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Shape Correspondence
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General overview

In the discrete setting, a (bijective) correspondence
can be represented as a permutation matrix
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General overview

min (II,F) = min (P, F)
IIeP, PelB,

Birkhoff Von-Neumann Theorem:

P,, = extremePts(B5,,)




General overview
arg max F(II) =

1P,
arg m @)(TL, FyF ) + (I, Ky ITK )
| tap | | aap |
Bijectivity. Y Y
Data term. Regularization term.

Pointwise descriptors. Pairwise descriptors.
"Embeddings”.



A general framework

QAP  argmax (IT, KyIIK y)

« Relaxation: P = arg max f(P,II")
PeRP,




Laplace-Beltrami Eigenbasis

AP = )\
o ol P2 @3 $100 ®300




Distance Matching

« A common choice for pairwise descriptors are geodesic distances

arg max (IL, DyIID » )

Isometric deformations < invariant geodesic distances

Cons:
* Emphasize global similarity.

* Result in hard optimization

problems (co§@ex, sn§foth)

BBK (2006), Chen, Q., Koltun (2015), Solomon, J., Pevyré, G., Kim, V. G., & Sra, S. (2016).



Kernel Matching

« A good choice for pairwise descriptors are positive definite kernels

arg max (IT, Ky TTK y)

cEP,,
e.g. Heat Kernels Kl =e 2 = @ 2!
du(;t, z) = Axu(t,z), u(0,2) = ug(x)

u(t,m):/Xk(t,x,x’)ug(:c')d:v'

Shtern, Kimmel (2014) . Lahner, Z., Vestner, M., Boyarski, et. al (2017). Vestner, M., Litman, R., Rodola, E., Bronstein, A., & Cremers, D. (2017).



Kernel Matching

e—tAX ® e—tAy Y

e t(Ax+Ay) A kind of "Dirichlet energy”
(x, Ax) inproduct space.

. ie., (z,7 (x))is a"“smooth" sub-
manifold >: Kg(xy manifold in the product space.

K @ K5,

Heat kernel =
on product « =e A




Correspondence in product space

¢ correspondence

[IcXxx)Yy

Vestner, Litman, Rodola, B, Cremers 2017



Kernel Matching - Algorithm

max (IT KyTTK ») max (P, KyPKyx)

1Y = II.FF.
ar Héa?’giK s L) X>

IT"*t! = argmax (IT, Kg’ijK’;’;>

cPn
thtl =t 0< <1

(Optional : Include data term.)

Pes, | ]
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(Strictly) convex objective
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KM interpretations
X IT" = Id Y

1, Ky II"K
argmax (1L, KyIT"K )

il alle, i

K . II" _»  KyII'Kyd

Lederman, R. R., & Talmon, R. (2014).




KM interpretations

Spectral interpretation
KyIT"K y = We ™MW ' [T ®e A2 P!

Spectral rep. of
correspondence

Low-pass filtering



KM interpretations

Spectral interpretation

Linear
filtering

Euclidean
Projectio

KyIT"K »



Partiality

CIm<1_ > g
m'1=1 (g) \2
\t |

IL;; € {0, 1}




Multiscale
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Multiscale
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Multiscale
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KM Results

FAUST (Bogo et al. 2015)

SCAPE (AngUEIOV et al. 2005) SHREC16 (Cosmo t al. 2016)
et al.



Non-isometric deformations

Input: 2 corresponding pairs



Smoothness

Input: 1 corresponding pair



2D to 3D matching

Input: 2 corresponding pairs



Discontinuous matching

Random init 1 iteration 2 iterations 3 iterations

Minimizes discontinuity length?



KM Results
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LI Fl\iNet
mmmmsm FMNet L Ours
mm=mm DMoNet

Correspondences

0

0/

mmmmm MoNet + Ours
ACNN
ACNN 4+ Ours

mmsss Handcraft+Ours
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Geodesic error

FAUST (Bogo et al. 2015). Evaluation: Kim et al. 2011.



KM Timings

time in seconds
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I heat kernels

I gaussian kernels
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Kernel Matching vs Distance Matching

max (IT, Ky TTK ) max (P, KyPKy)

II1eP, Pch,
N
Imax <H, DyHD)c'> Exact relaxation a8 0¥ D¢ <P, DyPDgg>
I1cP, VvV PchB,
D) AE) \ J
| 1 —— ' T Y
o L= l]'{}l ° °
o " ﬁ Distance matrices are
< < o Symmetric + zero trace.
0.4 .
A\ !
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Kernel Matching < Distance Matching

Pl=1 PEan <:> P = cent"‘cn C

P'1=1 . y —

] Peent = —11" C,=I1--11"
mn mn

GB,, Centroid of B, Centering matrix

~

Double centered kernel: K = C,,KC,,

AT Max (IT, Ky ITK v) = arg max <H,I~{yHI~{X>




Kernel Matchmg & Dlstance Matching

1
T — —11T
. 1 —

.

K = —5 CnDCn Is a double centered PD kernel!

Matrix of squared\
Euclidean
. distances P

arg max (I, DyIIDy) = arg Iax
s

1P,

<H, Kny{X>




Upcoming: learnable kernels

ity Learnable
(;-;‘\ Kernels
Learnable ﬁ)
Embeddings
Kernel
Matching
LAP solvers

e Slow ~ C’)(ns)

* Non-differentiable

Loss function
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