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Introduction

» Sweeping Process: 1971 J.J. Moreau (Hilbert, Convex): Find
x : 1 — H (I=[0,T]):

(SP)  x(t) € —N(C(t). x(t)). a.e. [0. T].x(0) = xo € C(0).

» 1088 Valadier (finite, complement of convex);

» 1993 Castaing, Monteiro-Marques, Duc Ha, and Valadier
(finite, complement of convex) with perturbation (SPP):

(t) € —N(C(t). x(t)) + F(t.x(t)). a.e. [0. T]. x(0) = xo € C(0);

» Nonconvex case and finite dimension: Benabdellah 2000,
Colombo and Goncharov 1999, Thibault 2003;
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» Nonconvex case and infinite: Regular case:
(Colombo-Goncharov 1999, Bounkhel and Thibault 2000)

» Banach spaces setting: Benabdellah 2004, Bounkhel and
Alyusof 2009, Bernicot-Venel 2010.

» Various extensions: state dependence, differential measure,
delay, assumptions on F, ... etc.

» Second and third order (with and without perturbs.)

» Applications: Thibault et al. (electr. pbs), Venel-Maury
(crowd motions), Bounkhel-Hedjar (robots), Bounkhel
(Nanoparticule Motions).
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» The main motivation of this direction of research was: the
extension of Moreau's result from Hilbert space settings to
Banach space settings (even in the convex case).
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» T he main motivation of this direction of research was: the
extension of Moreau's result from Hilbert space settings to
Banach space settings (even in the convex case).

» Extensions of some concepts and results in Proximal Analysis
from Hilbert spaces to Banach spaces (relationship in Banach
spaces between proximal normal cones and the projection
operator).
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Geometric proximal subdifferential

Let f: X - RU{+oc} bealsc at x& dom f. A vector
x* € X™ is called a generalized proximal subgradient of f at X
provided that

The set of all such vectors x* is denoted by . and called the
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Analytic proximal subdifferential

The analytic proximal subdifferential of f at X is defined by:
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Main results

1-Extensions of Existing Results to Banach Spaces

Res. 1: N™(5;%x) = N®™(S:x), if S is convex and X is reflexive
smooth Banach spaces. Here N“"-(5. %) is the convex
normal cone given by:

NCO(S. %) = {x* € X* : {x*,x —X) < 0 for all x € S}.

Res. 2: S nonempty closed set in reflexive smooth Banach space X:
N™(S; %) = 9Exs(X)

s

X

m

NT(S;X) e Jdo>0: (x".x —X) <cgV(J(X).x).Vx € S.
& 30,0 > 0: (x*, x —X) <oV(J(X).x),¥x € SN (x + 4B).

N™(

$:%) = 93xs(%)




Res. 7: f l.s.c,, If f has a local minimum at X. then 0 € 9%3f(X).

Res. 8: (Density theorem)

Res. 9: Let p>2.q € (1.2], X be a p-uniformly convex and
g-uniformly smooth Banach space and S be a bounded subset of
X, then there exist constants . 7 > 0 s.t.

al|x — y||P < V(J(x).y) < B||x—y||9. forall x.y € S.

h0




Applications to Sweeping Processes

(+) First Order Sweeping Processes. (SPP)
{ x(t) € =N(C(t); x(t)) + F(t.x(t)) a.e. .
x(t) € C(t). Yt € I,x(0) = xp € C(0).
(x) Second Order Sweeping Processes. (SSPMP)

{)’ff(t) € —N(C(x(t)); x(t)) + F(t.x(t).x(t)) + G(t.x(t).x(t)) a.e. I,

x(t) € C(x(t)).Vt € I,x(0) = xp.%x(0) = g € C(xp).
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(x) Variants of Sweeping Processes.

) € —N(C(t); x(t)) + F(t.x(t)) a.e. I,
(.){ x(t) € C(t),Vt € I x(0) = xp.x(0) = up € C(0).

(.){ x(t) € =N(C(t); x(t)) + F(t.x(t)) ae. .
X(t) = C(t)Vt = /X(O) — XOX(O) — ug € C(O)

(.){ x(t) € —N(C(t.x(t)); x(t)) + F(t.x(t)) ae. /.
x(t) € C(t.x(t)).Vt € 1. x(0) = xo € C(0, xp).
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Extensions to Banach spaces

() First Order Sweeping Processes. (SPP)
{ x(t) € —N(C(t); J*(x(1))) + F(£. J*(x(r)) ae. .

J*(x(t)) € C(t). Yt € 1. J*(x(0)) € C(0).

(x) Second Order Sweeping Processes. (SSPMP)
(%(t) € =N(C(J*(x(1))); J*(x(t))) + F(t.x(t), x(t)) + G(t.x(t).%(t)) a.e. /.
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(.){ x(t) € =N(C(t); J*(x(1)))) + F(t. J*(x(1))) a.e. .
x(0) = xo, J*(%(0)) € C(0).

(.){ x(t) € =N(C(t); J*(x(1))) + F(t. J*(x(1))) ae. [
x(0) = x0. J*(%(0)) € C(0).

(o) { x(t) € —=N(C(t. J*(x())); I (x(2))) + F(r. S*(x(1))) a.e. I,
x(0) = x0 € C(0. xo).
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We prove the existence of solutions for:

{ x(t) € =N(C(t); J*(x(1))) + F(t. J*(x(t))) ae. [/
R
x(0) € xo, J*(x(t)) € C(t).Yt e I.

We recall some results needed in the proof.

() N(S5;x)NB. = dds(X).

(e) Let X be a Banach space and C : I=X (I = [0.T]) be a
continuous set-valued mapping with nonempty, closed and
convex values. The following closedness property of the
subdifferential of the distance function holds: “for any
tel.xe C(t).t,—>twitht, €1, x, > X
(xn not necessarily in C(t,)), and v, =" Z with
#n € Odc(e,)(Xa), one has ¢ € ddc()(X) "

{2




(o) Let X be a reflexive Banach space with dual space X* and S
be a nonempty, closed and convex subset of X. The following
properties hold:

» 75(w) # 0, for any p € X*;
» 7s(y) is singleton for all » € X* if and only if X is strictly
convex.
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Theorem 1. Let p > 2.q € (1.2], X be a separable p-uniformly
convex and g-uniformly smooth Banach space, and let C : /=X be
a set-valued mapping with nonempty closed convex values
satisfying for any p.¢» € X* and t.t' € [

1/q
vV
’ (dC(t))

where ¢’ = ﬁ. and \,v > 0.

/

1/q
() = (%) (D) <A —tl +1lle = &]l. (1)
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(o) Let X be a reflexive Banach space with dual space X* and S
be a nonempty, closed and convex subset of X. The following
properties hold:

ws(p) # 0, for any o € X*;

» 7s(y) is singleton for all » € X™ if and only if X is strictly

convex.

»
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Theorem 1. Let p > 2. g € (1.2], X be a separable p-uniformly
convex and g-uniformly smooth Banach space, and let C : /=X be
a set-valued mapping with nonempty closed convex values
satisfying for any o.¢v € X* and t.t' € |

1/q 1/q |
(%) @)= () D<A =t +3lle 2. (1)

where ¢’ = ﬁ. and A.~v > 0. Assume that J(C(t)) C K for any
t € |, for some convex compact set K C X*. Let F: | x X=X"
be an u.s.c. set-valued mapping with convex compact values in X*
such that F(t,x) C L for all (t.x) € I x X, for some convex
compact set L C X*. Then, for any xg € C(0), there exists a

solution of (SPP).
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dd(x*) = inf{V(x*.s) : s € S}.

In Hilbert space:

d¥ (x*) = inf{V(x*,s) : s € S} = inf{||x* —s||* : s € S} = d3(x*).

a1
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dd (x*) = inf{V(x*.s) : s € S}.

In Hilbert space:

d¥ (x*) = inf{V(x*,s) : s € S} = inf{||x* —s||* : s € S} = d3(x*).

() x€S5 < d¥(J(x))=0.
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Sketch of the proof

* Consider for every n € N, the following partition of /:

tn,i = i>n (0< < 2") andd Bivq =i, tnisa] iF
O§1§2”—1and/,,, ={L

POE i, = g,;

* For every n > 0, we define by induction :
Uno -=— X0, Z;.O = F(tn.O- Un.O)-
Z;.,' = F(tn_j.Unh,').

Upj+1 -= TC (J(Un ) K f’"z;.i,) :

n l*l

The equality (2) is well defined?
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» For every n > 0, these points (Un_i)(og,’szn) and (Z;J-)(Os,’szn)
are used to construct two mappings z; and v, from | to X*
by defining their restrictions to each interval /,; as follows:
() For t =0, set z;(t) := z;, and

ur(t) := Juno) = J(x0),

(o) Forall t € [,;(0 <i<2").set z;(t) := z: ., and

n.r

t e r” i

U:(t) — J(va__f)+ : (J( Un.f*l) = J( Un-.") o 1.‘,,2‘,;.,:)—:—(:l'—l’n_,)Z:.‘r.

Hn

x For every n > 0, the mappings u, are given by

up(t) := S*(u,(t)). forall t € [. (3)

a7




al|J(uni+1) — J(uni) — l‘anT,i”q’ ! ||J*(J(Un.i+l))"2
—  2{J*(Nun,i+1)). I (Uni) + pnzp )
+ [ (tni) + pazy;ll>
= un.i-+—1||2 — 2(Upn,it1, J(Un,i) + lan,’;,,->
J(tni) + pnzp 12

|

V(J(upi) + pnZpis Un,is1)

91




= For every t. t" in I,; (0 < i< 2") one has

g ) t'—t , 2 | e -
Un(r ) o Un(t) = ' (\J(\U”-/‘*l) = J( un-f‘) — Hnlpy ) T (t/ . t}zn.f'

fin

Thus

[S(tn,i+1) — Huni) — ptazp ;| .
LY ”Zn,i”

Hn

() — (@) < | — ¢ (

= Note that X* is p’-unif. smooth and g’-unif. convex where p’
and ¢ are the conjugate numbers of p and g resp. Also, J(u,.1),

J(un,i) — 1nz, ; € RB., where R := k + Tl, k.| satisfy K C kB*
and L C IB”.

Then, there exists a constant o > 0 so that
o[ J(tnis1)—I(Uni)—azpil|7 < Va(I (H(nis1)). I(Uni)+1nzy)
where V. : X** x X* — [0. oo[ defined by

Va(€,0) = €7 — 26, ) + llell®. V€ € X** .V € X™.

Q90




o[ H(uni+1) = H(uni) = pnzail ¥ < 97 (H(unin))IP
—  2(J*(Nun,i+1)). H(Uni) + pnzp ;)
+ [ H(uni) + pnzilI°
o Un.i-+-1||2 — 2(tpis1. J(Un;) + ﬂnZ;,,->
J(tn i) + pnzn ;17

I+

V(J( un.i) + ﬂnzr:i' un,i+l)
d, ... (H(Uni) + ptazs ;)

On the other hand we have
v - " v 7 " v \7
(i) ™ (Honi) +p0zas) = (i)™ uns) + pn20s) = (i) ¥ ()
< Mtni+1 — tai) + "f‘#n“Z;.i” < (A + 1) ptn,

Thus

|/ (un,is1) — Huni) — pazy il

L
7

_ 3 *
07 (A1) " (umi) + 1nz;)

i 3
a T(A+vDp,

IA

IA




* Then, one obtains for every 0 < < 2"

f

09

A+l
[J(un,it1) — Hun,i)) — paznill < [ 1 J Fn-

93




= Coming back to the definition of u;,, one observes that for
B r< X

" 1 ' '
i (t) = #—n(J(u,,,,-_l) — Nuni) — paz, ;) + 2z, ;. a.e. I;.

Then one obtains, for ae. t €/

o g A+~ i
lan(t) — za(2)]| < [ ] = 0.

1
n‘"

Q5




Then, the construction of uy; and z;,, we have for ae. t €/

z,(t) € F(pn(t). un(pa(t)))

and

up(t) — z,(t) € —N(C(bn(t); un(fa(t))))-
* This inclusion entails for a.e. t €/
up(t) — z,(t) € —00dc(g,(r)(un(Bn(E)))-

= Observe that ||t} (t)|| < d+ /. and

u*(t) = (1 " t’“')) Huns) + =5 gy ) e K.

Hn Hn

Q7




Thus, for every t € I, the set {u}(t) : n > 0} is relatively compact
in X*. Therefore, the previous estimates and Ascoli-Arzela theorem
ensure the existence of a Lipschitz mapping u* : /| — X™ such that
u* — u* uniformly on / and & in L*(/.X*). Hence J*u’ = u,
converges uniformly to J*u* := u, because J* is uniformly
continuous on the compact set K and u},(t) € K for all t € /.

= Moreover, for a.e. t € [, by definition of #,(t) one has
0,(t) — t| < pp, and so we have

|3 (8a(t)) — u*(D)]] < () = u (O] + (5 + Do

So
lim 6,(t) =t. nli)mx up(6a(t)) = u™(t).

n—oc

Qg




= Now, let us define Z;(t) := fot z,(s)ds. Observe that for all

t € [ the set {Z;(t): n> 0} is contained in the compact set TL
and so it is relatively compact in X*. Therefore, as ||z;(t)|| </,
Ascoli-Arzela theorem ensures the existence of an absolutely
continuous mapping Z* : | — X* such that Z; — Z* uniformly on
| and Z* = z* converges weakly to Z* = z* in L1(/. X*).

« The weak convergence in LY(/. X*) of {i}}, and {z}}, to i/*
and z* respectively entail for almost all t € / (by Mazur's lemma)

i (t) — z*(t) € [ )eof{i; (¢) — Z(t) : j > n}.
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» By the upper semicontinuity of F and the convexity of its
values and with the same techniques used above we can prove

that z*(t) € F(t.u(t)) and so we get
u(t) € =N(C(z); u(t)) + F(t. u(2)).
that is,
x(t) € =N(C(t); J*(x(r))) + F(r. J(x(t))).

with x(t) = J(u(t)). This completes the proof.
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Nonconvex Case

Theorem 2. Let p > 2. g€ (1.2], X be a separable p-uniform.
convex and g-uniform. smooth Banach space, and let C : I=X
satisfy for any 0. v € X* and t.t' €/

| (dg(t)) - (v) — (dg(t'))lﬂql (¥)

where ¢’ = qu—l. and A\.v > 0. Assume that J(C(t)) C K for any
t € [, for some convex compact set K C X™. Let F: [l x X=X"
be an u.s.c. set-valued mapping with convex compact values in X*
such that F(t,x) C L for all (t.x) € I x X, for some convex
compact set L C X™*. If furthermore C satisfies:

S /\

¢ —t +lle — vl (4)

() The generalized projs. exist uniform. around the images of C;
(@) (t.x) — O%dc(p(x) is scalarly u.s.c. on [ x X,

Then, for any xp € C(0), there exists a solution of (NSPP).
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Open Problems

* | he existence of solutions for all variants of SP in the cener:

* | he existence of solutions for all variants of SP in the ¢e

+ Relationships between the proposed extensions of (SP) and
the ones studied in terms of primal proximal normal cone in
Bernicot-Venel and al.
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