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2. MODEL

The partial molar volume, VX, of a solute, X, in a given solvent,
S, is the derivative of the overall volume, V, with respect to the
number of moles of solute, nX.

VX¼
∂V
∂nX

! "

P,T
ð2Þ

For dilute solutions, this can be replaced with a finite-difference
expression

VX ¼ VðnS, nXÞ $ VðnS, 0Þ
nX

ð3Þ

That is, VX is defined by the difference between the volume of
solution and the volume of pure solvent divided by nX. We
propose to use constant-pressure molecular dynamics (MD)
simulations to obtain this difference for a single solute molecule
X (nX = 1/NA; NA is the Avogadro constant) and an N-particle
solventN 3 S (nS =N/NA). The volume of a single particleV(X) is
then given by

VðXÞ ¼ VðX þ N 3 SÞ $ VðN 3 SÞ ð4Þ

and VX = NA 3V(X). This method mimics the experimental
procedure of determining partial molar volumes of stable com-
pounds and is equally applicable to calculation of partial molar
volumes of short-lived TS species, for which such experimental
procedure is not feasible.

Figure 1 shows four hydrocarbons immersed in a model
solvent. In each case, the solvent trajectory demonstrates a clear
pattern of avoidance due to the short-range solvent$solute
repulsion, which results in the formation of a cavity around the
solute. The incremental increase in the volume of the overall
system due to cavity formation is described by eq 4. The size and
the shape of the cavity depend on the geometry of the solute, the
strength and type of the solute$solvent interactions, as well as
temperature and pressure.

Volume fluctuations in a constant-pressure MD run are quite
significant and exceed the value of an incremental volume
increase due to a single molecule. (See Figure 2.) However,
the average volume fluctuates much less, and the standard error
of the cumulative average decreases as the square root of the
length of the trajectory. As can be seen in Figure 3, the errors can
be reduced to an acceptable level if anMD run is sufficiently long.

3. COMPUTATIONAL DETAILS

MD calculations were performed using the GROMACS
package9 for a system of 256 solvent molecules in a cubic box
with periodic boundary conditions. The system was maintained
at a constant pressure of 0.1 MPa and a constant temperature
matching experimental conditions using Berendsen temperature
and pressure coupling.10 The MD trajectories were obtained using
leapfrog integrationwith 1 fs time stepwith interaction cutoff radius

Figure 1. Hydrocarbons immersed in a model solvent (clockwise from
the top left corner): hexane, cyclopentadiene, benzene, and toluene. The
solvent trajectory is represented by an overlay of solvent configurations
acquired at different instants of time. Solvent particles (white) avoid the
solute, thus forming a cavity of the matching size and shape.

Figure 2. Instantaneous and average MD volumes of a system of 256 cyclopentadiene molecules. The incremental contribution from a single molecule
estimated by the experimental molar volume of 82 cm3/mol is ca. 0.14 nm3. Large amplitude fluctuations of the instantaneous volume are somewhat
stabilized by averaging over 10 ps intervals. Further improvement is reached by using a cumulative average.

Hydrophobic interactions, oil in water pro-
duces an excluded region or vacuum with
very high energy density. Amphiphilic ma-
terials pack a hydrophobic tail within a vol-
ume lined with hydrophilic head groups.

Codimension: 3 micelles, 2 filaments,
1 bilayer

Figure 1. Schematic representation of surfactant aggregates in dilute aqueous
solutions.

The first term is a negative free energy contribution arising from
the transfer of the hydrophobic surfactant tail from its unfavorable contact with
water to the hydrocarbon-like environment of the aggregate core. The transfer
free energy contribution depends on the surfactant tail but not on the aggregate
shape or size. The second term provides a positive contribution to
account for the fact that the entire surface area of the tail is not removed fromwater
but there is still residual contact with water at the surface of the aggregate core.
This is represented as the product of a contact free energy per unit area σ (or the
water-hydrocarbon interfacial free energy) and the surface area per molecule of the
aggregate core, a (namely, the surface area of the core of the aggregate divided by
the aggregation number). The third term provides another positive
contribution representing the repulsive interactions between the head groups that
crowd at the aggregate surface. The repulsions may be due to steric interactions
(for all types of head groups) and also electrostatic interactions (dipole–dipole
interactions for zwitterionic head groups and ion–ion repulsions for ionic head
groups). Since the repulsion would increase if the head groups come close to one
another, Tanford proposed an expression with an inverse dependence on a. Thus,
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Figure 1. Schematic representation of surfactant aggregates in dilute aqueous
solutions.

The first term is a negative free energy contribution arising from
the transfer of the hydrophobic surfactant tail from its unfavorable contact with
water to the hydrocarbon-like environment of the aggregate core. The transfer
free energy contribution depends on the surfactant tail but not on the aggregate
shape or size. The second term provides a positive contribution to
account for the fact that the entire surface area of the tail is not removed fromwater
but there is still residual contact with water at the surface of the aggregate core.
This is represented as the product of a contact free energy per unit area σ (or the
water-hydrocarbon interfacial free energy) and the surface area per molecule of the
aggregate core, a (namely, the surface area of the core of the aggregate divided by
the aggregation number). The third term provides another positive
contribution representing the repulsive interactions between the head groups that
crowd at the aggregate surface. The repulsions may be due to steric interactions
(for all types of head groups) and also electrostatic interactions (dipole–dipole
interactions for zwitterionic head groups and ion–ion repulsions for ionic head
groups). Since the repulsion would increase if the head groups come close to one
another, Tanford proposed an expression with an inverse dependence on a. Thus,
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Amphiphilic Materials: Aspect Ratio, Packing, and Codimension

for the self-assembly of an amphiphilic m-ABC miktoarm
copolymer.[35]

For a summary of the polymer chemical identities and
abbreviations used herein, please refer to Table 1 and
Figure 3.

Block Copolymer Vesicles

Just over a decade ago, Eisenberg and co-workers
reported[36] the first observations of polymer vesicles
from the self-assembly of polystyrene–poly(acrylic acid)
(PS-PAA) block copolymers. At first it was speculated that
polymer vesicles were non-equilibrium structures because
of the glassy nature of the PS membrane, but their
thermodynamic stability was subsequently estab-
lished.[37–40] Further work confirmed that vesicular

morphologies are not dictated by the
kinetically frozen glassy nature of the
hydrophobic block, since vesicles could
be formed with low glass transition
temperature (Tg) hydrophobes such as
PBD[41,42] and poly(propylene oxide)
(PPO).[43] Since these initial reports, there
have been hundreds of papers that
describe the formation of polymer vesi-
cles and a number of excellent
reviews.[44–48] The remainder of this
review will focus on recent advances
and applications of block copolymer
vesicles.

Perhaps not surprisingly, block copo-
lymer vesicles (a.k.a. ‘polymersomes’)
exhibit superior mechanical and physi-
cal properties compared to lipid-based
vesicles (a.k.a. liposomes). The robust
nature of polymeric vesicles was estab-
lished in early studies, with microma-
nipulation verifying a ten-fold increase
in critical areal strain before rupture
compared to lipid vesicles.[42,49,50]

Higher copolymer molecular weights
led to an increase in membrane thick-
ness, which in turn led to vesicles with
greater bending rigidities, kc.

[49,50] Per-
haps surprisingly, the membrane elasti-
city (Ka) of polymeric vesicles has been
proven to be relatively independent of
molecularweight, with similar Ka values
being observed as those reported for
phospholipid vesicles. This elasticity is
dominated by the chemical nature of the
membrane–solvent interface and hence
is related to the surface tension, g .[49]

Experimental studies of polymeric membrane structures
have shed some light on their enhanced mechanical
properties. Above the bulk entanglement molecular
weight, copolymer chains within membranes undergo
diffusion through reptation (which involves chain entan-
glement and release) as opposed to Rouse diffusion (i.e.,
lateral diffusion that is only inhibited by inter-chain
friction).[51] This interdigitation and chain entanglement
within membranes (Figure 4) was confirmed for PEO-PBO
diblock copolymer vesicles[52] and explains both their
robustness and increased bending rigidity. Compared to
lipid analogues, the membrane permeability is also
enhanced and this parameter depends on both molecular
weight (hence wall thickness) and the relative polarity of
the hydrophobic membrane. Both highly permeable and
virtually impermeable membranes can be designed.[42,53–56]

External constraints can also be exploited to tune

Self-Assembled Block Copolymer Aggregates: From Micelles to . . .

Figure 1. Various self-assembled structures formed by amphiphilic block copolymers in a
block-selective solvent. The type of structure formed is due to the inherent curvature of
the molecule, which can be estimated through calculation of its dimensionless packing
parameter, p.

Figure 2. Transmission electron micrographs of: a) ‘hamburger’ micelles,[12] b) helical
micelles,[23] c) bilayer tubules,[29] and d) mixtures of polymer vesicles and ‘octopi’
structures.[18] (Reproduced with permission from ref.[12,18,23,29] ! 2006 American Chemi-
cal, 2008 Royal Society of Chemistry and 1998, 2004 American Chemical Society
respectively)

Macromol. Rapid Commun. 2009, 30, 267–277

! 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mrc-journal.de 269

	

motion (∼fs). The second is the slow decay of the nonbonded
terms, which in principle requires growth of operations
proportional to N2, increasing the size of the systems under
study (N being the total number of atoms). Even though
different algorithms to avoid such strict bottlenecks are available
today, the combination of these problems severely limits any
routine access to the dimensions and characteristic times relevant
to investigate membrane curvature problems.
In fact, although recent pioneering studies have allowed

the investigation of complex and biologically relevant model
membranes,33 using atomistic models, MD simulations of mem-
branes at such a level of resolution are usually limited to small
model systems, typically flat bilayers consisting of few hundreds
of the same lipid type.
Since the first pioneering attempts to investigate the mech-

anism of membrane curvature formation by BAR domains,34,35

attempts to investigate membrane curvature using atomistic MD
simulations have become more and more common.36−41

All of these studies, however, are hampered by inevitable
limitations for what pertains to the sizes that can be investigated
using atomistic simulations. Specifically, any deformation of the
lipid bilayer will occupy a characteristic volume that needs to be
fully included into the simulation box. For example, for a
relatively simple membrane undulation, both the length of
the simulation box normal to the lipid bilayer plane and the
membrane axis along which the undulation occurs need to be on
the order of at least 20 nm. In these conditions, with the possible
exception of dedicated hardware, it is very difficult to go beyond
tens of nanoseconds per day, even when using state-of-the-art
hardware and software.
At the same time, such sizes are relatively small as compared

to those required to investigate membrane remodeling and
vesiculation. In fact, the smallest biological vesicles show
diameters of approximately 40−50 nm,42 implying that
simulations boxes for biologically relevant systems may easily
reach lengths on the order of 100 nm or more.
In addition, the use of periodic boundary conditions imposes

an additional topological restraint on extended bilayers, forcing
the presence of both positive and negative curvatures within the
length of the simulation box. This significantly reduces the size of
membrane patches with specific curvature that can be simulated
and analyzed.
Coarse-Grained Models. Coarse-grained (CG) modeling is a

very general term that includes all models based on a procedure
of mapping a complex system dependent on a number N
(typically very large) of variables into a simplified one formed by
a smaller number of variablesM < N (Figure 1). In a consequent
renormalization procedure, the total energy of the system is
defined through a Hamiltonian

′ ≠H M H N( ) ( ) (2)

While H′ is necessarily different from that of the original
system, if properly mapped, then the statistical behavior of
the complete and reduced systems will match each other. This
implies that both representations will yield similar expectation
values for the observables of interest

∫
∫

⟨ ⟩ = Γ

≈ Γ = ⟨ ⟩

β

β

− ′

−

O
Z

O M

Z
O N O

1 ( )e d

1 ( )e d

M
M

H M
M

N

H N
N N

( )

( )

(3)

where O is a generic physical observable, its expectation value
⟨O⟩ is defined through the corresponding ensemble average, and
ZNand ZM are the partition functions

∫= Γβ−Z T( ) e dN
H N

N
( )

∫= Γβ− ′Z T( ) e dM
H M

M
( )

(4)

The mapping system will profit from reduced computational
costs due to the reduction of the number of degrees of freedom.
On the other hand, the consequent contraction of the phase
space will produce an intrinsic acceleration of the events. This, on
the one hand, guarantees an even further acceleration in the
sampling; on the other hand, events in CG-MD simulations will
occur on a time scale that cannot be straightforwardly connected
to the real one.
In CG modeling, the mapping procedure is not universally

defined; in fact, the samemolecular systemmay be represented at
different levels of resolution, typically using centroids called
beads to represent groups of atoms, and by using different
analytical forms for the respective potential energy.10 For lipids,
the most common CG models today adopt quasi-atomistic
resolutions and use two-body interaction potentials to represent
the hydrophobic/hydrophilic behavior of the lipid polar heads
and apolar tails (Figure 1).43−47

The investigation of membrane remodeling processes by
means of CG-MD simulations was pioneered by studies that
either used very coarse representations48 or addressed relatively
small systems with extreme curvature values.49 More recently,
CG-MD simulations with chemical-level detail have been used to
investigate systematically the role of membrane curvature on
membrane molecular properties,50 for example, determining
how gel-phase lipid membranes soften upon bending, thus
helping the localization of the curvature.51 Simulations of curved
structures (vesicles, tubules) with dimensions comparable with
those found in the cell have become computationally tractable
using coarser models52 or chemically accurate CG models, thus
allowing one to investigate the interplay between more realistic
and biologically relevant lipid composition and membrane
geometry.53,54

In parallel to investigating how membrane curvature
modulates membrane structural properties, MD simulations
have been also used to explicitly investigate membrane
remodeling events, namely, bending, fusion, and fission, while
retaining chemical specificity (Figure 2). These processes
have been reviewed elsewhere.6,56 Here we stress how notable
efforts have been focusing on understanding the explicit role of

Figure 1. Molecular models of lipids. Usual representations of
phospholipids used in molecule-based computer simulations, from an
all-atom-detailed picture (left) to coarser representations still capturing
chemical details to low-resolution coarse models containing a minimal
number of bodies (right). The hydrophobic regions are colored in
yellow, the hydrophilic head is colored in dark gray.

The Journal of Physical Chemistry Letters Perspective

DOI: 10.1021/acs.jpclett.7b00493
J. Phys. Chem. Lett. 2017, 8, 3586−3594
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potential representing the effect of surrounding particles is
given by

∑ ∑δ
δϕ β

χ ϕ
κ

ϕ ϕ= = + −
′

′ ′V Wr
r

r r( )
( )

1 ( ) 1 ( ( ) )k
k k

kk k
k

k 0

(6)

The derivation of a functional form for the effective potential
acting on each particle allows determination of the forces and
thus for the integration of the equations of motion following
standardMD algorithms. More details about the implementation
of this approach, and a complete derivation of eq 6, is reported
elsewhere.9

Hybrid Particle Field MD Studies on Lipid−Water Mixtures. So
far, hPF-MD studies on lipid−water mixtures have addressed
relatively simple two- or three-component systems. Pertinent to
this discussion, these initial studies addressed the capability
of hPF-MD models to reproduce both the density profiles of
different bilayers formed by lipids of biological interest and the
lamellar versus nonlamellar phasesa crucial test for lipid
models that aim at investigating membrane morphology.9

In particular, Milano and co-workers showed how hPF-MD
predicts different aggregation states at increasing concentrations
of dipalmitoylphosphatidylcholine (DPPC) in water. For example,
their simulations yielded reverse micellar hexagonal, flat bilayer,
single bicelle, and micellar phases.74

In the past months, Milano and co-workers introduced
hydrodynamic correlation into the hPF-MD equations.77 This
innovation brings hPF-MD simulations beyond the mean-field
limit and in perspective will improve the applicability of the
method to study phenomena that do not occur strictly under
diffusive limit conditions.77 Of importance here, authors pre-
sented hPF-MD data of a fully solvated lipid vesicle composed of
4055 DPPC molecules, simulated on a single processor on a
microsecond time scale (Figure 3A).

hPF-MD calculations are not restricted to single-processor
tasks. In fact, they can very easily and very efficiently paral-
lelize, showing scalability performances well beyond those of
traditionalMD.72,9 A very recent study byMilano and co-workers
provides an excellent example of the efficiency of parallel
hPF-MD simulations to describe membrane morphology changes

(Pizzirusso et al. Biomembrane solubilization mechanism by
Triton X-100: A computational study of the three stage model,
submitted, unpublished result). This work investigated deforma-
tions of the DPPC bilayer structure due to interference
with Triton X-100 (polyethylene glycol) detergent. hPF-MD
simulations could provide a very detailed description of the
different perturbations to the bilayer organization occurring at
different concentrations of Triton X-100, from local distortions
of the shape of the lipid aggregates to complete membrane
solubilization (Figure 3B). This study also investigated the
differences in the solubilization mechanism occurring in flat
bilayers or in highly curved vesicles.
Thanks to the computationally efficient methodology, authors

could test 30 different initial conditions, including the relative
concentration of the surfactant, its initial localization in the
system, and the radius of curvature of the vesicle. The study could
show how the flipping times of the surfactant are correlated to the
radius of curvature of the membrane bilayers. Moreover, it could
be possible to capture how the entropy-driven preference of
positive curvature by Triton induces budding deformations in flat
bilayers, promoting detachment of smaller vesicle, which rapidly
evolve into completely solubilized mi/bicelles.
Despite quite extensive exploration over a large number of

different starting conditions, the computational costs for the
study have been relatively low. In fact, the work could be
conducted on a small-sized parallel architecture using the
hPF-MD implementation in the OCCAM code. Details con-
cerning the OCCAM code used to perform the hPF-MD
simulations are reported in refs 9 and 72.
Final Remarks and Perspective. In a 2006 article in Physics

Today, Phillips and Quake showed how the nanoscale is a
peculiar dimensionality at which very different types of energies
(chemical, mechanical, or electrostatic) appear all to be of the
same order of magnitude as the thermal one.78 As a consequence,
all phenomena that are driven by interactions occurring at that
scale are determined by the very subtle balancing among all
contributions to the enthalpy and by the action of the entropy.
In other words, the mesoscopic behavior of molecular systems
may be not only quantitatively but also qualitatively affected by
apparently minor changes in the chemistry of each individual
molecular component, as well as in the thermodynamic con-
ditions applied.

From a computational perspective, it would be thus expected
that all of these ingredients were properly included and treated
in the models of choice. Specifically to membranes, an ideal
modeling approach would be able to handle mesoscopic
dimensionalities (for example, simulation boxes of ∼102−3 nm
order length) for sufficiently long simulation times (at least
∼10−6−10−3 s), to distinguish the chemical variability of the
components, and to include entropic effects also due to the
solvent.
Atomic or quasi-atomic resolution models with explicit solvation

are the only ones that guarantee a correct, or anyway sufficiently

Figure 3. Examples of hPF-MD studies on curved membrane systems.
(A) Lipid vesicle composed of 4055 DPPC molecules (depicted in
yellow and gray) interacting with 1745 molecules of TX-100 (green and
orange). The bottom panel shows a cross section of the vesicle.
The water particles in the inner pocket are shown as blue beads.
(B) Structural distortion and initial solubilization of a flat bilayer upon
interaction with an excess of TX-100.

The mesoscopic behavior of mo-
lecular systems may be qualita-
tively affected by apparently

minor changes in the chemistry
of each individual molecular

component.

The Journal of Physical Chemistry Letters Perspective

DOI: 10.1021/acs.jpclett.7b00493
J. Phys. Chem. Lett. 2017, 8, 3586−3594

3590

(left) Amphiphilic polymers: relation of aspect ratio to codimension in am-
phiphillic diblocks Blanazs (2009). (right) Course-graining of atomistic mod-
els of lipids, MD simulations of budding and micelle detachment using im-
plicit solvent.
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Endoplasmic Reticulum (ER): Cisternea and Tubules

The continuous ER network mor-
phology, co-existence of cisternal
sheets and tubule forms. Changes
in morphogenic protein density
as well as strength and number
of membrane-ER contact sites are
known to induce interconversion.
Scale bar = 10µm.
Friedman & Voeltz, TICB-818
(2011)

Show animation
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Endoplasmic Reticulum - Remodeling

!

F i g .  2 .  E R  r e m o d e l i n g  e v e n t s  ( a s t e r i s k s )  i n  a n  A .  t h a l i a n a  
c e l l  e x p r e s s i n g  a n d  E R  b i o r e p o r t e r :  t u b u l e  b r a n c h i n g ,  s l i d i n g ,  
j u n c t i o n  f o r m a t i o n  a n d  r i n g  c l o s u r e  i n  t i m e  c o u r s e  ( s e c o n d s  i n  
l e f t  u p p e r  c o r n e r  o f  p a n e l s ,  s ) .  B a r :  5  µ m  Budding and remodeling of the ER occurs on time scales of seconds, it involves

purely co-dimension one interfaces (hollow tubules), and they almost never pearl.
Griffing L. R. (2010)
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ER - Loss of SHE1

  5 

expressing an ER bioreporter. In WT ER polygons and rings (color 
circles) are rapidly remodeled (yellow and blue circles), with only few 
more stable structures (red circles). In she1 mutant, the ER is denser 
and more stable compared to WT (see permanence of circled struc-
tures). B. Recombinant SHE1 (AA 1-252) interacts with assembled 
MITs in-vitro pull-downs: His-SHE1 precipitates in the pellet (P3 lane) 
from the supernatant (S3 lane) in the presence of MITs. Controls: 
S1/P1, MITs only; S2/P2: SHE1 only. C. Western blot analyses with 
anti-His confirm that the protein co-precipitated with MITs is SHE1. 

Figure 5. Loss of SHE1, a 
MIT-binding protein, com-
promises ER remodeling. A. 
Confocal time course of WT 
and she1 cells  

by actin in plant cells54, 56, 70. Intriguingly, it 
has been recently reported that a concomi-
tant cortical MIT-mediated ER tubule ex-
tension, albeit slower than actin-mediated 
extension, also significantly contributes 
to ER remodeling in plant cells71. Because 
SHE1 contains a putative MIT-binding site, 
we tested interaction with MITs. In-vitro 
pulldown assays72 showed that a recombi-
nant, truncated version of SHE1, containing 
the MIT-binding domain, binds MITs (Fig. 
5B). Although these results do not exclude 
that SHE1 may interact with actin, they 
support that SHE1 is a novel MIT-
interacting protein. These data are compat-
ible with evidence that endosomes can be 
closely associated with MITs in plants73-75.   
Endosome homeostasis depends on the 
ER. The endosomal pathway is responsible 
for post-Golgi protein sorting, lyso-
some/vacuole delivery, and PM cargo up-
take76, 77. To execute their function, endo-
somes mature through spatiotemporal re-
cruitment of factors regulating size, cargo, 
and receptor content78. An unanticipated role for the ER in controlling endosomal sorting and maturation 
has been recently demonstrated in mammalian cells69, supporting that endosome homeostasis is a non-
autonomous ER-regulated process. The mechanisms underlying endosome maturation are largely un-
known in plant cells; furthermore the recycling pathway of endosome-related protein sorting machinery, 
including that of vacuole sorting receptors (VSRs), is currently under considerable debate79, 80. Similar to 
mammalian endosomes, plant endosomes are closely associated with the ER18 (Fig. 4). The role of this 
association is yet unknown, but the demonstrated disruption of endocytosis in rhd3 mutant18 supports that 
loss of ER integrity compromises endosomal processes in plants. We also demonstrated that RHD3 loss 
does not affect biosynthetic transport to the vacuole and apoplast18. Because cell homeostasis depends 
on a balance of membrane traffic both through endocytosis and exocytosis, it is conceivable that RHD3 
may be dispensable in exocytic pathways, possibly by sharing roles with the other two Arabidopsis 
RHD3-like isoforms. We found that SHE1 localizes partially to VSR-positive endosomes (Fig. 3C). We 
hypothesize that SHE1 may be required for endosome maturation by facilitating ER contacts with endo-
somal subpopulation. Testing this hypothesis will be of fundamental interest to the understanding of the 
functional relevance of the ER in endosome-mediated traffic in plants.  
The ER is anchored to the PM through mechanisms that are virtually unknown in plant cells. The 
cortical ER is anchored to the PM through membrane contact sites (MCSs) that are located along persis-
tent ER tubules and cisternae81. The overall picture emerging in studies in yeast and mammalian cells is 
that tethering structures are required to establish ER-PM MCSs81. Observed decades ago in plant cells by 
electron microscopy studies82 but experimentally largely ignored, ER-PM MCSs are gaining increasing 
attention as the identity of their components is being unraveled36, 83-85. Nonetheless, knowledge of the 
plant ER-PM MCSs is still rudimentary. With the exception of 4 proteins localized at plant ER-PM MCSs 
(i.e., PVA11, PVA12, SytA and NET3c)83-85, the molecular composition of these sites and the mecha-
nisms underlying their biogenesis are still largely obscure. Two of the known plant ER-PM MCSs proteins, 
PVA11 and -1283 (Fig. 6A), belong to a 10-member group of Arabidopsis proteins in the VAP33 subfamily 
of SNAREs86. PVAs are tail-anchored membrane-associated proteins, with a large N-terminal cytoplasmic 
domain, containing an MIT-binding domain and a predicted coiled-coil region adjacent to the C-terminal 
transmembrane domain83, 87. Heterotypic interactions between PVA11 and -12 as well as their MIT-
binding have been experimentally validated by others83 and our lab (unpublished data). Because PVA13 
and -21 are uncharacterized and closely cluster with PVA11 and -12 in bioinformatics analyses86, we es-
tablished their subcellular localization. Similar to PVA11 and- 12, both PVA13 and -21 are distributed at 

SHE1 is a microbial binding protein. Loss of SHE1 through genetic defect inhibits
ER remodeling.
(top) Normal plant cell ER shows remodeling over 60 second.
(bottom) Cell with knocked-out gene does not remodel over same time period.
Brandizzi F. (2014).
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Bifurcation Diagram – Jain and Bates

and stirred at room temperature for minimum of 2 weeks. Most
polymers dispersed in water in a few hours except the ones
with high hydrophobic content, which took several days. In
all cases described here the solutions appeared homogeneous
to the naked eye although they were characterized by varying
degrees of opacity.

Vitreous samples for morphological studies were prepared
in a custom-built special chamber referred to as the controlled-
environment vitrification system (CEVS).34 To prevent any loss
of water from sample solution, the CEVS chamber was
humidified to saturation at 25 ( 0.2 °C. Vitreous samples were
prepared by pipeting a drop (∼5 µL) of polymeric solution onto
a cryo-TEM grid, held by tweezers. Excess solution was blotted
by a piece of filter paper, resulting in the formation of thin
film about 100-300 nm thick held by capillary forces within
the holes of a lacey carbon film supported on the metal grid.
After blotting, the samples were allowed to equilibrate for a
minimum of 30 s to relax any residual stresses. The samples
were then quickly plunged into a reservoir of liquid ethane
cooled by liquid nitrogen. Vitrified specimens were mounted
on a cryogenic sample holder (Gatan 626) and examined with
a JEOL 1210 TEM operated at 120 kV. A minimal dose system
was employed to avoid sample damage by radiolysis.35 Ad-
equate phase contrast was obtained at a nominal underfocus
of 3-12 µm. Images were recorded on a Gatan 724 multiscan
digital camera and processed with DigitalMicrographs version
3.3.1. The ramp-shaped optical density gradients in the
background due to varying sample thickness were digitally
corrected. Diffraction grating replicas (Ted-Pella) containing
2160 lines/mm were used to calibrate the microscope.

Blend Mixing Protocols. Sample solutions for analysis
using cryo-TEM were prepared in two different wayssmixing
dry bulk copolymers before dissolution (premixing) and after
dissolution (postmixing) in water (Figure 1). For premixed
samples, calculated amounts of diblock copolymers were
homogeneously dissolved in methylene chloride, dried, and
annealed in a vacuum oven at 45 °C for about 12 h. The dried
mixture was then dissolved in deionized, double-distilled water
to form a 1 wt % solution. The postmixed samples were

prepared by pouring together predetermined amounts of two
diblock copolymer solutions and stirring the resulting mixture
for a few days. A summary of the binary blends investigated
is provided in Table 2.

Results

Overview. A well-defined pattern of dispersed mor-
phologies was identified for the OB diblock copolymers
in aqueous solution using cryo-TEM. These results are
summarized in Figure 2. For series I (NPB ) 46),
micellar morphologies similar to those reported for
conventional surfactants were identified. As the hydro-
philic content (wPEO) increased, a familiar sequence of
structural elements was documented beginning with
bilayers (B) (in the form of vesicles), then cylinders (C),
and then spheres (S) separated by composition windows
containing mixed morphologies, B + C and C + S. These
results are in agreement with earlier reports.36,37 Such

Figure 1. Schematic illustrating the two mixing protocols:
premixing and postmixing. For premixing, block copolymer 1
(BCP1) and block copolymer 2 (BCP2) are dissolved in meth-
ylene chloride, a good solvent, followed by drying and anneal-
ing of the blend at 45 °C (step b). The dried mixture is then
hydrated with water (1 wt %) (step a), and the morphologies
are analyzed using cryo-TEM. For postmixed blends, block
copolymers (BCP1 and BCP2) are first individually dissolved
in water (1 wt %) (step a), and then predetermined amounts
of block copolymer solutions are mixed (step c), followed by
analysis using cryo-TEM. Given infinite time the postmixed
solution should equilibrate to the same thermodynamic state
as the premixed sample.

Table 2. Molar Mixing Ratios for Block Copolymer Pairs

cate-
gory BCP 1a BCP 2b x1

c 〈NPB〉d 〈wPEO〉e PDIPB
f PDIPEO

g

A OB9-4 OB9-12 0.50 170 0.58 1.00 1.39
A OB9-4 OB9-12 0.67 170 0.52 1.00 1.56
A OB9-4 OB9-12 0.87 170 0.43 1.00 1.61
A OB9-4 OB9-5 0.50 170 0.43 1.00 1.09
B OB9-4 OB1-5 0.50 108.5 0.38 1.32 1.20
B OB9-4 OB1-3 0.50 108.5 0.39 1.32 1.10
B OB9-4 OB1-4 0.50 108.5 0.45 1.32 1.00
B OB9-1 OB1-3 0.50 108.5 0.44 1.32 1.20
B OB9-1 OB1-5 0.50 108.5 0.42 1.32 1.32
C OB9-1 OB9-6 0.50 170 0.34 1.00 1.15
C OB9-11 OB9-15 0.50 170 0.34 1.00 1.04
C OB9-1 OB9-6 0.67 170 0.37 1.00 1.10

a Block copolymer 1 in the blend. b Block copolymer 2 in the
blend. c Mole fraction of block copolymer 1 in the blend. d Average
number of butadiene repeat units in each polymer in the blend.
e Average weight fraction of PEO chains in the blend. f Polydis-
persity in PB block lengths in the blend assuming the starting
copolymers have monodisperse PB blocks. g Polydispersity in PEO
block lengths in the blend assuming the starting copolymers have
monodisperse PEO blocks.

Figure 2. Morphology diagram correlating aggregate struc-
ture of PB-PEO micelles in water as a function of the
molecular composition. NPB is the degree of polymerization of
the PB block, and wPEO is the weight fraction of PEO in the
copolymer. The aggregate morphologies were determined using
cryo-TEM. The four main geometries are bilayered vesicles (B),
network (N), cylinders (C), and spheres (S). Regions of coexist-
ent morphologies are documented for compositions between
the B, N, C, and S morphologies. CY represents cylinders with
occasional Y-junctions. The morphological boundaries do not
denote exact transition conditions. Open and filled symbols
indicate previous36 and current experimental results, respec-
tively.
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nent dilute aqueous solutions of PB-PEO.
Previous experiments with relatively low
molecular weight macromolecular surfac-
tants produced three basic structural ele-
ments: spheres (S), cylinders (C), and
bilayers (B). These zero-, one-, and two-
dimensional structures are readily dis-
persed in water at low concentration as
spherical micelles, wormlike micelles, and
vesicles, respectively, mimicking the well-
established states of aggregation created
when low molecular weight amphiphiles
are mixed with water (12). Here we dem-
onstrate the formation of “Y-junctions,”
which assemble into a dense, three-dimen-
sional network (N) accompanied by macro-
scopic phase separation. Isolated fragments
of the network have been evaluated with
cryogenic transmission electron microsco-
py (cryo-TEM), from which we deduce that
the Y-junction is preferred thermodynami-
cally above a critical surfactant molecular
weight at compositions between those as-
sociated with the B and C morphologies.
These findings are consistent with theoret-
ical predictions recently developed (13, 14 )
and demonstrated (15, 16 ) with traditional
three-component (surfactant/oil/water) mi-
croemulsions, signaling a fundamental
transition in self-assembly behavior as the
amphiphile molecular weight is increased
beyond a critical value.

Two sets of PB-PEO diblock copolymers
(Scheme 1), each containing constant molec-
ular weight poly(1,2-butadiene) blocks
(Mn,PB ! 2500 and 9200 g/mol) and varying
weight fractions of PEO (wPEO), were syn-
thesized with anionic polymerization tech-
niques described elsewhere (17 ). Fifteen
compounds with degree of polymerization
NPB ! 46 and 0.30 ! wPEO ! 0.64, and 13
with NPB ! 170 and 0.24 ! wPEO ! 0.62,
were prepared; in all cases, the compounds
had relatively narrow molecular weight dis-
tribution, Mw/Mn " 1.1. These diblock co-
polymers were mixed with measured
amounts of distilled water, generally at a
concentration of 1 weight percent (wt%), and
stirred at room temperature.

Solution morphologies were character-
ized with cryo-TEM, a powerful microsco-
py technique capable of imaging molecu-
lar-scale structures in thin (#100 to 300
nm) films of vitrified aqueous solutions.
The results for the 1% mixtures are sum-
marized in Fig. 1. With NPB ! 46, we find
the classic sequence of dispersed structures

(B, C, and S) separated by mixed morphol-
ogy regimes (B $ C and C $ S) with
increasing PEO content, in agreement with
an earlier report (11). Increasing the size of
the hydrophobic block by nearly four times
(NPB ! 170) dilates the dimensions of the
hydrophobic cores by about three times
(not illustrated here) and shifts the compo-
sition window for wormlike micelles (and
perhaps vesicles and spherical micelles) to
lower values of wPEO.

However, the most dramatic structural
changes we found were at compositions be-
tween the B and C regions. Decreasing the
length of the PEO block leads to the forma-
tion of Y-junctions in the nominally cylindri-
cal micelles. Even for wPEO ! 0.42, which
we associate with the C region in Fig. 1, the
wormlike micelles contain occasional
branches; two have been captured in the cryo-
TEM image shown in Fig. 1B. Decreasing
wPEO to 0.39 induces striking morphological
changes (Fig. 2A). Branched cylindrical
loops, branched linear wormlike micelles,
and Y-junctions terminated by enlarged
spherical caps characterize this representative
image. Macroscopically, this solution is
opaque (milky) but showed no tendency to

phase separate even after sitting quiescently
for several months.

Unlike any of the other specimens exam-
ined in this study, dilute mixtures of the
wPEO ! 0.34 diblock copolymer phase sepa-
rate macroscopically at room temperature.
This process is slow but unmistakable. Sev-
eral hours to several days after cessation of
stirring, an opaque layer develops above a
relatively clear majority (water) phase. In-
creasing the polymer concentration greatly
enhances the viscosity, thus slowing macro-
scopic phase separation; a soft solid gel forms
between 22 and 26 wt% block copolymer.
We have obtained cryo-TEM images from
1% solutions of this material with mixing
protocols that range from gentle stirring to
vigorous sonication. In each case, an opaque,
low-density phase reemerges after a quies-
cent period. Figure 2, B and C, illustrates two
representative cryo-TEM images of the asso-
ciated self-assembled structures captured be-
fore macroscopic phase separation. This mac-
romolecular surfactant forms an extended
three-dimensional network morphology dom-
inated by Y-junctions. Detailed analysis of
large pieces of network, like that found in
Fig. 2B, is complicated by the density of

O

OR
NPB NPEO-1

H

Scheme 1.

Fig. 1. Morphology dia-
gram for PB-PEO in wa-
ter (1 wt%) as a func-
tion of molecular size
and composition, where
NPB and wPEO are the
degree of polymeriza-
tion and weight fraction
of the PB and PEO
blocks, respectively. Four
basic structuralmotifs—
bilayers (B), Y-junctions
(Y), cylinders (C), and
spheres (S)—have been
identified by cryo-TEM,
as illustrated in the mi-
crographs, (A to C). At
NPB ! 170, decreasing
wPEO from the cylindri-
cal condition (wPEO !
0.42) toward that asso-
ciated with vesicles
(wPEO ! 0.24) results in
an increasing population
of Y-junctions. A single-
phase dispersion of
branched, wormlike mi-
celles at wPEO ! 0.39,
denoted CY (Fig. 2A), is
followed by network (N)
formation and macro-
scopic phase separation
at wPEO! 0.34 (Fig. 2, B
and C). Only the classic
structures (B, C, and S)
were found atNPB! 46,
indicating a fundamen-
tal structural transition from classic two-component (surfactant/water) to three-component (surfactant/oil/
water) phase behavior above a critical diblock copolymer molecular mass. Speculated (dashed lines) and
established (solid lines)morphological boundaries do not reflect precise transition conditions. Open and filled
symbols refer to previous (11) and current experimental results, respectively. Bars (A to C), 100 nm.

R E P O R T S

www.sciencemag.org SCIENCE VOL 300 18 APRIL 2003 461

 o
n

 F
e

b
ru

a
ry

 2
, 

2
0

1
0

 
w

w
w

.s
c
ie

n
c
e

m
a

g
.o

rg
D

o
w

n
lo

a
d

e
d

 f
ro

m
 

(Left) Bifurcation diagram for Polyethylene oxide (PEO) - Polybutadiene (PB) am-
phiphilic morphology as function of PEO weight fraction (horizontal axis) for fixed
molecular weights of PB fixed at NPB = 45 and 170 (vertical axis). (Right) The
shorter diblock shows the same codimensional bifurcation structure as Dicher and
Eisenberg’s change-of-solvent study. [Jain and Bates 2003].
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Jain and Bates: Morphological Complexity

and stirred at room temperature for minimum of 2 weeks. Most
polymers dispersed in water in a few hours except the ones
with high hydrophobic content, which took several days. In
all cases described here the solutions appeared homogeneous
to the naked eye although they were characterized by varying
degrees of opacity.

Vitreous samples for morphological studies were prepared
in a custom-built special chamber referred to as the controlled-
environment vitrification system (CEVS).34 To prevent any loss
of water from sample solution, the CEVS chamber was
humidified to saturation at 25 ( 0.2 °C. Vitreous samples were
prepared by pipeting a drop (∼5 µL) of polymeric solution onto
a cryo-TEM grid, held by tweezers. Excess solution was blotted
by a piece of filter paper, resulting in the formation of thin
film about 100-300 nm thick held by capillary forces within
the holes of a lacey carbon film supported on the metal grid.
After blotting, the samples were allowed to equilibrate for a
minimum of 30 s to relax any residual stresses. The samples
were then quickly plunged into a reservoir of liquid ethane
cooled by liquid nitrogen. Vitrified specimens were mounted
on a cryogenic sample holder (Gatan 626) and examined with
a JEOL 1210 TEM operated at 120 kV. A minimal dose system
was employed to avoid sample damage by radiolysis.35 Ad-
equate phase contrast was obtained at a nominal underfocus
of 3-12 µm. Images were recorded on a Gatan 724 multiscan
digital camera and processed with DigitalMicrographs version
3.3.1. The ramp-shaped optical density gradients in the
background due to varying sample thickness were digitally
corrected. Diffraction grating replicas (Ted-Pella) containing
2160 lines/mm were used to calibrate the microscope.

Blend Mixing Protocols. Sample solutions for analysis
using cryo-TEM were prepared in two different wayssmixing
dry bulk copolymers before dissolution (premixing) and after
dissolution (postmixing) in water (Figure 1). For premixed
samples, calculated amounts of diblock copolymers were
homogeneously dissolved in methylene chloride, dried, and
annealed in a vacuum oven at 45 °C for about 12 h. The dried
mixture was then dissolved in deionized, double-distilled water
to form a 1 wt % solution. The postmixed samples were

prepared by pouring together predetermined amounts of two
diblock copolymer solutions and stirring the resulting mixture
for a few days. A summary of the binary blends investigated
is provided in Table 2.

Results

Overview. A well-defined pattern of dispersed mor-
phologies was identified for the OB diblock copolymers
in aqueous solution using cryo-TEM. These results are
summarized in Figure 2. For series I (NPB ) 46),
micellar morphologies similar to those reported for
conventional surfactants were identified. As the hydro-
philic content (wPEO) increased, a familiar sequence of
structural elements was documented beginning with
bilayers (B) (in the form of vesicles), then cylinders (C),
and then spheres (S) separated by composition windows
containing mixed morphologies, B + C and C + S. These
results are in agreement with earlier reports.36,37 Such

Figure 1. Schematic illustrating the two mixing protocols:
premixing and postmixing. For premixing, block copolymer 1
(BCP1) and block copolymer 2 (BCP2) are dissolved in meth-
ylene chloride, a good solvent, followed by drying and anneal-
ing of the blend at 45 °C (step b). The dried mixture is then
hydrated with water (1 wt %) (step a), and the morphologies
are analyzed using cryo-TEM. For postmixed blends, block
copolymers (BCP1 and BCP2) are first individually dissolved
in water (1 wt %) (step a), and then predetermined amounts
of block copolymer solutions are mixed (step c), followed by
analysis using cryo-TEM. Given infinite time the postmixed
solution should equilibrate to the same thermodynamic state
as the premixed sample.

Table 2. Molar Mixing Ratios for Block Copolymer Pairs

cate-
gory BCP 1a BCP 2b x1

c 〈NPB〉d 〈wPEO〉e PDIPB
f PDIPEO

g

A OB9-4 OB9-12 0.50 170 0.58 1.00 1.39
A OB9-4 OB9-12 0.67 170 0.52 1.00 1.56
A OB9-4 OB9-12 0.87 170 0.43 1.00 1.61
A OB9-4 OB9-5 0.50 170 0.43 1.00 1.09
B OB9-4 OB1-5 0.50 108.5 0.38 1.32 1.20
B OB9-4 OB1-3 0.50 108.5 0.39 1.32 1.10
B OB9-4 OB1-4 0.50 108.5 0.45 1.32 1.00
B OB9-1 OB1-3 0.50 108.5 0.44 1.32 1.20
B OB9-1 OB1-5 0.50 108.5 0.42 1.32 1.32
C OB9-1 OB9-6 0.50 170 0.34 1.00 1.15
C OB9-11 OB9-15 0.50 170 0.34 1.00 1.04
C OB9-1 OB9-6 0.67 170 0.37 1.00 1.10

a Block copolymer 1 in the blend. b Block copolymer 2 in the
blend. c Mole fraction of block copolymer 1 in the blend. d Average
number of butadiene repeat units in each polymer in the blend.
e Average weight fraction of PEO chains in the blend. f Polydis-
persity in PB block lengths in the blend assuming the starting
copolymers have monodisperse PB blocks. g Polydispersity in PEO
block lengths in the blend assuming the starting copolymers have
monodisperse PEO blocks.

Figure 2. Morphology diagram correlating aggregate struc-
ture of PB-PEO micelles in water as a function of the
molecular composition. NPB is the degree of polymerization of
the PB block, and wPEO is the weight fraction of PEO in the
copolymer. The aggregate morphologies were determined using
cryo-TEM. The four main geometries are bilayered vesicles (B),
network (N), cylinders (C), and spheres (S). Regions of coexist-
ent morphologies are documented for compositions between
the B, N, C, and S morphologies. CY represents cylinders with
occasional Y-junctions. The morphological boundaries do not
denote exact transition conditions. Open and filled symbols
indicate previous36 and current experimental results, respec-
tively.
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examples throughout this paper and elsewhere;39 how-
ever, none are as conspicuous as those depicted in this
blend. These beadlike deformations occur with a char-
acteristic periodicity, which appears to be damped in
the long central portions of the cylinders. Short cylinders
with one and two beads can be seen in Figure 8A (short
and long arrow, respectively). Cylinders with one, two,
and three undulations are marked in Figure 8A. Figure
8B show branched portions of a cylindrical micelle with
quantized undulations apparently dictating the arm

lengths. Multiple undulating branches in Figure 8C
highlight the localization of such features near the
junctions and ends. These aggregates are stable, as
heating the sample to 50 °C for a few days did not
produce any noticeable change in the assembled mor-
phologies. A comparison of OB9-1/OB1-3 shown in
Figure 4B and OB9-1/OB1-5 presented in Figure 8
shows a transition from mainly spherical micelles to
mainly cylindrical micelles over a very narrow composi-
tion range.
Blends around wPEO*. Recently, we discovered

network formation in aqueous dispersions of OB9-4
(wPEO ) 0.34 and NPB ) 170) (see Figure 9A). As a part
of the present study, we attempted to mimic this
network structure by blending OB9 diblock copolymers
with greater (wPEO > 0.34) and lesser (wPEO < 0.34)
compositions. For example, we blended equimolar mix-
tures of OB9-1 and OB9-6, resulting in an average
composition of 〈wPEO ) 0.34〉, identical to OB9-4. To our
surprise this premixed blend self-assembles into a
potpourri of delicate looking objects with bilayer, cylin-
drical, and complex junction structural elements, fre-
quently mixed within individual moieties. These un-
usual structures are evident in all the cryo-TEM images
taken from this mixture; Figure 9C displays many of
the prevalent features. Perhaps the most striking is the
octopus (or jelly fish)-like micelles, which are composed
of a flat bilayer with protruding cylindrical micelles
along the edges. These octopus-like entities are common,
although they occur with a variable number of cylindri-
cal arms. Several examples are shown in Figure 10
containing 4, 5, 6, 7, 8, 9, 10, and 14 arms attached to
the flat central portion. In all these octopus-like ag-
gregates the cylindrical arms are symmetrically dis-
tributed along the circumference of the central flat
bilayer as is evident in Figures 9C and 10. Occasionally,
these objects appear to be folded on a side with the
cylindrical arms protruding from a hemispherical bi-
layer cap. Obviously, the confinement created by the

Figure 8. Cryo-TEM images from mixture OB9-1/OB1-5
depicting undulations and distended spherical end caps on
wormlike cylindrical micelles. Short cylinders with an undula-
tion (short arrow) and two undulations (long arrow) and
cylinder ends with one, two, and three beads are marked
correspondingly in (A). Panels B and C show branching with
quantized undulations fixing the segment length between
junctions. Two types of hyperbolic (saddle) surfaces character-
ize these morphologies (see Figure 13).

Figure 9. Cryo-TEM micrographs from three dispersions with identical compositions, 〈wPEO ) 0.34〉; the molecular weight
distribution broadens from A to B to C. (A) A network fragment from OB9-4, a single component dispersion. This picture is
reproduced from ref 7. (B) Blend OB9-11/OB9-15. A bimodal distribution of component compositions (wPEO ) 0.39 and 0.30) breaks
the network. (C) A broader distribtion (wPEO ) 0.24 and 0.42, OB9-6/OB9-1) produces a variety of morphologies including vesicles,
wormlike micelles, and a new type of hybrid particle referred to as an octopus. Two of these objects, comprised of cylindrical arms
radiating from a single bilayer, are evident in this image, one with 11 and one with 4 arms.
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network material spanning the vitrified film,
which screens individual features. Neverthe-
less, the edges of the object captured in Fig.
2B reveal the same general structural ele-
ments evident in the smaller fragment pre-
sented in Fig. 2C. Decreasing the size of the
PEO block (i.e., from wPEO ! 0.42 to 0.39 to
0.34) increases the population of Y-junctions
to the point of network formation and phase
separation. We emphasize that a systematic
search of NPB ! 46 diblock copolymer solu-
tions between the B and C states (Fig. 1)
failed to uncover such phase behavior (18).

Increasing diblock copolymer molecular
weight has another notable consequence. The
equilibrium solubility in water drops expo-
nentially with the degree of polymerization,
resulting in extremely slow exchange dynam-
ics between individual micelles (19). Hence,
fragmentation of the network phase by stir-
ring or sonication produces a nonergodic dis-
persion of particles. Until buoyancy forces
compact and fuse these particles (smaller par-

ticles should survive longer under the action
of thermal motion), each is subject to a lo-
calized free-energy optimization.

We have exploited this property to pro-
duce small, isolated micelles in the 1 wt%
wPEO ! 0.34 aqueous solution by agitation.
Representative cryo-TEM images taken
from numerous examples are illustrated in
Fig. 3. These images tell us much about
the self-assembly characteristics of this
PB-PEO diblock copolymer. All of these
complex micelles (along with the network
fragments shown in Fig. 2, B and C) are
constructed from only three elements: Y-
junctions, spherical end caps, and cylindri-
cal loops. (One of the most distinguishable
differences between the wPEO ! 0.34 and
0.39 dispersions is the nearly complete lack
of linear cylinders in the former.) Y-junc-
tions can be found with three spherical caps
(Fig. 3A), two caps (Fig. 3, D, E, and H),
one cap (Fig. 3, B to D, F to H, J to L, and
N), and no caps (Fig. 3, I and M). With just

three exceptions (Fig. 3, F, K, and L), the
objects appear to be planar. (To some ex-
tent the planar appearance may be driven
by confinement within a thin-film geome-
try.) Y-junctions exhibit a tendency to pair,
and to coalesce into periodic arrays. This
tendency is evident in micelles containing
as few as 2 (Fig. 3, C and D) and as many
as 23 (Fig. 3N) junctions.

A striking feature shared by all the mi-
celles presented in Fig. 3 is a high degree of
(mirror) symmetry, with the most compel-
ling examples found in panels (A) to (D),
(I), and (M). We believe that this symmetry
reflects a tendency to balance the internal
free-energy through the redistribution of
diblock copolymer molecules within the
particle after micelle formation by frag-
mentation (or fusion) (20). Because the
local movement of PB-PEO molecules is
unhindered (the glass transition for the un-
entangled PB blocks is about –12°C) (21),
certain rearrangements of the tubular struc-
ture are feasible subject to the well-estab-
lished rules governing microphase separa-
tion of monodisperse block copolymers
(22). Optimization of the particle free- energy
will pit the overall surface tension (propor-
tional to the micelle surface area) against
chain stretching inside (PB) and outside
(PEO) the tubular structure (23). The unifor-
mity in core diameters (34 nm on the basis of
the cryo-TEM images) found within each
micelle and across all micelles is evidence
that these rules are operative. Accounting for
the recorded shapes and topologies should
prove a challenge to self-consistent field the-
orists working with block copolymers. Even
if we ignore “isomerizations” involving topo-
logical transitions (i.e., breaking or collaps-
ing loops) (24 ), Y-junctions can be created
by sprouting a spherical cap on a cylindrical
section with the required polymer drawn
from loop sections. The prevalence of spher-
ically capped Y-junctions in Fig. 2, B and C,

Fig. 2. Cryo-TEM images obtained from 1 wt% aqueous solutions of (A) wPEO ! 0.39 and (B and
C) wPEO! 0.34 PB-PEO diblock copolymers. The single-phase solution denoted CY in Fig. 1 (wPEO!
0.39) contains a dispersion of micelles constructed from linear and looped cylindrical segments,
Y-junctions, and spherical caps. Macroscopic phase separation at wPEO ! 0.34 is manifested in
large, dense network particles (B) containing a preponderance of loops and Y-junctions. A smaller
network fragment (C) provides a more detailed glimpse of the morphology associated with the
network phase. Bars (A to C), 200 nm.

Fig. 3. (A to N) Representa-
tive cryo-TEM images of net-
work phase fragments ob-
tained after agitating the
wPEO ! 0.34 solution. These
micelles are constructed from
three structural units: Y-junc-
tions, spherical caps, and cy-
lindrical loops. The high de-
gree of mirror symmetry is
speculated to derive from a
tendency to balance the local
free-energy through transport
of diblock copolymer mole-
cules within the reticulated
tubular structures.
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examples throughout this paper and elsewhere;39 how-
ever, none are as conspicuous as those depicted in this
blend. These beadlike deformations occur with a char-
acteristic periodicity, which appears to be damped in
the long central portions of the cylinders. Short cylinders
with one and two beads can be seen in Figure 8A (short
and long arrow, respectively). Cylinders with one, two,
and three undulations are marked in Figure 8A. Figure
8B show branched portions of a cylindrical micelle with
quantized undulations apparently dictating the arm

lengths. Multiple undulating branches in Figure 8C
highlight the localization of such features near the
junctions and ends. These aggregates are stable, as
heating the sample to 50 °C for a few days did not
produce any noticeable change in the assembled mor-
phologies. A comparison of OB9-1/OB1-3 shown in
Figure 4B and OB9-1/OB1-5 presented in Figure 8
shows a transition from mainly spherical micelles to
mainly cylindrical micelles over a very narrow composi-
tion range.
Blends around wPEO*. Recently, we discovered

network formation in aqueous dispersions of OB9-4
(wPEO ) 0.34 and NPB ) 170) (see Figure 9A). As a part
of the present study, we attempted to mimic this
network structure by blending OB9 diblock copolymers
with greater (wPEO > 0.34) and lesser (wPEO < 0.34)
compositions. For example, we blended equimolar mix-
tures of OB9-1 and OB9-6, resulting in an average
composition of 〈wPEO ) 0.34〉, identical to OB9-4. To our
surprise this premixed blend self-assembles into a
potpourri of delicate looking objects with bilayer, cylin-
drical, and complex junction structural elements, fre-
quently mixed within individual moieties. These un-
usual structures are evident in all the cryo-TEM images
taken from this mixture; Figure 9C displays many of
the prevalent features. Perhaps the most striking is the
octopus (or jelly fish)-like micelles, which are composed
of a flat bilayer with protruding cylindrical micelles
along the edges. These octopus-like entities are common,
although they occur with a variable number of cylindri-
cal arms. Several examples are shown in Figure 10
containing 4, 5, 6, 7, 8, 9, 10, and 14 arms attached to
the flat central portion. In all these octopus-like ag-
gregates the cylindrical arms are symmetrically dis-
tributed along the circumference of the central flat
bilayer as is evident in Figures 9C and 10. Occasionally,
these objects appear to be folded on a side with the
cylindrical arms protruding from a hemispherical bi-
layer cap. Obviously, the confinement created by the

Figure 8. Cryo-TEM images from mixture OB9-1/OB1-5
depicting undulations and distended spherical end caps on
wormlike cylindrical micelles. Short cylinders with an undula-
tion (short arrow) and two undulations (long arrow) and
cylinder ends with one, two, and three beads are marked
correspondingly in (A). Panels B and C show branching with
quantized undulations fixing the segment length between
junctions. Two types of hyperbolic (saddle) surfaces character-
ize these morphologies (see Figure 13).

Figure 9. Cryo-TEM micrographs from three dispersions with identical compositions, 〈wPEO ) 0.34〉; the molecular weight
distribution broadens from A to B to C. (A) A network fragment from OB9-4, a single component dispersion. This picture is
reproduced from ref 7. (B) Blend OB9-11/OB9-15. A bimodal distribution of component compositions (wPEO ) 0.39 and 0.30) breaks
the network. (C) A broader distribtion (wPEO ) 0.24 and 0.42, OB9-6/OB9-1) produces a variety of morphologies including vesicles,
wormlike micelles, and a new type of hybrid particle referred to as an octopus. Two of these objects, comprised of cylindrical arms
radiating from a single bilayer, are evident in this image, one with 11 and one with 4 arms.
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The core dimensions of these micelles are identical to
those determined for the neat copolymer solutions (not
shown for brevity). However, premixed solutions of OB9-
4/OB9-12 self-assemble into long cylindrical micelles
with frequently placed Y-junctions along with a few
spherical micelles, an intermediate morphology that is
roughly consistent with the single-component behavior
at a comparable average composition 〈wPEO〉 ) 0.52 (see

Figure 2). Also, a cylinder diameter of about 34 nm is
virtually identical to the monomodal value, which is
consistent with the fact that these two diblock copoly-
mers share a common parent core block.

These results illustrate three important blending
variables: the method of blending, the average core
molecular weight of the blend, and the average composi-
tion of the blend. In the following section, we restrict
our attention to premixed blends in assessing the
morphology diagram in greater detail. These results are
presented in two groups: mixtures near the network
condition (wPEO*) and those not near wPEO*.

Blends outside wPEO*. In Figure 6 we present cryo-
TEM micrographs obtained from three premixed blends
of OB9-4/OB9-12 at different mixing ratios. Neat dis-
persions of OB9-4 and OB9-12 form network7 and
spherical micelles, respectively. An equimolar mixture
of these diblock copolymers self-assembles into short
cylindrical micelles that coexist with spherical micelles
(Figure 6A), qualitatively mimicking the intermediate
morphology identified in Figure 2 between the constitu-
ent diblock copolymers. Increasing the OB9-4 content
(2:1, Figure 6B) results in a decrease in the fraction of
material that forms spherical micelles and the develop-

Figure 4. Cryo-TEM images obtained from postmixed (A) and
premixed (B) samples of the OB9-1/OB1-3 blend. This com-
parison illustrates the nonergodic nature of polymeric micelles
formed from diblock copolymers with different molecular
weights. The small and large micelles in (A) failed to mix after
several months.

Table 3. Micellar Dimensions of Various Morphologies

morphology Mn
core (g/mol)a d (nm)b

spheres 2500 ( 40 18.4 ( 2.6
9200 ( 200 46.3 ( 7.0
5850 ( 204 38.8 ( 10.2

cylinders 2500 ( 40 14.3 ( 1.6
9200 ( 200 34.2 ( 2.0
5850 ( 204 25.4 ( 3.3

bilayers 2500 ( 40 8.7 ( 1.2
9200 ( 200 21.4 ( 1.9
5850 ( 204 15.8 ( 2.8

a Error in core molecular weight is obtained from gel permeation
chromatography (equipped with light scattering device) analysis.
b Micellar dimension, d, for sphere and cylinder is the diameter
and for bilayer is the wall thickness.

Figure 5. Cryo-TEM images from postmixed (A) and pre-
mixed (B) samples of OB9-4/OB9-12 (2:1) blend illustrating
nonergodicity of polymeric micelles with identical core molec-
ular weight polymers.
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examples throughout this paper and elsewhere;39 how-
ever, none are as conspicuous as those depicted in this
blend. These beadlike deformations occur with a char-
acteristic periodicity, which appears to be damped in
the long central portions of the cylinders. Short cylinders
with one and two beads can be seen in Figure 8A (short
and long arrow, respectively). Cylinders with one, two,
and three undulations are marked in Figure 8A. Figure
8B show branched portions of a cylindrical micelle with
quantized undulations apparently dictating the arm

lengths. Multiple undulating branches in Figure 8C
highlight the localization of such features near the
junctions and ends. These aggregates are stable, as
heating the sample to 50 °C for a few days did not
produce any noticeable change in the assembled mor-
phologies. A comparison of OB9-1/OB1-3 shown in
Figure 4B and OB9-1/OB1-5 presented in Figure 8
shows a transition from mainly spherical micelles to
mainly cylindrical micelles over a very narrow composi-
tion range.
Blends around wPEO*. Recently, we discovered

network formation in aqueous dispersions of OB9-4
(wPEO ) 0.34 and NPB ) 170) (see Figure 9A). As a part
of the present study, we attempted to mimic this
network structure by blending OB9 diblock copolymers
with greater (wPEO > 0.34) and lesser (wPEO < 0.34)
compositions. For example, we blended equimolar mix-
tures of OB9-1 and OB9-6, resulting in an average
composition of 〈wPEO ) 0.34〉, identical to OB9-4. To our
surprise this premixed blend self-assembles into a
potpourri of delicate looking objects with bilayer, cylin-
drical, and complex junction structural elements, fre-
quently mixed within individual moieties. These un-
usual structures are evident in all the cryo-TEM images
taken from this mixture; Figure 9C displays many of
the prevalent features. Perhaps the most striking is the
octopus (or jelly fish)-like micelles, which are composed
of a flat bilayer with protruding cylindrical micelles
along the edges. These octopus-like entities are common,
although they occur with a variable number of cylindri-
cal arms. Several examples are shown in Figure 10
containing 4, 5, 6, 7, 8, 9, 10, and 14 arms attached to
the flat central portion. In all these octopus-like ag-
gregates the cylindrical arms are symmetrically dis-
tributed along the circumference of the central flat
bilayer as is evident in Figures 9C and 10. Occasionally,
these objects appear to be folded on a side with the
cylindrical arms protruding from a hemispherical bi-
layer cap. Obviously, the confinement created by the

Figure 8. Cryo-TEM images from mixture OB9-1/OB1-5
depicting undulations and distended spherical end caps on
wormlike cylindrical micelles. Short cylinders with an undula-
tion (short arrow) and two undulations (long arrow) and
cylinder ends with one, two, and three beads are marked
correspondingly in (A). Panels B and C show branching with
quantized undulations fixing the segment length between
junctions. Two types of hyperbolic (saddle) surfaces character-
ize these morphologies (see Figure 13).

Figure 9. Cryo-TEM micrographs from three dispersions with identical compositions, 〈wPEO ) 0.34〉; the molecular weight
distribution broadens from A to B to C. (A) A network fragment from OB9-4, a single component dispersion. This picture is
reproduced from ref 7. (B) Blend OB9-11/OB9-15. A bimodal distribution of component compositions (wPEO ) 0.39 and 0.30) breaks
the network. (C) A broader distribtion (wPEO ) 0.24 and 0.42, OB9-6/OB9-1) produces a variety of morphologies including vesicles,
wormlike micelles, and a new type of hybrid particle referred to as an octopus. Two of these objects, comprised of cylindrical arms
radiating from a single bilayer, are evident in this image, one with 11 and one with 4 arms.
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Longer PEO-PB diblock displays morphological complexity: pearled cylinders,
networks, Y -junctions. Jain and Bates Macromolecules (2004).
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Single Liquid: Amphiphilic Free energies
u volume fraction of amphiphile (lipid).

For amphiphilic mixtures: Tuebner & Strey (1987) Gompper & Schick (1990)

F(u) :=

∫
Ω

ε4

2
|∆u|2 − ε2G1(u)∆u+G2(u) dx,

any self-respecting Mathematician will complete the square

F(u) :=

∫
Ω

1

2

(
ε2∆u−

W ′(u)︷ ︸︸ ︷
G1(u)

)2

−

P (u)︷ ︸︸ ︷
1

2
G2

1 −G2(u) dx.

When P � 1, then the energy is very degenerate, very special.

F(u) = ε−3

∫
Ω

1

2

(
ε2∆u−W ′(u)

)2 − δ · P (u) dx.

P tunes the tail packing-entropy and the solvent-head group electrostatics.
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Functionalized Cahn-Hilliard Energy

u− b− > 0 density of amphiphile. A distinguished limit δ = εp:

FCH(u) = ε−3

∫
Ω

1

2

(
ε2∆u−W ′(u)

)2 − εp
(ε2η1

2
|∇u|2 + η2W (u)

)
dx.

p = 1 Strong Functionalization
p = 2 Weak Functionalization

Parameters: η1 > 0 hydrophilic-solvent interaction, “solvent quality”
η2 ∈ R aspect ratio and confinement of minority species

Well Parameters: tiltW (b−)−W (b+), absorption rateW ′′(b−) > 0,
and lipid stiffnessW ′(m0).

Strong Tilt

for the self-assembly of an amphiphilic m-ABC miktoarm
copolymer.[35]

For a summary of the polymer chemical identities and
abbreviations used herein, please refer to Table 1 and
Figure 3.

Block Copolymer Vesicles

Just over a decade ago, Eisenberg and co-workers
reported[36] the first observations of polymer vesicles
from the self-assembly of polystyrene–poly(acrylic acid)
(PS-PAA) block copolymers. At first it was speculated that
polymer vesicles were non-equilibrium structures because
of the glassy nature of the PS membrane, but their
thermodynamic stability was subsequently estab-
lished.[37–40] Further work confirmed that vesicular

morphologies are not dictated by the
kinetically frozen glassy nature of the
hydrophobic block, since vesicles could
be formed with low glass transition
temperature (Tg) hydrophobes such as
PBD[41,42] and poly(propylene oxide)
(PPO).[43] Since these initial reports, there
have been hundreds of papers that
describe the formation of polymer vesi-
cles and a number of excellent
reviews.[44–48] The remainder of this
review will focus on recent advances
and applications of block copolymer
vesicles.

Perhaps not surprisingly, block copo-
lymer vesicles (a.k.a. ‘polymersomes’)
exhibit superior mechanical and physi-
cal properties compared to lipid-based
vesicles (a.k.a. liposomes). The robust
nature of polymeric vesicles was estab-
lished in early studies, with microma-
nipulation verifying a ten-fold increase
in critical areal strain before rupture
compared to lipid vesicles.[42,49,50]

Higher copolymer molecular weights
led to an increase in membrane thick-
ness, which in turn led to vesicles with
greater bending rigidities, kc.

[49,50] Per-
haps surprisingly, the membrane elasti-
city (Ka) of polymeric vesicles has been
proven to be relatively independent of
molecularweight, with similar Ka values
being observed as those reported for
phospholipid vesicles. This elasticity is
dominated by the chemical nature of the
membrane–solvent interface and hence
is related to the surface tension, g .[49]

Experimental studies of polymeric membrane structures
have shed some light on their enhanced mechanical
properties. Above the bulk entanglement molecular
weight, copolymer chains within membranes undergo
diffusion through reptation (which involves chain entan-
glement and release) as opposed to Rouse diffusion (i.e.,
lateral diffusion that is only inhibited by inter-chain
friction).[51] This interdigitation and chain entanglement
within membranes (Figure 4) was confirmed for PEO-PBO
diblock copolymer vesicles[52] and explains both their
robustness and increased bending rigidity. Compared to
lipid analogues, the membrane permeability is also
enhanced and this parameter depends on both molecular
weight (hence wall thickness) and the relative polarity of
the hydrophobic membrane. Both highly permeable and
virtually impermeable membranes can be designed.[42,53–56]

External constraints can also be exploited to tune

Self-Assembled Block Copolymer Aggregates: From Micelles to . . .

Figure 1. Various self-assembled structures formed by amphiphilic block copolymers in a
block-selective solvent. The type of structure formed is due to the inherent curvature of
the molecule, which can be estimated through calculation of its dimensionless packing
parameter, p.

Figure 2. Transmission electron micrographs of: a) ‘hamburger’ micelles,[12] b) helical
micelles,[23] c) bilayer tubules,[29] and d) mixtures of polymer vesicles and ‘octopi’
structures.[18] (Reproduced with permission from ref.[12,18,23,29] ! 2006 American Chemi-
cal, 2008 Royal Society of Chemistry and 1998, 2004 American Chemical Society
respectively)

Macromol. Rapid Commun. 2009, 30, 267–277

! 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mrc-journal.de 269
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Bilayers: Co-Dimension One
Goal:

Min
∫

Ω

(ε2∆u−W ′(u))2 dx.

Near a codim one interface Γ ⊂ Rn, the Laplacian becomes
ε2∆ = ∂2

z + εH∂z + ε2∆s

whereH is the mean curvature of interface and ∆s is Laplace Beltrami.

Look for u = φ(z):

Min
∫
R
(∂2

zφ−W
′(φ) + εH∂zφ)2.

At leading order, the minimizer should solve the Lagrangian equation(
∂2
z −W

′′(φ)
) (
∂2
zφ−W

′(φ)
)

= Λ + O(ε),

subject to φ→ b = b− + εb1 as z → ±∞.
Solve for Λ

Λ = ε[W ′′(b−)]2b1,

Reformulate. H: Melnikov parameter; b1: shape perturbation,

∂2
zφ−W

′(φ) = ε
(
H ∂zφ + b1 [W ′′(b−)]2(∂2

z −W
′′(φ))−11

)
.
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Spectrum of the Bilayer Dressing
For strong functionalization the bilayer dressing of hypersurface Γ:

ub(x) := φb(z) + εb1(1 + φ1,loc(z)) + O(ε2)

⌦�

⌦+

⌦�

⌦+

Figure 1.6: Single-layer (left) and Bilayer (right) dressings of the same co-dimension one interface � (solid
black line). The dressing function is a one-D solution of the CH Euler-Lagrange equation. For the single-
layer solution � separates regions u = b− from u = b+, while the bilayer solution corresponds to u = b− on
either side of the bilayer, with a brief excursion u > b− near �.

of homoclinic orbits.

We define the leading-order structure of the bilayer critical point, ub = ub(x;�b) via the two-term expansion,

ub(x) ∶= Ub(z(x)) + "ub,1, (1.26)

where Ub is the bilayer dressing of �b within the reach �b,`, equal to a constant value on ⌦��b,3` and smoothly

extended to match in the intermediate region, see Figure 1.6 (right). To define the correction term ub,1 we

first introduce the Sturm-Liouville operator Lb,0

Lb,0 ∶= @2
z −W ′′(Ub), (1.27)

which is the linearization of (1.25) about Ub. Evaluating equations (1.18) at ub and projecting the right-hand

side onto the range of Lb,0 yields

Lb,0ub,1 = v, (1.28)

Lb,0v = −⌘1U ′′b + ⌘2W ′(Ub) + �̂. (1.29)

On the reach, �b,`, the correction ub,1 is chosen to simplify the residual of equation (1.18) when evaluated

at ub, is defined as

ub,1 ∶= L−2b,0 �−⌘1U ′′b + ⌘2W ′(Ub) + �̂� . (1.30)

Remark 1.1. The inverse operator L−1b,0 is naturally defined L2(R)→H2(R), by abuse of notation we apply

it to functions on [−`�", `�"] which have a natural extension to R by applying it to the extension, and then

restricting the result.

13

Stability of bilayers is determined by the eigenvalues of the second variation

L :=
δ2F
δu2

(ub) = (∂2
z −W

′′(φb) + ε2∆s)
2 + O(ε),

whose eigenfunctions separate toO(ε),

Ψj,n = ψj(z)Θn(s) + O(ε).
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Functionalization = Multiple Quadratic curves of Eigenvalues

1D− inner Rn Functionalized

L0 = −∂2
z +W ′′(φb) 7→ L = L0 − ε2∆s 7→ L = L2 + O(ε)

Nonlinear Stability of Bi-layers 11

L0[s] := �@2
z + q0(z) A := �"2� + q(x) ⇠ L0 � "2�s L := A2 + "q̃(x) ⇠ (L0 � "2�s)

2
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Figure 1. Caricature of spectrum verses the in-plane wave number k for the 1D
operator, L0, its extension, A�, to H2(Rd), and the linearization, L�, about a bilayer
dressed interface, �, for a well with unequal-depth minima. Eigenvalues ⇤j,k denote
the spectra of L� associated to the k-th 1D eigenvalue �k and the j-th Laplace-
Beltrami eigenvalue. The spectrum of A� which is O(") (blue boxes of center frame)
are mapped onto the smallest eigenvalues of L� ⇠ A2 + O("), (blue boxes of right
frame). The center-unstable spectrum of L� drives the geometric dynamics (near
j = 0) and modulational or pearling instabilities (for |j| 2 [m0, M0]) of bilayer inter-
faces.{LinSpec}

h⇧̃U⇧0Lw, A2wi � 1

2
kA2wk2

L2(⌦). (4.6){coercAW3}

Proof. By Theorem 2.5 in [1], there exist U, ⇢ > 0 such that for all w 2 Z?
U \ H4

n(⌦)

||A2w||L2(⌦) � ⇢U ||Aw||L2(⌦). (4.7)

The L2 coercivity in (4.5) is now a consequence of inequality

||Aw||L2(⌦) � ⇢U ||w||L2(⌦), (4.8)

also proved in [1]. Since Aw = �"2�w + W 00(�)w, the H2 coercivity follows from standard elliptic
estimates and the L2 coercivity above. Finally L = A2 + "q̃ and the estimates on the invariance of L
with respect to ZU (see (5.14), [?]) imply,

h⇧̃U⇧0Lw, A2wiL2(⌦) = hA2w, A2wiL2(⌦) + "hq̃w, A2wiL2(⌦) + (⇧̃U (⇧0 � 1)Lw, A2w)L2(⌦)

� hA2w, A2wiL2(⌦) � "||q̃||L1(⌦)||w||L2(⌦)||A2w||L2(⌦) � "||w||L2(⌦)||A2w||L2(⌦)

� ||A2w||2L2(⌦) � "
||q̃||L1(⌦)

⇢2U2
||A2w||2L2(⌦) � "

1

⇢2U2
||A2w||2L2(⌦)

and (4.6) follows for " su�ciently small. ⇤
We will also need the following proposition that establishes estimates on nonlinear term N(w) :=

F (� + w) � F (�) � Lw.
{NonLinEstProp}

Proposition 4.3. Fix � 2 Gs
K and the corresponding operator A. Then if w 2 Z?

U

||N(w)||L2(⌦)  C(K) "�2||Aw||2L2(⌦). (4.9) {NonLinEst}
In addition,

||N(Q)||L2(⌦)  C(K)"�1/2|q|21, (4.10) {NonLinEstQ}

Characterize onset of Pearling: Existence of Pearled morphologies
P. and G. Hayrapetyan, ZAMP (2015)
Doelman, P., Wetton, Wu, SIMA (2015) P. and Q. Wu, JDE (2015)
Kraitzman, P. SIMA (2018).

13



Pearling Stability for Strong Functionalization

To talk to chemists, replace back-ground perturbation b1 with perturbation of
far-field chemical potential

µ1 :=
b1

W ′′(b−)2
.

Theorem: (Kraitzman, K.P.) [SIMA 2018] A dressing of an admissible bilayer
is pearling stable iff

µ1Sb + (η1 − η2)λb,0 < 0,

and a dressing of an admissible filament is pearling stable iff

µ1Sf + (η1 − η2)
(
‖ψ′f,0‖

2 + λf,0

)
< 0.
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Morphological Competition and Complexity
Consider theH−1 gradient flow of the free energy

ut = ∆
δF
δu

(u) = ∆µ(u),

subject to periodic boundary conditions. On a t = O(ε−1) timescale, well sepa-
rated bilayers and filaments in R3 evolve according to ε-scaled normal velocities

VN,b = νb(µ1 − µb)H + εkb∆sH,

~VN,f = νf(µ1 − µf)~κ+ εkf∂
2
s~κ,

The sign of µ1−µb determines if flow is curve shortening (negative) or regular-
ized curve lengthening or “Meander” flow (positive).
In R2, bilayer normal velocity is equivalent to the flow of the 2nd fundamental form

Ht = −
(
∂2
s +H2

) (
νb(µ1 − µb)H + εkb∂

2
sH
)
.

The far-field chemical potential evolves to preserve total mass of amphiphile

dµ1

dt
= −

[W ′′(b−)]2

|Ω|

(
ε

∫
Γb

VN,bHdS + ε22π

∫
Γf

~Vn,f · ~κ ds
)
.
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ER and Graphical Networks

driving force for ER reticulated network arises in the motion of attachment points either due to
motor proteins or to polymerization of microtubules and their corresponding extension, (Fig. 4),
[66, 67, 69, 73, 79, 84, 111]. Motor proteins, such as myosin, bind endcaps of ER filaments to
microtubule fibers and drag them towards the positive end. The resulting motion, including the
rapid growth of an endcap-tipped filament, and its possible subsequent merging with an adjacent
filament arm, is termed ‘remodeling’ within the ER. Interactions of the ER tubular network with
motor proteins can be incorporated via time-dependent translation of a local elevation in ⌘1:

⌘1(x, t) = ⌘10 + ⌘be
�|x�x0(t)|2/r2

b , (5)

where ⌘10 is the background value of ⌘, the increment, ⌘b, reflects the binding strength, x0(t) is the
location of the binding point at time t, and rb is the radius of gyration of the binding proteins.

The rapid motion of myosins, as high as 7 microns/second [111], can lead to significant en-
trainment of cytosolic fluid. We incorporate convective fluid flow, coupling the phase field to the
divergence free velocity field u, governed by a Stokes flow, through the FCH-Stokes (FCH-S) model:

�t + r · (�u) = r · (M(�)rµ) , ut � ��u + rp = ���rµ, (6)

where p is a pressure, u is the velocity field of the cytosolic fluid, which has viscosity � > 0, and
� > 0 is a coupling parameter, usually related to a surface tension. The overall flow dissipates the
combined energy F(�) + 1

2kvk2
L2(⌦). A preliminary study of the FCH-S model applied to a tubular

network in 2D shear flow shows breaking and remodeling of the tubules during their stretching
along the fluid flow, (Fig. 2(1-2)).

					

			
	
	

	

	

In the following time series analysis, we have imaged the ER network at the cortical region of a plant cell 
expressing a fluorescent ER marker. It is possible to observe persistent elements of the ER which are 
static regions such as tubules or cisternae of the ER network, which may have a role in in anchoring the 
network to the plasma membrane (Fig. 2, circles). It is also possible to verify the presence of non-
persistent structures, which are represent the motile and dynamically re-shaping of the ER network 
(Figure 2; crosses).  

 

Materials that can be provided by the Brandizzi lab: 

Ø Time lapse sequences of  
o Wild type ER 
o ER in cells chemically depleted of actin 
o ER in cells chemically depleted of microtubules 
o ER in cells chemically depleted of actin and microtubules 
o ER in cells overexpressing (underexpressing too?) the ER shaping reticulons 
o ER in mutant cells with depleted myosin XI  
o ER in mutant cells with the depleted ER fusogen, RHD3 (plant – atlastine in 
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(Figure 2; crosses).  

 

Materials that can be provided by the Brandizzi lab: 

Ø Time lapse sequences of  
o Wild type ER 
o ER in cells chemically depleted of actin 
o ER in cells chemically depleted of microtubules 
o ER in cells chemically depleted of actin and microtubules 
o ER in cells overexpressing (underexpressing too?) the ER shaping reticulons 
o ER in mutant cells with depleted myosin XI  
o ER in mutant cells with the depleted ER fusogen, RHD3 (plant – atlastine in 

mammals) 
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Figure 5: Left to right (1) Top: Ex-
perimentally captured motion of reticu-
lated tubular ER network, three colors de-
pict location of ER network at three dis-
tinct times, both fixed and mobile triple
junctions are evident; (2) Bottom: Time-
dependent 2D FCH simulation of ER net-
work (red filaments) binding to a fixed
actin sca↵olding (light lines). (3-4) Net-
work graphs extracted from red box inset
at two of the times depicted in (1). Circles
indicate static regions that are anchored,
crosses are mobile (Brandizzi unpublished).

Key Goal 1: Tractor-pull. The “tractor-pull” is a val-
idation experiment in which a single straight ER filament
is attached at its two endcaps to motor proteins. The
contact points, x0(t) and x1(t) in (5) will move dynam-
ically in opposite directions parallel to the length of the
filament, to stretch it. The tractor-pull will validate the
strength of the ER-motor protein attachment against the
extensibility of the ER filament and energy barrier for ER
filament fission, measured in situ.
Key goal 2: Graphical networks. We will obtain in
vivo florescence images of network morphologies and track
the prevalence of both fixed and moving triple point junc-
tions. These will be compared to time-dependent 3D
numerical simulations on a 30-50 micron cubic domain
with prescribed fixed points. Both in situ and compu-
tational network data will be reduced to graph networks
with a combination of static and mobile nodes, and graph
statistics, such as distributions of triple-junction angles,
to quantitatively compare in situ and simulation results.
Development and application of FCH-S model will be con-
ducted in a close collaboration with the Experimental and
Imaging group (EIG) led by PI Brandizzi. Chemical de-
pletion of the cytoskeleton via introduction of Latrunculin
B is known to disrupt remodeling and shows a fattening
of the ER tubules as they relax to a deeper minima after
being freed of the attachment constraints [11, 57]. Numerical simulations of this process using
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(Top left) Experimentally captured
motion of reticulated tubular ER
networks, three colors depict net-
work at three distinct times, both
fixed and mobile triple junctions
are evident.
(bottom left) 2D simulation of gra-
dient flow of FCH model with actin
filaments (light lines).
(Right - top and bottom) Graphical
network depiction of a subsection
of the ER network showing fixed
(circle) and mobile points (cross)
at two different times.

Graphical network models miss mass transport limitations.
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ER and Network Morphology
ER operates within the bilayer stability regime.

• Exchange of lipids with the bulk
fluid is rare,

W ′′(b−)� 1.

• Lipids lipid mass/unit area of bilay-
ers is fixed quantity

−W ′(m0)� 1.

• Include location of “tethered” points
pinning ER to plasma membrane

η1 = η1(x).

• Lipids are produced/removed at var-
ious rates

G(u, φ) 6= 0.

• Protein density, φ = φ(x, t),
change packing preferences, intrin-
sic curvature, and connection prop-
erties.

η2 = η2(φ),W = W (u;φ)

ut = ∆
δF
δu

(u, φ) +G(u, φ),

φt = ∆
δF
δp

(u, φ).

18



Minimal ER model
What influence does slow growth/decay of lipid mass have on dy-
namics of ER network with fixed membrane contact points?

(No proteins yet)
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ER - Loss of SHE1

  5 

expressing an ER bioreporter. In WT ER polygons and rings (color 
circles) are rapidly remodeled (yellow and blue circles), with only few 
more stable structures (red circles). In she1 mutant, the ER is denser 
and more stable compared to WT (see permanence of circled struc-
tures). B. Recombinant SHE1 (AA 1-252) interacts with assembled 
MITs in-vitro pull-downs: His-SHE1 precipitates in the pellet (P3 lane) 
from the supernatant (S3 lane) in the presence of MITs. Controls: 
S1/P1, MITs only; S2/P2: SHE1 only. C. Western blot analyses with 
anti-His confirm that the protein co-precipitated with MITs is SHE1. 

Figure 5. Loss of SHE1, a 
MIT-binding protein, com-
promises ER remodeling. A. 
Confocal time course of WT 
and she1 cells  

by actin in plant cells54, 56, 70. Intriguingly, it 
has been recently reported that a concomi-
tant cortical MIT-mediated ER tubule ex-
tension, albeit slower than actin-mediated 
extension, also significantly contributes 
to ER remodeling in plant cells71. Because 
SHE1 contains a putative MIT-binding site, 
we tested interaction with MITs. In-vitro 
pulldown assays72 showed that a recombi-
nant, truncated version of SHE1, containing 
the MIT-binding domain, binds MITs (Fig. 
5B). Although these results do not exclude 
that SHE1 may interact with actin, they 
support that SHE1 is a novel MIT-
interacting protein. These data are compat-
ible with evidence that endosomes can be 
closely associated with MITs in plants73-75.   
Endosome homeostasis depends on the 
ER. The endosomal pathway is responsible 
for post-Golgi protein sorting, lyso-
some/vacuole delivery, and PM cargo up-
take76, 77. To execute their function, endo-
somes mature through spatiotemporal re-
cruitment of factors regulating size, cargo, 
and receptor content78. An unanticipated role for the ER in controlling endosomal sorting and maturation 
has been recently demonstrated in mammalian cells69, supporting that endosome homeostasis is a non-
autonomous ER-regulated process. The mechanisms underlying endosome maturation are largely un-
known in plant cells; furthermore the recycling pathway of endosome-related protein sorting machinery, 
including that of vacuole sorting receptors (VSRs), is currently under considerable debate79, 80. Similar to 
mammalian endosomes, plant endosomes are closely associated with the ER18 (Fig. 4). The role of this 
association is yet unknown, but the demonstrated disruption of endocytosis in rhd3 mutant18 supports that 
loss of ER integrity compromises endosomal processes in plants. We also demonstrated that RHD3 loss 
does not affect biosynthetic transport to the vacuole and apoplast18. Because cell homeostasis depends 
on a balance of membrane traffic both through endocytosis and exocytosis, it is conceivable that RHD3 
may be dispensable in exocytic pathways, possibly by sharing roles with the other two Arabidopsis 
RHD3-like isoforms. We found that SHE1 localizes partially to VSR-positive endosomes (Fig. 3C). We 
hypothesize that SHE1 may be required for endosome maturation by facilitating ER contacts with endo-
somal subpopulation. Testing this hypothesis will be of fundamental interest to the understanding of the 
functional relevance of the ER in endosome-mediated traffic in plants.  
The ER is anchored to the PM through mechanisms that are virtually unknown in plant cells. The 
cortical ER is anchored to the PM through membrane contact sites (MCSs) that are located along persis-
tent ER tubules and cisternae81. The overall picture emerging in studies in yeast and mammalian cells is 
that tethering structures are required to establish ER-PM MCSs81. Observed decades ago in plant cells by 
electron microscopy studies82 but experimentally largely ignored, ER-PM MCSs are gaining increasing 
attention as the identity of their components is being unraveled36, 83-85. Nonetheless, knowledge of the 
plant ER-PM MCSs is still rudimentary. With the exception of 4 proteins localized at plant ER-PM MCSs 
(i.e., PVA11, PVA12, SytA and NET3c)83-85, the molecular composition of these sites and the mecha-
nisms underlying their biogenesis are still largely obscure. Two of the known plant ER-PM MCSs proteins, 
PVA11 and -1283 (Fig. 6A), belong to a 10-member group of Arabidopsis proteins in the VAP33 subfamily 
of SNAREs86. PVAs are tail-anchored membrane-associated proteins, with a large N-terminal cytoplasmic 
domain, containing an MIT-binding domain and a predicted coiled-coil region adjacent to the C-terminal 
transmembrane domain83, 87. Heterotypic interactions between PVA11 and -12 as well as their MIT-
binding have been experimentally validated by others83 and our lab (unpublished data). Because PVA13 
and -21 are uncharacterized and closely cluster with PVA11 and -12 in bioinformatics analyses86, we es-
tablished their subcellular localization. Similar to PVA11 and- 12, both PVA13 and -21 are distributed at 

SHE1 is a microbial binding protein. Loss of SHE1 through genetic defect inhibits
ER remodeling.
(top) Normal plant cell ER shows remodeling over 60 second.
(bottom) Cell with knocked-out gene does not remodel over same time period.
Brandizzi F. (2014).
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The ER: Morphogenic and Fusogenic surface proteins

	

	

their abundance determines the balance between the two mor-
phologies, with a higher concentration of the proteins generating
more tubules at the expense of sheets (4, 5). We have also pro-
posed that some members of the reticulon and DP1/Yop1p
families promote the generation of helicoidal connections be-
tween membrane sheets (8). A recently discovered player in ER
morphology is the lunapark protein (16). Although its function
remains unclear, it is a ubiquitous membrane protein that local-
izes to three-way junctions in yeast and mammalian cells (16, 17).
Previous theoretical models for how the reticulons and DP1/

Yop1p shape the ER were based on the assumption that they
stabilize the high membrane curvature in cross-sections of tubules
and sheet edges (4, 5). These models can explain the generation
of tubules and sheets, as well as their interconversion, but they
cannot explain the experimentally observed shapes of ER sheets,
junctions between sheets and tubules, sheet fenestrations, or the
generation of helicoidal sheet connections. To explain helicoidal
connections, we have postulated that some members of the
reticulons or DP1/Yop1p families not only stabilize the positive
curvature of the sheet edge perpendicular to the membrane
surface, but also the negative curvature along the helical edge line
(8). We now show that the specific favored curvature of the edge
line is generally crucial for shaping the ER. We describe a theo-
retical model that explains the formation of virtually all observed
ER morphologies on the basis of just two types of curvature-
generating proteins. Both types stabilize the high curvature in
cross-section of tubules and sheet edges, but one favors straight
edges and the other negatively curved edges. We suggest that
reticulons 4a/b are representatives of proteins that favor straight
edge lines, whereas lunapark is an example of proteins that favor
negatively curved edge lines. In a tubular ER network, lunapark
stabilizes three-way junctions, i.e., small triangular sheets with
concave edges. Our model is supported by experimental obser-
vations and can explain how the ER is remodeled simply by
changes in the expression or activity levels of the curvature-
stabilizing proteins.

Results
A Theoretical Model for ER Morphologies.
Qualitative description of the model. Our goal is to develop a com-
prehensive model that can explain essentially all observed ER
morphologies. Our strategy is to determine the equilibrium state
of the system by searching for the ER morphology that is asso-
ciated with the minimal system energy. Such considerations have
been used to model tubules, sheets, and stacked sheets of the ER
(4, 5, 8), and to determine the cellular shape of erythrocytes (18).
We consider four types of basic membrane structures: tubules,
sheets, fenestrated sheets, and helicoidal connections between
stacked sheets. A tubule is considered to be a cylinder, the axis of
which can bend in space (Fig. 1A). We represent a tubule by its
axis line. A sheet is considered to consist of two membrane
surfaces that are parallel to each other and are connected by an
edge membrane (Fig. 1B). The shape of the edge membrane can
be approximated by a half-cylinder whose axis bends along the
sheet rim (Fig. 1B and Fig. S1). We model a sheet by a single
representative surface lying in the middle between the two
membrane surfaces. The representative surface is bordered by an
edge line, which is the curved axis of the hemicylindrical edge
membrane (Fig. 1B). The edge line can be straight, bulge away
from the sheet plane (have a positive curvature), or indent into
the sheet (have a negative curvature). Tubules can emerge from
sheet edges, in which case the tubule axis branches off from the
edge line.
We assume that there are two types of proteins that form

tubules and sheet edges, called R and S. As in previous models,
we consider these proteins to form arc-like scaffolds that are
separated by a constant, optimal distance along tubules or edges
(45 nm; Fig. 1C) (4, 5). Both types, R and S, stabilize the positive

membrane curvature of tubules and sheet edges in cross-sections
perpendicular to their axes, but favor different curvatures of the
edge line, ζR and ζS, respectively. In the following, we will refer to
ζR and ζS as the line spontaneous curvatures of R and S proteins,
respectively. We assume that the R protein have zero line spon-
taneous curvature, ζR = 0, meaning that the edge generated by
R-protein molecules tends to be straight. The S protein is as-
sumed to generate a negatively curved edge line, meaning that its
line spontaneous curvature is negative, ζS < 0. The relative
abundance of the R and S proteins at each point of the edge will
determine the local curvature of the edge line, and vice versa, the
curvature of the edge line will influence the localization of the
proteins (Fig. 1C).
System energy. We determine the equilibrium ER morphology by
minimizing the total energy of the system. The model considers
several contributions to the system energy (described in detail in
SI Text):

i) The elastic bending energy of sheet surfaces, which is the
energy required to bend the two membranes of a sheet away
from their preferred flat shape (18, 19). This energy includes
contributions from the membrane curvature per se (mean
curvature), as well as from the Gaussian curvature of the

Fig. 1. Representation of ER tubules and sheets in a theoretical model. (A) A
tubule is considered to be a cylinder, the axis of which is curved in space
(black line). (B) A sheet consists of two parallel membrane surfaces (Upper, in
blue). The sheet edge is considered to be a half-cylinder (in red), the axis of
which curves in the plane of the sheet (black line). The sheet is represented
by a single surface between the two membrane surfaces (Lower), which is
bounded by an edge line that can adopt positive or negative curvature. The
curvature is color-coded (scale on the right, arbitrary units [1/length]). See also
Fig. S1. (C) A scheme depicting edge-promoting proteins as arcs along a sheet
edge. Edge promoters favoring a negatively curved edge line (type S) are
colored in red, and promoters of straight edge lines (type R) are colored blue.

E5244 | www.pnas.org/cgi/doi/10.1073/pnas.1419997111 Shemesh et al.
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Figure 1
Structural domains of the endoplasmic reticulum (ER). (a) A fluorescent image of a Cos-7 cell expressing a
green fluorescent protein (GFP)-tagged ER protein (Sec61B) reveals the major structural domains of the
ER, including the nuclear envelope and peripheral tubules and sheets. (b) A three-dimensional (3D)
reconstruction of a mouse acinar secretory cell reveals a complex architecture of stacked sheets that
resembles a parking garage. (c) A 3D reconstruction by electron tomography of the ER (blue) in a budding
yeast cell contains interconnected sheets, tubules, and cortical ER. Bound ribosomes are shown in green.
Note that the ribosome density is high on cytoplasmic sheets and on the cytoplasmic face of the cortical ER
but low on tubules and absent from the face of the cortical ER facing the plasma membrane ( gray). (d ) A
cartoon model shows the differences (in membrane curvature) and similarities (in luminal spacing) between
sheets and tubules. Thus, tubules have a higher surface-to-volume ratio than do sheets, rendering them
better suited for surface-dependent functions. Conversely, sheets are a good location for luminal processes.
White arrows indicate the directed flow of proteins from ER sheets out into the tubules. Panel b modified
from Reference 11 with permission from Elsevier; panel c modified with permission from Reference 16.

membrane-associated proteins that compete in a tug-of-war to determine the ratio of ER mem-
brane sheets to tubules. The functionalization of these integral membrane proteins has begun to
provide insight into how the characteristic structure of the ER is generated. Furthermore, several
diseases that are linked to dysfunctional alterations of ER shape highlight the importance of ER
morphology to cellular function.
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helical parking ramp

Surface proteins generically reside on the cytosolic
side of the ER, not on the luminal side.
Reticulons: morphogenic, induce curvature vec-
tors, typically one large and positive, one small
and perhaps slightly negative. Have large role in
fenestration.
Atlastin/RHD3: fusogenic proteins, play a key role
in homotypic membrane fusion.

Spontaneous symmetry breaking:
spatial homogeneity through positive feed-back
with large-curvature areas
in-plane symmetry through self-alignment of cur-
vature vectors
through-plane symmetry distinguishes merging
(luminal-luminal contact) from pinch-off (cytosolic-
cytosolic contact) .
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ER: Fenestration
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2007). Of interest, knockdown of p180, a ribosome-binding ER pro-
tein, leads to a reduced ribosome density on ER membranes 
(Benyamini et al., 2009) and, in our view, to profiles of fenestrated 
sheets on thin sections. The level of p180 is naturally reduced im-
mediately before cell division.

The dynamics, dimensions, and complicated network morphol-
ogy of the ER make many of its substructures, such as fenestrations of 
the sheets, not resolvable by conventional LM. Because LM is re-
quired for visualization of ER dynamics and superresolution methods 
are still evolving, the best way to understand ER morphology is to 
combine LM and EM. In our hands, SBF-SEM analysis is a valuable 
asset for studying ER structures. SBF-SEM allows analysis of large vol-
umes with sufficient resolution, and, if it is combined with cytochemi-
cal staining, the time spent in modeling becomes reasonable.

MATERIALS AND METHODS
Cell culture, transfection, constructs, and drug treatments
Huh-7 (JCRB0403; Japanese Collection of Research Bioresources 
Cell Bank, Osaka, Japan), Vero (CCL-81; American Type Culture 
Collection [ATCC], Manassas, VA), and HeLa (C3005-1; Clontech, 
Mountain View, CA) cells were cultured in EMEM containing 5 or 
10% fetal bovine serum, 100 U/ml penicillin, 100 µg/ml streptomy-
cin, and 2 mM L-glutamine (all from BioWhittaker, Lonza, Basel, 
Switzerland). Cell lines CHO-K1 (CCL-61; ATCC), CHO-K1/ssGFP-
KDEL (Kuokkanen et al., 2007), and NRK-52E (CRL-1571; ATCC) 
were cultured as described (Puhka et al., 2007). All drugs used were 
from Sigma-Aldrich (St. Louis, MO). pH2B-mRFP (Keppler et al., 
2006) was obtained from the European Saccharomyces cerevisiae 
Archive for Functional Analysis (Institute for Molecular Biosciences, 
Johann Wolfgang Goethe-University Frankfurt, Frankfurt, Germany). 
Construction of pssGFP-KDEL is described in Kuokkanen et al. 
(2007). pssHRP-KDEL and pHsp47-GFP were provided by the 
respective laboratories of Connolly et al. (1994) and Kano et al. 
(2005). Cells were treated with 1–10 µM nocodazole for 10–30 min 

of many factors. McCullough and Lucocq (2005) suggested that the 
cortical association and layering of ER cisternae are dependent on 
the actin cytoskeleton and ER abundance, respectively. Our data 
imply that the layering correlates with cell rounding, the abundance 
of ER in cells, and the expression level of the marker proteins. Lu 
et al. (2009) used Lipofectamine for transfections, and from their im-
ages it is apparent that the transfected genes were highly expressed. 
In addition, they mainly used membrane marker proteins (GFP-
Sec61 , GFP-Rtn4HD, and LBR-GFP), and it has been documented 
that overexpression of membrane proteins can yield expansion and 
deformation of membrane structures (Ellenberg et al., 1997; Snapp 
et al., 2003; Ma et al., 2007). To minimize the risk of artifacts, we 
used FuGENE HD and FuGENE 6 to transfect cells and soluble lumi-
nal ER markers that, when overexpressed, leak to the cis-Golgi.

Our quantitative morphological comparison and 3D EM analysis 
of Huh-7 and NRK-52E cells clearly demonstrate that the mitotic ER 
undergoes transformation from intact or large sheets toward more 
fenestrated or smaller sheets and tubules. This is further supported 
by thin-section TEM analysis of Vero and HeLa cells. Lu et al. (2009) 
presented LM data of many cell types but only a few tomograms 
and 3D models of individual sheets in mitotic BSC1 cells. In our view 
these tomograms contain fenestrated sheets (slice images show 
lines of ER profiles separated by small gaps) and tubules, although 
this point was not disclosed in the article. The resolution of conven-
tional LM is not sufficient to resolve subtle morphological changes 
such as fenestrations on ER sheets or differences between planar 
tight tubular networks and fenestrated sheets. Interpretation of im-
ages becomes even more challenging in those mitotic cells in which 
ER is packed into tight layers. In addition, the layers mostly align 
along the z-axis of imaging, which has the poorest resolution. There-
fore a systematic EM-level analysis with sufficient statistics and vol-
umes is needed to support LM data. Thus we suggest that the 
conflicting results are mainly due to misinterpretation of ER reorga-
nization to complete structural transformation of tubules to sheets 
and in addition due to the use of different cell lines, lack of morpho-
logical analysis of interphase cells, and a limited amount of struc-
tures modeled from tomograms.

Our finding that intact sheet morphology is linked to high ribo-
some density indicates that certain cell types retain more intact 
sheets and ER-bound ribosomes during mitosis than others. This 
might be explained by different mechanisms with which various 
cell types effect translation inhibition during mitosis. Two transla-
tion regulation points have been identified: at initiation (Fan and 
Penman, 1970; Le Breton et al., 2005) and during elongation (Sivan 
et al., 2007). For example, mitotic HeLa cells, which have fenes-
trated ER sheets (Mullins, 1984; Supplemental Figure S3), predom-
inantly inhibit elongation and retain polysomes during mitosis, al-
beit in a less active state (Sivan et al., 2007). On the other hand, 
regulation of translation mainly at initiation would lead to disas-
sembly of polysomes and a more tubular ER morphology.

We present a model in which the mitotic conversion of an intact 
sheet to a tubular network proceeds through appearance and en-
largement of fenestrations until the structure resembles a tubular 
network (Figure 9). The conversion would be caused—directly or 
indirectly—by the ongoing loss of membrane-bound ribosomes. 
The starting point (intact vs. fenestrated sheets) and ending point 
(smaller intact or fenestrated sheets vs. tubules) may vary in a man-
ner that is specific to cell type and ribosome density. The resulting 
mitotic morphology could be seen as a mosaic built by membrane-
bending proteins (Voeltz et al., 2006; Kiseleva, 2007; Shibata et al., 
2010) and by the remaining polysomes, which may move more 
freely owing to the relocation of microtubules (Nikonov et al., 2002, 

FIGURE 9: Model of mitotic sheet-to-tubule transformation. The 
transformation of rough ER starts from intact or fenestrated sheets 
and proceeds toward a more fenestrated state that can eventually 
produce structures resembling tubular networks. The extent of the 
shape change correlates with the density of membrane-bound 
ribosomes. The starting and ending points vary among cell types, but 
the direction of transformation remains the same in all cultured 
mammalian cells analyzed here. The arrow with the color gradient 
symbolizes the progression from interphase to metaphase. ER 
structures on the color scale and cell types are marked with dark 
colors in interphase and light colors during mitosis.
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Construction of pssGFP-KDEL is described in Kuokkanen et al. 
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the actin cytoskeleton and ER abundance, respectively. Our data 
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of ER in cells, and the expression level of the marker proteins. Lu 
et al. (2009) used Lipofectamine for transfections, and from their im-
ages it is apparent that the transfected genes were highly expressed. 
In addition, they mainly used membrane marker proteins (GFP-
Sec61 , GFP-Rtn4HD, and LBR-GFP), and it has been documented 
that overexpression of membrane proteins can yield expansion and 
deformation of membrane structures (Ellenberg et al., 1997; Snapp 
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nal ER markers that, when overexpressed, leak to the cis-Golgi.
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of Huh-7 and NRK-52E cells clearly demonstrate that the mitotic ER 
undergoes transformation from intact or large sheets toward more 
fenestrated or smaller sheets and tubules. This is further supported 
by thin-section TEM analysis of Vero and HeLa cells. Lu et al. (2009) 
presented LM data of many cell types but only a few tomograms 
and 3D models of individual sheets in mitotic BSC1 cells. In our view 
these tomograms contain fenestrated sheets (slice images show 
lines of ER profiles separated by small gaps) and tubules, although 
this point was not disclosed in the article. The resolution of conven-
tional LM is not sufficient to resolve subtle morphological changes 
such as fenestrations on ER sheets or differences between planar 
tight tubular networks and fenestrated sheets. Interpretation of im-
ages becomes even more challenging in those mitotic cells in which 
ER is packed into tight layers. In addition, the layers mostly align 
along the z-axis of imaging, which has the poorest resolution. There-
fore a systematic EM-level analysis with sufficient statistics and vol-
umes is needed to support LM data. Thus we suggest that the 
conflicting results are mainly due to misinterpretation of ER reorga-
nization to complete structural transformation of tubules to sheets 
and in addition due to the use of different cell lines, lack of morpho-
logical analysis of interphase cells, and a limited amount of struc-
tures modeled from tomograms.

Our finding that intact sheet morphology is linked to high ribo-
some density indicates that certain cell types retain more intact 
sheets and ER-bound ribosomes during mitosis than others. This 
might be explained by different mechanisms with which various 
cell types effect translation inhibition during mitosis. Two transla-
tion regulation points have been identified: at initiation (Fan and 
Penman, 1970; Le Breton et al., 2005) and during elongation (Sivan 
et al., 2007). For example, mitotic HeLa cells, which have fenes-
trated ER sheets (Mullins, 1984; Supplemental Figure S3), predom-
inantly inhibit elongation and retain polysomes during mitosis, al-
beit in a less active state (Sivan et al., 2007). On the other hand, 
regulation of translation mainly at initiation would lead to disas-
sembly of polysomes and a more tubular ER morphology.

We present a model in which the mitotic conversion of an intact 
sheet to a tubular network proceeds through appearance and en-
largement of fenestrations until the structure resembles a tubular 
network (Figure 9). The conversion would be caused—directly or 
indirectly—by the ongoing loss of membrane-bound ribosomes. 
The starting point (intact vs. fenestrated sheets) and ending point 
(smaller intact or fenestrated sheets vs. tubules) may vary in a man-
ner that is specific to cell type and ribosome density. The resulting 
mitotic morphology could be seen as a mosaic built by membrane-
bending proteins (Voeltz et al., 2006; Kiseleva, 2007; Shibata et al., 
2010) and by the remaining polysomes, which may move more 
freely owing to the relocation of microtubules (Nikonov et al., 2002, 

FIGURE 9: Model of mitotic sheet-to-tubule transformation. The 
transformation of rough ER starts from intact or fenestrated sheets 
and proceeds toward a more fenestrated state that can eventually 
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2007). Of interest, knockdown of p180, a ribosome-binding ER pro-
tein, leads to a reduced ribosome density on ER membranes 
(Benyamini et al., 2009) and, in our view, to profiles of fenestrated 
sheets on thin sections. The level of p180 is naturally reduced im-
mediately before cell division.

The dynamics, dimensions, and complicated network morphol-
ogy of the ER make many of its substructures, such as fenestrations of 
the sheets, not resolvable by conventional LM. Because LM is re-
quired for visualization of ER dynamics and superresolution methods 
are still evolving, the best way to understand ER morphology is to 
combine LM and EM. In our hands, SBF-SEM analysis is a valuable 
asset for studying ER structures. SBF-SEM allows analysis of large vol-
umes with sufficient resolution, and, if it is combined with cytochemi-
cal staining, the time spent in modeling becomes reasonable.

MATERIALS AND METHODS
Cell culture, transfection, constructs, and drug treatments
Huh-7 (JCRB0403; Japanese Collection of Research Bioresources 
Cell Bank, Osaka, Japan), Vero (CCL-81; American Type Culture 
Collection [ATCC], Manassas, VA), and HeLa (C3005-1; Clontech, 
Mountain View, CA) cells were cultured in EMEM containing 5 or 
10% fetal bovine serum, 100 U/ml penicillin, 100 µg/ml streptomy-
cin, and 2 mM L-glutamine (all from BioWhittaker, Lonza, Basel, 
Switzerland). Cell lines CHO-K1 (CCL-61; ATCC), CHO-K1/ssGFP-
KDEL (Kuokkanen et al., 2007), and NRK-52E (CRL-1571; ATCC) 
were cultured as described (Puhka et al., 2007). All drugs used were 
from Sigma-Aldrich (St. Louis, MO). pH2B-mRFP (Keppler et al., 
2006) was obtained from the European Saccharomyces cerevisiae 
Archive for Functional Analysis (Institute for Molecular Biosciences, 
Johann Wolfgang Goethe-University Frankfurt, Frankfurt, Germany). 
Construction of pssGFP-KDEL is described in Kuokkanen et al. 
(2007). pssHRP-KDEL and pHsp47-GFP were provided by the 
respective laboratories of Connolly et al. (1994) and Kano et al. 
(2005). Cells were treated with 1–10 µM nocodazole for 10–30 min 
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Fenestration (Latin: to create a window)
A bifurcation mechanism for intercon-
version between cisternea and sheets. In-
duced by increasing density of reticulons.
Simple models comparing energy of cis-
ternae and tubule for blends of two types
of reticulons – one with a small negative
curvature – yield a plausible bifurcation
diagram [Shemesh (2014)]

sheet membranes. The mean curvature energy accounts
for changes of membrane shape, whereas the energy of
the Gaussian curvature is associated only with topological
changes, such as variations in the number of sheets, formation
of sheet fenestrations, or of helicoidal connections between
stacked sheets.

ii) The elastic bending energy of the sheet edges, which
describes the energy required for bending the edge line away
from its preferred spontaneous curvature (8). The effective
spontaneous curvature of the edge line depends on the line
spontaneous curvatures of the R and S proteins, ζR and ζS,
as well as on the relative abundance of R and S proteins in
the edge. This energy also includes a contribution from the
Gaussian curvature.

iii) The line tension of the sheet edges, representing the energy
cost (per unit length of the edge line) of transition of a cy-
lindrical tubule to the hemicylindrical sheet edge. This energy
takes into account that the curvature-stabilizing proteins can
adopt more positions on a tubule compared with a sheet edge,
as they have twice the surface area available (cylinder vs. half-
cylinder). The increase in the entropic contribution to the free
energy associated with moving proteins from tubules into
sheet edges is proportional to the length of the edge line.
Another contribution to the line tension, which is not explic-
itly taken into account by our estimation, can originate from
the membrane deformations related to connecting a hemicy-
lindrical edge surface with two planar membrane surfaces
(SI Text).

iv) The entropic contribution to the free energy associated with
the uneven distribution of the two types of curvature-stabi-
lizing proteins R and S along the edge line. This contribution
to the system energy resists the partitioning of the two types
of curvature-stabilizing proteins into separate domains along
the edge line, a segregation favored by the difference in their
spontaneous curvatures.

Another possible contribution to the energy arises from the
network entropy, which is related to the number of config-
urations the system can adopt in each morphology (20). This
contribution would tend to break up a network and would dis-
favor junctions with multiple connections. However, this energy
term is relevant only when the system is very dilute (21), i.e., in
the case of long tubules with few junctions, and is therefore not
included in our calculations.
Energy minimization. We seek the equilibrium morphology of the
system corresponding to any given concentration of the R and S
proteins. We define concentrations, [R] and [S], as the fraction
of the total membrane area that is covered by these proteins
(each R or S protein occupies ∼300 nm2) (4). Instead of [R] and
[S], we use as variables the total protein concentration Ctot = [R] +
[S] and the fraction of S proteins Φ = [S]/([R] + [S]). To find the
equilibrium morphologies, we minimize the total energy of the
system for different Ctot and Φ. We performed the calculations
for different line spontaneous curvatures of S proteins, ζS, and
different relative contributions to the energy of the mean and
Gaussian curvatures of the ER membrane, because these
parameters may vary among different cells.
Because the curvature-stabilizing proteins generate both the

sheet edges and the tubules emerging from these edges, the total
concentration of the R- and S-type proteins, Ctot, determines the
total edge length (the sum of the lengths of all tubules and sheet
edges in the system). An increase of Ctot results in membrane
being moved from planar sheet surfaces into sheet edges and
tubules. Variation of the fraction of S proteins, Φ, affects the
overall morphology of the system by changing the ratio between
the lengths of negatively curved and straight edges.
In summary, the energy-minimization procedure determines

how, for a given Ctot and Φ, the total surface area and edge length

are distributed into individual sheets and connecting tubules; it also
calculates the optimal shape of these sheets, the most favorable
number of tubules emanating from a sheet, and the number of
junctions. Finally, the model determines the optimal distribution of
the curvature-stabilizing proteins R and L along the edge line.

Modeling Results and Comparison with Experiments. The results of
our calculations, presented as a morphology diagram (Fig. 2),
show that different ER morphologies are energetically favored at
different ranges of the total concentration of the curvature-
inducing proteins, Ctot, and different values of the fraction of S
proteins, Φ. Calculations using different values of the estimated
Gaussian bending modulus of the membrane and the spontane-
ous curvature of the edge line induced by S-type proteins do not
result in qualitatively different morphologies. In the following, we
will discuss the different regimes of this morphology diagram.
Tubules and three-way junctions. Our model predicts that at high
concentrations of the curvature-stabilizing proteins, Ctot, all
membranes are found in long, nonbranched tubules (red area in
Fig. 2). As estimated previously (4), complete conversion into
tubules is achieved with ∼8.8% surface coverage by these pro-
teins (saturation level). The complete conversion into tubules at
high Ctot happens irrespective of the fraction of S proteins, Φ,
and corresponds to a situation in which all membranes are
completely converted into curved edges. Beyond the saturation
level, any further increase of the S- or R-protein concentration
would only serve to reduce the distance between the arc-like
scaffolds along the tubules below the optimal separation, with no
further effect on membrane morphology. The almost complete
conversion of sheets into tubules has indeed been observed upon
overexpression of several of the curvature-stabilizing proteins
in tissue culture and yeast cells (5, 14). As shown below, this is
also true for overexpression of lunapark, the prototype of an
S-type protein.
The next prominent area in the morphology diagram corre-

sponds to somewhat lower concentrations of the curvature-sta-
bilizing proteins, Ctot, at which the membranes are not completely
converted into curved edges (blue area in Fig. 2). In this case, the
model predicts the formation of a tubular network in which
tubules are connected by small, equilateral, triangular sheets (Fig.
3A). These sheets have a size comparable to the tubule diameter,
so that they can be considered to be three-way junctions of
tubules; indeed, they would be seen as three-way junctions ex-
perimentally, because the area of the sheets (<0.1 μm2) is below
the resolution of ordinary light microscopy. The edge lines of the
small sheets have a high negative curvature, with S proteins
concentrated at the most negatively curved parts (see color-

Fig. 2. Morphology diagram. The energetically favored ER morphology was
calculated for different values Ctot of the total concentration of curvature-
stabilizing proteins and different fractions Φ of the S-type proteins that
favor a negatively curved edge line. A three-way junction is defined as
a triangular sheet with an area below 0.1 μm2. A fenestration is defined as
a sheet connected by tubules that are shorter than the distance between
adjacent tubules emerging from a sheet.
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their abundance determines the balance between the two mor-
phologies, with a higher concentration of the proteins generating
more tubules at the expense of sheets (4, 5). We have also pro-
posed that some members of the reticulon and DP1/Yop1p
families promote the generation of helicoidal connections be-
tween membrane sheets (8). A recently discovered player in ER
morphology is the lunapark protein (16). Although its function
remains unclear, it is a ubiquitous membrane protein that local-
izes to three-way junctions in yeast and mammalian cells (16, 17).
Previous theoretical models for how the reticulons and DP1/

Yop1p shape the ER were based on the assumption that they
stabilize the high membrane curvature in cross-sections of tubules
and sheet edges (4, 5). These models can explain the generation
of tubules and sheets, as well as their interconversion, but they
cannot explain the experimentally observed shapes of ER sheets,
junctions between sheets and tubules, sheet fenestrations, or the
generation of helicoidal sheet connections. To explain helicoidal
connections, we have postulated that some members of the
reticulons or DP1/Yop1p families not only stabilize the positive
curvature of the sheet edge perpendicular to the membrane
surface, but also the negative curvature along the helical edge line
(8). We now show that the specific favored curvature of the edge
line is generally crucial for shaping the ER. We describe a theo-
retical model that explains the formation of virtually all observed
ER morphologies on the basis of just two types of curvature-
generating proteins. Both types stabilize the high curvature in
cross-section of tubules and sheet edges, but one favors straight
edges and the other negatively curved edges. We suggest that
reticulons 4a/b are representatives of proteins that favor straight
edge lines, whereas lunapark is an example of proteins that favor
negatively curved edge lines. In a tubular ER network, lunapark
stabilizes three-way junctions, i.e., small triangular sheets with
concave edges. Our model is supported by experimental obser-
vations and can explain how the ER is remodeled simply by
changes in the expression or activity levels of the curvature-
stabilizing proteins.

Results
A Theoretical Model for ER Morphologies.
Qualitative description of the model. Our goal is to develop a com-
prehensive model that can explain essentially all observed ER
morphologies. Our strategy is to determine the equilibrium state
of the system by searching for the ER morphology that is asso-
ciated with the minimal system energy. Such considerations have
been used to model tubules, sheets, and stacked sheets of the ER
(4, 5, 8), and to determine the cellular shape of erythrocytes (18).
We consider four types of basic membrane structures: tubules,
sheets, fenestrated sheets, and helicoidal connections between
stacked sheets. A tubule is considered to be a cylinder, the axis of
which can bend in space (Fig. 1A). We represent a tubule by its
axis line. A sheet is considered to consist of two membrane
surfaces that are parallel to each other and are connected by an
edge membrane (Fig. 1B). The shape of the edge membrane can
be approximated by a half-cylinder whose axis bends along the
sheet rim (Fig. 1B and Fig. S1). We model a sheet by a single
representative surface lying in the middle between the two
membrane surfaces. The representative surface is bordered by an
edge line, which is the curved axis of the hemicylindrical edge
membrane (Fig. 1B). The edge line can be straight, bulge away
from the sheet plane (have a positive curvature), or indent into
the sheet (have a negative curvature). Tubules can emerge from
sheet edges, in which case the tubule axis branches off from the
edge line.
We assume that there are two types of proteins that form

tubules and sheet edges, called R and S. As in previous models,
we consider these proteins to form arc-like scaffolds that are
separated by a constant, optimal distance along tubules or edges
(45 nm; Fig. 1C) (4, 5). Both types, R and S, stabilize the positive

membrane curvature of tubules and sheet edges in cross-sections
perpendicular to their axes, but favor different curvatures of the
edge line, ζR and ζS, respectively. In the following, we will refer to
ζR and ζS as the line spontaneous curvatures of R and S proteins,
respectively. We assume that the R protein have zero line spon-
taneous curvature, ζR = 0, meaning that the edge generated by
R-protein molecules tends to be straight. The S protein is as-
sumed to generate a negatively curved edge line, meaning that its
line spontaneous curvature is negative, ζS < 0. The relative
abundance of the R and S proteins at each point of the edge will
determine the local curvature of the edge line, and vice versa, the
curvature of the edge line will influence the localization of the
proteins (Fig. 1C).
System energy. We determine the equilibrium ER morphology by
minimizing the total energy of the system. The model considers
several contributions to the system energy (described in detail in
SI Text):

i) The elastic bending energy of sheet surfaces, which is the
energy required to bend the two membranes of a sheet away
from their preferred flat shape (18, 19). This energy includes
contributions from the membrane curvature per se (mean
curvature), as well as from the Gaussian curvature of the

Fig. 1. Representation of ER tubules and sheets in a theoretical model. (A) A
tubule is considered to be a cylinder, the axis of which is curved in space
(black line). (B) A sheet consists of two parallel membrane surfaces (Upper, in
blue). The sheet edge is considered to be a half-cylinder (in red), the axis of
which curves in the plane of the sheet (black line). The sheet is represented
by a single surface between the two membrane surfaces (Lower), which is
bounded by an edge line that can adopt positive or negative curvature. The
curvature is color-coded (scale on the right, arbitrary units [1/length]). See also
Fig. S1. (C) A scheme depicting edge-promoting proteins as arcs along a sheet
edge. Edge promoters favoring a negatively curved edge line (type S) are
colored in red, and promoters of straight edge lines (type R) are colored blue.

E5244 | www.pnas.org/cgi/doi/10.1073/pnas.1419997111 Shemesh et al.

Morphogenic proteins induce targeted curvature vectors
and interact dynamically with ER geometry. Consider
two species of morphogenic proteins, with distinct den-
sities φ = (φ1, φ2), but a common unit director vec-
tor, ~n1, that indicates the orientation of the proteins, and
serves to break in-plane symmetry of the bilayer.

The second tangent-plane vector ~n2 := ∇u
|∇u| × ~n1, the coupling between the in-

trinsic curvature and the self-alignment, self-localization has the natural expression

R(u, φ, ~n1) :=
1

ε3

∫
Ω

(
K0|∇u · ~n1|2 +D|∇~n1|2 + εD0e

− u
ub |φ|2+

εK1

2∑
k=1

∣∣~ntk[∇2u]~nk − κk(φ)
∣∣2 ) dx.

director: lies in tangent plane and self-align (spontaneously break symmetry)
proteins: absorb onto surface and couple to curvature
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Morphogenic Proteins: surface sculpting

Terasaki et al Cell (2013)

ut = ∆

(
δF
δu

(u, φ) +
δR
δu

(u, φ, ~n1)

)
+G(u, φ),

φt = ∆
δR
δp

(u, φ, ~n1),

∂t~n1 = Π⊥~n1
∆
δR
δ~n1

.
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Fusion-Fission Asymmetry

	

	

Key issue: Fusogenic proteins lie on the cytosolic leaf of
the bilayer – there is a through-plane asymmetry (open-
loop bilayer).
Key idea: It is much more stable, more efficient, to model
a simpler bilayer composition and two distinct fluids.
This is accurate as the cytosolic and luminal fluids have
distinctly different compositions (luminal is Ca+2 rich).
Three phases: a single lipid, and two fluids.(
D∂2

z −∇UG1(U)
)t

(D∂2
zU −G1(U)) = O(ε).

Billiard dynamics: Existence of multi-
ple connections between cytosolic and
luminal fluids as well as luminal-
luminal homoclinics, but not cytosolic-
cytosolic homoclinics. Asymmetry
embedded in “scattering potential”.
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Hemifusion

corresponds to the surface area divided by the number of
lipids when the lipids are normal to the monolayer surface.
Thus KA ¼ 30 kT nm"2 gives the two-dimensional
modulus for increasing (decreasing) monolayer area (or
~240 dyn cm"1 for bilayer area (28)). Changes in lipid
orientation do not alter lipid cross-sectional area, and hence
stretch and tilt are independent deformations. Lipid bilayers
are volumetrically incompressible, implying that la ¼ l0a0,
where l is the variable lipid length and l0 is resting length.
Then ða" a0Þ2=aa0 ¼ ðl" l0Þ2=ll0, permitting us to calcu-
late the stretching energy density (the third term in Eq. 1)
in terms of lipid length l in place of a.

The interaction between proximal neutral surfaces sepa-
rated by a small distance h (Fig. 1 C) across water is repul-
sive and is given by the potential of hydration pressure:

WðhÞ ¼ LP0e
"h=L: (2)

We use P0 ¼ 0:25 % 109 Pa for pressure at zero separa-
tion and a decay length L ¼ 0:35 nm, as experimentally
determined from pressure-distance curves for the lamellar
phase of DOPC/DOPE mixtures (11,34). For distances
h[ h0, the equilibrium distance between two PBs (Fig. 1
A), interactions are dominated by attractive van der Waals
forces, where

WðhÞ ¼ " H

12p

"
1

h2w
" 2

ðhw " 2l0Þ2
þ 1

ðhw þ 4l0Þ2

#

þW0;

(3)

and H ¼ 1 kT is the Hamaker coefficient for hydrocarbon
across water, hw ¼ h" d0 is the water layer thickness,
d0 ¼ 8 !A is the lipid diameter, and W0 is a constant that
sets Wðh0Þ ¼ 0 (35). For intermediate distances, hzh0,
attractive and repulsive forces are comparable, and we
define WðhÞ by interpolating between Eqs. 2 and 3.

The apposing proximal monolayers are not flat in the
fusion region, yielding a nonzero angle q between the prox-
imal surface and the horizontal plane (Fig. 1 C). To account
for the interactions between nonparallel apposing bilayers,
the energy densityWðhÞcos2q in Eq. 1 smoothly interpolates
between two extremes: the energy density equals that of two
planar surfaces when q ¼ 0', modeling two flat bilayers far
from the fusion region. The energy density is minimal and
zero when q¼ 90', modeling the absence of interactions be-
tween vertically aligned surfaces, e.g., the proximal mono-
layers of the stalk neck.

Transient hydrophobic fissures, exposing acyl chains to
water, continually form and close in bilayers (36,37).
When hydrophobic fissures are directly opposite in apposing

A B C

D E F

FIGURE 1 (A–F) Key lipid intermediates calculated by the string method and energy minimization: (A) PBs separated by equilibrium distance h0 (the
reference state), (B) widening of a fissure surfaceSF between bilayers (dashed lines), (C) stalk, (D) hemifusion diaphragm, (E) pore expansion, and (F) fusion
pore. The gaps between the curves denoting the neutral surfaces have been exaggerated to emphasize that in our calculations, the central lipids form a free
boundary between the bilayer continuum and the aqueous phases, and that this free boundary can open (creating a hydrophobic fissure) or close (creating a
continuous monolayer surface).
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Ryham & Cohen (2016) used a
liquid-crystal model for lipid bilay-
ers to find minimal transition ener-
gies for stalk formation within the
process of hemifusion.

The presence of fusogenic proteins
(RHD3 in plants) greatly lowers
the energy barrier for fusion of ER
membranes, while not lowering the
fission barrier.

Proteins control the existence of connecting orbits, and tune the values
of energy barriers for “high energy” connections.
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Existence of Connections and Barriers
The 4N dimensional dynamical system

(D∂2
z −∇UG1(U)†)

(
D∂2

zU −G1(U)
)

= 0,

has a conserved quantity. All critical points of G1, solutions to G1(p) = 0 lie on
the same 4N − 1 dimensional level set of the conserved quantity.

If G1(p) = 0 and∇UG1(p) has no strictly negative eigenvalues, then p ∈ RN
generates a normally hyperbolic fixed point of the 4N dimensional system, with
2N dimensional stable and unstable manifolds that lie on the 4N − 1 level set.

Conjecture: Any two normally hyperbolic critical points ofG1 have a
connection within the 4N dimensional system. Any normally hyper-
bolic critical point has a non-trivial homoclinic connection.

• Under what conditions do these connections reside within the 2N dimensional
zero-energy system?

• How do we tune their distance to the 2N dimensional system?
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MultiComponent Models with Energy Barriers

Zero-energy connections are k-dimensional manifolds within the sub-system

D∂2
zU −G1(U) = 0,

subject to U(z)→ p± as z → ±∞.

A Homoclinic Barrier to p ∈ RN is a k ≤ N -dimensional manifold M
within the full system

(D∂2
z −∇UG1(U)†)

(
D∂2

zU −G1(U)
)

= 0,

subject to U(z) → p as z → ±∞, with the constraint that each solution U
on the barrier solves

D∂2
zU −G1(U) = αΨ, (1)

where Ψ ∈ Ker(D∂2
z −∇UG1(U)†) has norm 1 and |α| > 0 is constant on

connected components ofM.

The Melnikov parameter α measures the ‘energy’ required to bend the stable and
unstable manifolds of p within 2N dim system to intersect along U . (1) implies∫

R
|D∂2

zU −G1(U)|2 dz = α2.

28



MultiComponent Models with Energy Barriers
Characterize potentialsG1 : R2 7→ R2 with

• Hyperbolic fixed points p1 and
p2 with zero-energy connec-
tion between (p1, p2).

• The linearized operators asso-
ciated to this connection con-
tains no strictly positive eigen-
values.

• The homoclinic barriers to p1

and p2 have energies α1 and
α2 that are independently tun-
able, down to zero. Proteins
tune the value of this energy
barrier.

Snare proteins facilitate membrane fusion.
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