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parametric problems
IO : P ⊂ R4 → H1

0 (Ω)

µ 7→ p(µ), s. t. −∇·
(
λ(µ)∇p(µ)

)
= f

I many-query context (optimization, UQ, . . . )

I real-time context (embedded devices, . . . )

given 0 < ε� |Ω|, find pε ∈ H1
0 (Ω), s. t. −∇·

(
κε∇pε

)
= f

I κε exhibits strong oscillations or high contrast

I grids have to resolve multi-scale features: h < ε

& multi-scale problems

κε ∈ [7 · 10−4; 4 · 104] (log)
spe.org/web/csp/datasets/

set02.htm
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2 κε(x) = sin(x/ε) + x
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elliptic parametric (multi-scale) problems
Let µ ∈ P (a bounded set of admissible parameters P ⊂ Rp∈N),

find p(µ) ∈ H1
0 (Ω) : b(p(µ), q;µ) = l(q) ∀q ∈ H1

0 (Ω);

to be more precise: compute approximations

p̃(µ) ∈ Q̃(τh) : b(p̃(µ), q̃;µ) = l(q̃) ∀q̃ ∈ Q̃(τh), (1)

accurately, such that (for a prescribed tolerance ∆ > 0)

||p(µ)− p̃(µ)|| < ∆,

I in real-time contexts: for some µ ∈ P as fast as possible (⇒ online efficient) or
I in multi-query contexts: for all parameters of interest µ ∈ P int as “cheap” as possible

(⇒ overall efficient).

∫
Ω

(
λ(µ)κε∇p(µ)

)
·∇q dx

∫
Ω
fq dx
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outline

introdcution

elliptic parametric (multi-scale) problems
model reduction with reduced basis methods
the localized reduced basis (multi-scale) method
error control based on diffusive flux reconstruction
adaptive online enrichment
numerical experiments

parabolic parametric problems
error control based on elliptic reconstruction
numerical experiments

summary
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model reduction with reduced basis methods
Idea: given a multi-purpose high-dimensional approximation space Qh(τh),

if IOh(P) :=
{
ph(µ) solution of (1)

∣∣µ ∈ P} ⊂ Qh(τh) “low-dimensional”

I find a reduced space Qred ⊂ Qh(τh) using a discrete weak greedy algorithm

:
given: model reduction error estimate ||ph(µ)− pred(µ)|| ≤ ηred(µ), training parametersP train ⊂ P

I start with φ(0)
red := ∅, Q

(0)
red := span(φ

(0)
red), n ← 0

I find worst approximated parameter: µ∗ ← argmaxµ∈Ptrain
ηred

(
Q

(n)
red ,µ

)
I extend reduced basis: φ(n+1)

red := gram_schmidt(φ(n)
red ∪ ph(µ∗)), n ← n + 1

until maxµ∈Ptrain
ηred(µ) < ∆red

I low-dimensional reduced space Qred ≈ IOh(P)
I e.g., 100 = n := dimQred � dimQh(τh) =: N = 106

I efficiency by Galerkin projection and precomputation
(

if b(p, q;µ) =
∑
θξ(µ) bh,ξ(p, q)

)
find ph(µ) ∈ Qh(τh) : b(ph(µ), qh ;µ) = lh(qh) ∀qh ∈ Qh(τh)

b(µ) ∈ RN×N

find pred(µ) ∈ Qred : b(pred(µ), qred;µ) = lh(qred) ∀qred ∈ Qred

bred(µ) ∈ Rn×n

[FOX, MIURA, 1971]
[MADAY, PATERA, TURINICI, 2002]

[KOLMOGOROFF, 1936]
[PINKUS, 1985]

[VEROY,
PRUD’HOMME,

PATERA,
2003]

[BINEV, COHEN, DAHMEN, DEVORE,
PETROVA, WOJTASZCZYK, 2011]

[COHEN, DEVORE, 2014]

φred ·bh,ξ ·φred
⊥
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accuracy vs. efficiency of RB methods

[A., HAASDONK, KAULMANN, OHLBERGER, 2012]

SWIPDG N = 4.44·106

I offline: -
I online (avg. for oneµ): 10min

RB n = 23
I offline: 5.4h
I online (avg. for oneµ): 0.3ms
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#solutions of (1)
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)

||p(µ)− pred(µ)|| ≤ ||p(µ)− ph(µ)|| + ||ph(µ)− pred(µ)||
!
< ∆

challenges

I offline: “no way out of Qh” ⇒ [ALI, STEIH, URBAN, 2014], [YANO, 2015]

I online: “no way out of Qred” ⇒ [CARLBERG, 2015], [OHLBERGER, S., 2015]

I offline computational complexity≈ ε−l (for multi-scale problems, with l ∈ N)
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the localized reduced basis (multi-scale) method

Idea of the LRBMS: given a multi-purpose highly-resolved grid τh
I decompose approximation space into local spaces Qh(τh) = ⊕T∈THQ

T
h

I associated with arbitrary (connected) subdomains T ∈ TH

independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]

I build local reduced spaces QT
red ⊂ QT

h

I reduced broken space Qred = ⊕T∈THQ
T
red

notes

I standard theory applicable
(But: residual-based estimates are expensive!)

I greedy basis generation applicable

(by localizing snapshots)

T 0 T 1

T 2
T 3

T 4
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I associated with arbitrary (connected) subdomains T ∈ TH
independent local discretizations and approximation spaces (CG or DG)
and global SWIPDG coupling [ERN, STEPHANSEN, ZUNINO, 2009]

I build local reduced spaces QT
red ⊂ QT

h

I reduced broken space Qred = ⊕T∈THQ
T
red

notes

I standard theory applicable
(But: residual-based estimates are expensive!)

I greedy basis generation applicable

(by localizing snapshots)

QT 0

red
QT 1

red

QT 2

redQT 3

red

QT 4

red
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error control based on diffusive flux reconstruction
locally computable a-posteriori error estimate [OHLBERGER, S., 2014]

I nonconformity estimator: Oswald interpolation operator IOS[·] ∈ H1
0 (Ω)

ηTnc (p̃(µ);µ) := |||p̃(µ)− IOS[p̃(µ)]|||µ,T

[KARAKASHIAN, PASCAL, 2003]

I residual estimator: diffusive flux reconstruction−λ(µ)κε∇h· ≈ Rh[·] ∈ Hdiv(Ω)

ηTr (p̃(µ)) := (CT
P /c

T
κ )1/2hT ||f −∇·Rh[p̃(µ);µ]||L2,T

[ERN, STEPHANSEN, VOHRALÍK, 2010]

I diffusive flux estimator:
ηTdf (p̃(µ); µ̂) :=

∣∣∣∣(λ(µ̂)κε)−1/2(λ(µ)κε∇hp̃(µ) + Rh[p̃(µ);µ]
)∣∣∣∣

L2,T

⇒ |||p(µ)− p̃(µ)|||µ ≤ η(p̃(µ);µ, µ̂) := 1√
α(µ,µ)

[√
γ(µ, µ)

[ ∑
T∈TH

ηTnc (p̃(µ))
2
]1/2

+
[ ∑
T∈TH

ηTr (p̃(µ))
2
]1/2

+ 1√
α(µ,µ̂)

[ ∑
T∈TH

ηTdf (p̃(µ); µ̂)
2
]1/2]

◦ provides an estimate on
I discretization error: p̃(µ) = ph(µ)
I full error: p̃(µ) = pred(µ)

◦ given 1 ∈ Q̃T

◦ α(µ, µ) = min θξ(µ)θξ(µ)−1
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adaptive online enrichment

challenges

I |τh| ≈ ε−l ⇒ snapshots extremely costly
I limited computing power ⇒ insufficient reduced space Qred

LRBMS: offline

I initialize QT
red with DG basis of order up to k ∈ N for all T ∈ TH

I optional: greedy basis generation (using localized global snapshots), given available
resources

 proceed as in standard RB methods . . .
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adaptive online enrichment

LRBMS: online for some µ ∈ Pint

I compute reduced solution pred(µ)

I estimate error ηh,red(µ)

I if ηh,red(µ) > ∆, start intermediate local enrichment phase:

◦ compute local error indicators

◦ mark subdomains for enrichment: T̃H = mark(TH) (e.g., Dörfler and age)

◦ solve corrector problem on overlapping subdomain Tδ ⊃ T for all T ∈ T̃H :

b(ϕh(µ), qh ;µ) = lh(qh) in Tδ

ϕh(µ) = pred(µ) on ∂Tδ

◦ extend local reduced basis for all T ∈ T̃H :

QT
red := gram_schmidt(

{
QT

red ∪ ϕh(µ)|T
}
)

◦ update reduced quantities

◦ compute updated reduced solution pred(µ) and ηh,red(µ)

I iterate until ηh,red(pred(µ)) ≤ ∆, continue with next parameter
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(
dimQh(T δ)l

)
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experiment: spe10 model1 [OHLBERGER, S., 2015]

SPE10: |τh| = 106, |TH | = 25× 5, k = 1

µ = 1.0 µ = 0.1

λ(µ)κε

ph(µ)

Rh[ph(µ)]
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experiment: spe10 model1 [OHLBERGER, S., 2015]

1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000
100

101

102

103

104

dimQred(TH)

η
(p

re
d
(µ

);
µ
,µ
,µ̂

)

µ0 = 0.43708 . . .
µ1 = 0.95564 . . .
µ2 = 0.75879 . . .
µ3 = 0.63879 . . .
µ4 = 0.24041 . . .
µ5 = 0.24039 . . .
µ6 = 0.15227 . . .
µ7 = 0.87955 . . .
µ8 = 0.64100 . . .
µ9 = 0.73726 . . .

uniform, no greedy

800 1,000 1,200 1,400100

101

102

η
(p

re
d
(µ

);
µ
,µ
,µ̂

)

uniform_doerfler_age(10, 0.85, 4)
2 greedy
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experiment: spe10 model1 [OHLBERGER, S., 2015]

final local basis sizes

[24, 148]

uniform, no greedy

[9, 20]

uniform_doerfler_age(10, 0.85, 4), 2 greedy
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parabolic parametric problems
For a Gelfand triple Q ⊂ H ⊂ Q′, an end time T > 0 and µ ∈ P, find
p(µ, ·) ∈ L2(0,T ;Q) with ∂tp(µ, ·) ∈ L2(0,T ;Q′), p(µ, 0) = p0(µ) ∈ Q, s.t.

<∂tp(µ, t), q> + b(p(µ, t), q;µ) = l(q) ∀q ∈ Q, t ∈ [0,T ].

Consider Q̃ ⊂ H, find an approximation p̃(µ, ·) ∈ L2(0,T ; Q̃), ∂t p̃(µ, ·) ∈ L2(0,T ; Q̃),
s.t.

(
∂t p̃(µ, t), q̃

)
H

+ b(p̃(µ, t), q̃;µ) = l(q̃) ∀q̃ ∈ Q̃.

FEM/DG

Q = H1
0 (Ω) ⊂ L2(Ω) = H

Q̃ = Qh(τh) ⊂ L2(Ω)

RB

Q = H = Qh(τh)

Q̃ = Qred ⊂ Qh(τh)

LRBMS

Q = H1
0 (Ω) ⊂ L2(Ω) = H

Q̃ = Qred ⊂ Qh(τh)
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elliptic reconstruction [MAKRIDAKIS, NOCHETTO, 2003]
[GEORGOULIS, LAKKIS, VIRTANEN, 2011]

Given p̃ ∈ Q̃, define the elliptic reconstruction E(p̃) ∈ Q, as the solution of

b(E(p̃), q) =
(
ω̃(p̃) + f − Π̃(f ), q

)
H

for all q ∈ Q. (2)

Riesz-representative: (ω̃(p̃), q̃)H = b(p̃, q̃) ∀q̃ ∈ Q̃

L2-orthogonal projection onto Q̃

Proposition

p̃ ∈ Q̃ is the Q̃-Galerkin approximation of the solution E(p̃) ∈ Q of (2).

⇒ We can estimate ||E(p̃)− p̃|| by any a-posteriori estimate on the elliptic problem (2)!
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abstract estimate [OHLBERGER, RAVE, S., 2016]

Let p̃ ∈ Q̃ be arbitrary, let C := (3|||b||| + 2)1/2 and CQ , s.t.
∣∣∣∣Π̃(q)

∣∣∣∣
H
≤ CQ |||q||| ∀q ∈ Q

and letRT (p̃) ∈ Q̃ denote the Riesz-representative of the time-stepping residual. Then

||p − p̃||L2(0,T ,|||·|||) ≤
∣∣∣∣p(0)− p̃c (0)

∣∣∣∣
H

+ C
∣∣∣∣p̃d ∣∣∣∣

L2(0,T ;|||·|||) + 2
∣∣∣∣∂t p̃d ∣∣∣∣L2(0,T ;|||·|||−1)

+ (C + 1)
∣∣∣∣E(p̃)− p̃

∣∣∣∣
L2(0,T ;|||·|||)

+ 2CQ

∣∣∣∣RT (p̃)
∣∣∣∣
L2(0,T ;H)

recall: p̃ = p̃c + p̃d∈ ∈ ∈

Q̃ Q Q̃

⇒ bound |||E(p̃(t))− p̃(t)||| ≤ ηellip.(p̃) by an elliptic estimate on (2)

⇒ bound norms and constants, depending on spaces and time stepping

⇒ localizable, if ηellip. is

⇒ offline/online decomposable, if ηellip. is
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estimate on the discretization error DG

||p(µ)− ph(µ)|| ≤ . . . I [MAKRIDAKIS, NOCHETTO, 2003]

I [GEORGOULIS, LAKKIS, VIRTANEN, 2011]

estimate on the model reduction error RB

||ph(µ)− pred(µ)||L2(0,T ;H1(Ω)) ≤ . . .
I use standard residual-based estimate on the

elliptic reconstruction error

estimate on the full approximation error LRBMS, implicit euler

||p(µ)− pred(µ)||L2(0,T,|||·|||µ) ≤ α(µ,µ)−1
{ ∣∣∣∣p(0)− pc

red(0)
∣∣∣∣
L2(Ω)

+
√

5
∣∣∣∣pd

red(µ)
∣∣∣∣
L2(0,T ;|||·|||µ)

+ 2α(µ, µ̂)−1CQ (µ̂)
∣∣∣∣∂tpred(µ)d

∣∣∣∣
L2(0,T ;L2(Ω))

+ (
√

5 + 1)
(
4/3 ∆t

∑nT
n=0η(pred(µ, n∆t), µ̃)

)1/2

+ 2α(µ, µ̂)−1CQ (µ̂)
∣∣∣∣RT (pred(µ))

∣∣∣∣
L2(0,T ;L2(Ω))

}

◦ CQ (µ̂) = Poincaré constant/smalles EV

◦ time-residual can be exactly computed

◦ localizable, offline/online decomposable

◦ µ̂,µ, µ̃ ∈ P arbitrary

[OHLBERGER, RAVE, S., 2016]
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experiment: spe10 model1 [OHLBERGER, RAVE, S., 2016]

I LRBMS: |τh| = 8 · 103,
SWIPDG in each subdomain

I implicit Euler: T = 0.05, nT = 10, p0 = 0
I µ̂ = µ = µ̃ = 0.1
I initial local basis:
ϕT

red :=gram_schmidt({1, f |T }) ∀T ∈ TH
I POD-greedy [HAASDONK, OHLBERGER, 2008]

with localized trajectories
I |P train| = 10 (uniformly),
|P test| = 10 (randomly)

0 2 4 6 8

102

103

104

#of solutions required (/greedy extension steps)

m
ax
µ
∈
P

te
st
η

(p
re

d
(µ

);
µ
,µ̂
,µ
,µ̃

)

error evolution during POD-greedy

|TH | = 5× 1
|TH | = 10× 2
|TH | = 15× 3
|TH | = 20× 4
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summary

LRBMS for the model reduction of parametric multi-scale problems

I flexible formulation (links to DG, RB, DD)
I potential for increased overall efficiency (compared to standard RB)
I efficient local error control of the full approximation error
I online adaptation of Qred to cope with limited offline computing power
I p-adaptive RB

software http://pymor.org/

pyMOR [RAVE, MILK, S.] (BSD-2-Clause)
I 21k LOC (since 2012), contributions: A. Buhr, M. Laier, F. Meyer, P. Mlinaric, M. Schäfer

I generic algorithms, based on abstract VectorArray, Operator, Discretization interfaces

I bindings to , deal.II , dune-gdt Dune , fenics , ngsolve
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