kutz (2017)
Brunton, Johnson, Ojemann & Kutz (2017)



DMD with Control

Input 

Input  
Snapshots 

DMD 
generalization 



Multi-Resolution DMD



SST data & El Nino (1990s-2010+)



Koopman vs DMD:  All about Observables!



Koopman Invariant Subspaces



Burgers’ Equation

Cole-Hopf 

Kutz, Proctor & Brunton, Complexity (2018)



Nonlinear Schrodinger Equation



Error and DMD Modes



Neural Nets

“Supervised learning is a high-dimensional interpolation problem.”

S. Mallat, PRSA (2016)



The Zoo

NN 
Zoo 



NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)



Failure! 
(obviously)



Duffing Oscillator

Nonlinearity:  Shifts Frequencies + Generates Harmonics 



Spectrogram



NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)

Handling the Continuous Spectra

Lusch, Kutz & Brunton, arxiv (2017)



Training Loss Function



The Pendulum



Flow Around a Cylinder



Relax Koopman



Sparse Identification of Nonlinear Dynamics (SINDy)

d
dt

x(t) = f(x(t))

x(t) ∈ ℝn



Sparse Identification of Nonlinear Dynamics (SINDy)

d
dt

x(t) = f(x(t))

x(t) ∈ ℝn

·x1 = σ(x2 − x1)
·x2 = x1(ρ − x3) − x2
·x3 = x1x2 − βx3

Example:	Lorenz

x1
x2

x3



Sparse Identification of Nonlinear Dynamics (SINDy)

·x1 = σ(x2 − x1)
·x2 = x1(ρ − x3) − x2
·x3 = x1x2 − βx3

True	System

x1
x2

x3



Sparse Identification of Nonlinear Dynamics (SINDy)

·x1
·x2

·x3

·x1 = σ(x2 − x1)
·x2 = x1(ρ − x3) − x2
·x3 = x1x2 − βx3

·X

True	System SINDy	fitting

x1
x2

x3



Sparse Identification of Nonlinear Dynamics (SINDy)
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3

·x1 = σ(x2 − x1)
·x2 = x1(ρ − x3) − x2
·x3 = x1x2 − βx3

·X Θ(X)

True	System SINDy	fitting
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x2

x3



Sparse Identification of Nonlinear Dynamics (SINDy)
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·x3 x1 x2 x3 x2
1 x1x21 x3
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=

·x1 = σ(x2 − x1)
·x2 = x1(ρ − x3) − x2
·x3 = x1x2 − βx3

·x1 = Θ(xT)ξ1
·x2 = Θ(xT)ξ2
·x3 = Θ(xT)ξ3

·X Θ(X) Ξ

x1
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x3

True	System SINDy	fitting Identified	System
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What if we don’t know the right coordinates?



Autoencoder
… …

xi x̂i

zi

in
pu

t output

latent	
code

1
N

N

∑
i=1

∥xi − x̂i∥2
2loss	function:



Autoencoder
… …

xi x̂i

zi

in
pu

t output

latent	
code

1
N

N

∑
i=1

∥xi − x̂i∥2
2loss	function:



Autoencoder
… …

xi x̂i

zi

in
pu

t output

latent	
code

1
N

N

∑
i=1

∥xi − x̂i∥2
2loss	function:

encoder	zi = ϕ(xi)



Autoencoder
… …

1
N

N

∑
i=1

∥xi − x̂i∥2
2

xi x̂i

zi

encoder	zi = ϕ(xi) decoder	x̂i = φ(zi)

loss	function:

in
pu

t output

latent	
code



Autoencoder
… …

1
N

N

∑
i=1

∥xi − x̂i∥2
2

xi x̂i

zi

encoder	zi = ϕ(xi) decoder	x̂i = φ(zi)

loss	function:

in
pu

t output

latent	
code



Autoencoder + SINDy

1
N

N

∑
i=1

∥xi − x̂i∥2
2loss:

1
N

N

∑
i=1

∥ ·zi − Θ(zT
i )Ξ∥2

2loss:

xi x̂izi

ϕ φ

·Z Θ(Z) Ξ

·z1
·z2 z1 z2 z2

11 z 3
2 ξ1 ξ2

...
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> Issue: training shrinks norm of z to minimize loss function
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> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss
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> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

> New loss function:
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Achieving sparsity

> With L1 penalty alone, get model that has many very small 
coefficients but is not truly sparse

> Instead combine L1 penalty with sequential thresholding
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2 + λ3∥Ξ∥1



Example problem

space

tim
ex

x(t) = Az(t) +B

0

@
z31(t)
z32(t)
z33(t)

1

A
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x(t) ∈ ℝ128

z1z2

z3

A, B ∈ ℝ128×3



Example problem

Lorenz	model

Equations

Coefficient	
	Matrix

Dynamics

·z1 = − 10z1 + 10z2

·z2 = 28z1 − z2 − z1z3

·z3 = − 2.7z3 + z1z2

·z1·z2·z3

z1z2

z3

1 z1 z2 z3 z2
1 ⋯ z 3

3

Ξ



Example problem

Lorenz	model Discovered	model Discovered	model	
(transformed)

Equations

Coefficient	
	Matrix

Dynamics

·z1 = − 10.2z1 + 8.8z2

·z2 = 26.7z1 − 8.5z1z3

·z3 = − 2.9z3 + 1.1z2

·z1 = − 8.5z2z3

·z2 = 9.2 − 2.9z2 + 1.1z1z3

·z3 = − 8.8z1 − 10.3z3

·z1 = − 10z1 + 10z2

·z2 = 28z1 − z2 − z1z3

·z3 = − 2.7z3 + z1z2

·z1·z2·z3

z1z2

z3

z1z2

z3

z1z2

z3

1 z1 z2 z3 z2
1 ⋯ 1 z1 z2 z3 z2

1 ⋯ 1z1 z2 z3 z2
1 ⋯z 3

3 z 3
3 z 3

3

Ξ
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Compressive Sensing:  A Cartoon



Randomized Linear Algebra

Ben Erichson



Gappy Methods

Everson & Sirovich (1995)
Willcox (2005)
Karniadakis co-workers (2009)
Maday, Patera et al & Sorenson et al (2010, 2012)
Gugerkin & Drmac (2015)
Manohar, Brunton, Kutz & Brunton (2017)

Krithika Manohar



Respect Multiscale Features



Measurements 

State space 

Mapping

Approximate the full state space from limited measurements

Optimization

Mathematical Framework 



Linear Maps

Singular value decomposition Data

Linear measurements H

Optimize (least-squares)



Optimal Placement

Point measurements

Optimal Sensors via QR pivots

Manohar, Kutz & Brunton (2018) IEEE Control Systems Magazine





Optimal Placement with Cost

Modify Optimization

Measurement indices

Cost Function

Fitting of Data

Clark, Askham, Brunton & Kutz (2019) IEEE Sensors





Nonlinear Mapping

General Form:  Compositional Layers

Universal Approximators:  Hornik 1990



Structure of Mapping

Linear Maps:  SVD (left singular vector) defines layer



Shallow Layer Mapping

Two Layers

Composition

Erichson, Mathelin, Brunton, Mahoney & Kutz (2019)



Activation Functions



Linear vs Nonlinear Maps

Improved Interpretability of Modes



Improved Performance



Robustness to Noise



Comparison to Linear Methods



Improved Performance



Super Resolution Analysis



Conclusion

Linear Measurements:  Optimal via QR pivoting


Cost Constraints:  Point measurements can be modified for a cost landscape


Nonlinear Measurements:  Constructed via shallow decoder network


-  Improved interpretability

-  More robust to noise

-  Allows for super resolution

-  Significant reduction in training data

Erichson, Mathelin, Brunton, Mahoney & Kutz (2019)



A Diversity of Strategies

Noise (Quality)

Quantity

Observability
NN

DMD

HAVOK

MZ

SINDy

Koopman

Generalizability+Interpretability

- Coordinate Systems
- Noise
- Multi-scale physics
- Latent variables
- Parametric dependencies
- Uncertainty

Parsimony is critical

Targeted use of NN

APPLIED OPTIMIZATION 

REGULARIZATION+CONSTRAINTS 
& 

BY CONSTRUCTION OF MODEL



Conclusions
Model Selection & Sparse Regression Matter
- Principled approach to determining dynamics & coordinates
- (i) classification, (ii) reconstruction, (iii) future state prediction
- Sensors should be maximally informative



YouTube Resources & Open Source Code


