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Data Snapshots

/ x.7+1 = AX;

A - Koopman operator [1]

1
determine Koopman through all frames
Schmid (2008/10), Rowley et al (2009)



W Dynamic Mode Decomposition

Definition: Dynamic Mode Decomposition (Tu et al. 2014 [1]): Sup-
pose we have a dynamical system (1.17) and two sets of data

X=1x;, %X, -+ Xy

/
X' = X’1 x; xfw

. . . . . . / . .
with Xy, an initial condition to (1.17) and x;_it corresponding output after

some prescribed evolution time T with there being m initial conditions
considered. The DMD modes are eigenvectors of

Ay =X'XT
where T denotes the Moore-Penrose pseudoinverse.

[1] Tu et al J. Comp. Dyn. (2014])



W Approximate Dynamical Systems

Linear dynamics dX o
(equation-free) — = Ax

dt

Eigenfunction

K
expansion i(t) — Z b/e ¢/€ CXP(C{)k t)
k=1



The Algorithm




Programming Break



W

DMD Algorithms

- Forward-Backward DMD (Dawson et al 2016)
- Total Least-Squares DMD (Hemati et al 2017)
- Optimized DMD (Askham & Kutz 2018)
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DMD for Koopman

- Extented DMD (Williams et al 2015)
- Kernel DMD (Williams et al 2016)
- Judicious choice (Kutz et al 2018)



Koopman vs DMD: All about Observables!
Data Dynamics

Nonlinear Koopman Model

Observables
g(xk+1) ~ Kg(xx)

g(X),g(X) =Y, Y’ K= Ay

Data Matrices
X, X

Observables DMD Model
Xk+1 ~ Axk

X, X'
A=Ay




Programming Break



W Nonlinear Schrodinger Equation
du  13%u

Hlu|u =0

dt | 239¢&2




Error and DMD Modes
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Multi-Resolution DMD



Multi-Resolution DMD
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W Multi-Resolution Separation

Slow vs Fast Separation

Xomroan (£) Zbk(omﬁ (x) exp(wit) Zbk(oyp,g (%) exp(wkt)+z b (0) 9\ (x) exp(wit)

k=mi1+1
(slow modes) (fast modes)
Xz 3 b(01g® X=X 4 x®?
M/2 = Z k(0)3y, (%) exp(wit) M/2 = pp/2 M/2

k=mi1+1

General Multiscale Separation

mi ma2
erDMD(t)=Eb§cl)¢§c1)(x) o Xp(w,(cl)t) +Zb§c2)¢l(c2)(x) exp(w,(f)t)
k=1 k=1

m3
+Zb§c3)¢£3)(x) exp(w,(f’) )+
k=1
(or Brunton, Proctor, Kutz, PNAS 2016)



Dynamics Example
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DMD Forecasting



Normalized error

W

pyDMD Package (example 8]

- Short time-series

—— Long time-series = —— Ensemble
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J.C. Loiseau



DMD with Control (DMDc)
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Input

Input
Snapshots

Modified Regression

IBllk
- X'~ AX +BY

Xpt1 ~ Axy

Y =

20

—— Truth
—— dmdc
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Proctor, Brunton & Kutz, SIADS [(2016)
Fiesler & Kutz, SIADS (20179)



