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Vesicle Suspensions
Stokesian flow

∆v = ∇p x ∈ Ω
∇ · v = 0 x ∈ Ω
∇γ · v = 0 x ∈ γ

Boundary conditions
v = f x ∈ Γ
J−pI + (∇v +∇vT )Kn = f x ∈ γ

Traction jump
f models resistance to bending and
stretching, and adhesion

Bending and Strecthing
fB = kb

∫
γ
κ2dsy, fT =

∫
γ
σdsy

Γ

Γ Γγ
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Adhesion Model
Sukumaran and Seifert, PRE 2001

Adhesion potential

φ(z) = W
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Adhesion force
fA(x) = ∇

∫
γ
φ(‖x− y‖)dsy, x /∈ γ
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Governing Equations

Ω Ωγ Γv∞ v∞
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Governing Equations

Ω Ωγ Γv∞ v∞

Vesicle equations
dx
dt

= S[f ] x ∈ γ
0 = ∇γ · S[f ] x ∈ γ

Stokes single-layer potential
S[f ] = 1

4π
∫
γ

(
− log ρ+ r⊗ r

ρ2

)
f(y)dsy

Fluid equations
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Governing Equations

Ω Ωγ Γv∞ v∞

Vesicle equations
dx
dt

= S[f ] x ∈ γ
0 = ∇γ · S[f ] x ∈ γ
f = f(x, σ) = fB + fT + fA

Nyström method
S[f ](x) ≈∑

k

wkGS(x,xk)fk

Spectral representation
x(θ, t) =

∑
n

x̂n(t)einθ

σ(θ, t) =
∑
n
σ̂n(t)einθ

Fourier differentiation
dσ
dθ =

∑
n
inσ̂n(t)einθ

Trapezoid Rule∫
γ
φ(x)dsx =

N∑
n=1

wnφ(xn)
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Extensional Flow

Γ

h

x0

x1

xm

x

Near(Γ)
Far(Γ)
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Near-Singular Integration
Q. and Biros, JCP 2014

Trapezoid Error
N = 16 N = 64

−15
−10
−5
0

N = 256 N = 1024

N = 1024
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Spectral Deferred Correction
Q. and Biros, JCP 2016

125 250 500 1000

10−12

10−8

10−4

Number of Time Steps

Er
ro

r
SDC Convergence

0 SDC
1 SDC
2 SDC

xN+1 − xN

∆t = v[xN+1]

r(x) = xN+1 − xN +
∫ tN+1

tN
v[x]dτ

eN+1 − eN

∆t = r + v[xN+1 + eN+1]

• Residual is approximated with quadrature

• Substeps used to achieve high-order
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Adaptive Time Stepping
• Crucial for problems with multiple time scales

• Local truncation error estimated with area and length
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Relaxation with Adhesion
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Relaxation with Adhesion
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Minimum Separation
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Total Energy
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Doublets in R3

Hoore et al, Soft Matter, 2018

This journal is©The Royal Society of Chemistry 2018 Soft Matter

for low adhesion strengths and it buckles as the adhesion
strength increases. The F–B phase appears in a broader range
of adhesion strengths when the shear modulus is much lower
than that for a healthy RBC. Also, the F–C phase, which has
never been detected for normal RBC reduced volumes of
nE 0.64, appears at very low shear moduli. On the other hand,
at shear moduli of healthy RBCs, the M–F and S–B phases are
found at low adhesion strengths. If the shear modulus is very
high, the RBCs do not tend to form the contact area from their
center. A high shear modulus is relevant for diseased RBCs,
such as in malaria.63

The doublet phases are determined by the balance of
deformation energies and adhesion energy. The shear elasticity
of the membrane attributed to the spectrin network has a strong
effect on the doublet phases, as shown in Fig. 7. For vesicle
doublets, the effect of shear elasticity is absent since vesicles are
made of a fluid membrane. Accordingly, the lower region of the
phase diagram (m- 0) in Fig. 7 corresponds to the previous work
on doublets with the three phases F–C, F–B, and sigmoid–concave
(Yin–Yang),19,20,25,54 characterized by the contact surface only.
A distinct difference between our results and those from previous
studies on vesicles is that the F–B phase appears only if the shear
elasticity of the RBC spectrin network is small enough, as shown
in Fig. 7(c). Therefore, such a phase cannot be observed for RBC
doublets, because they have significant shear elasticity.

Fig. 7(b) shows that by increasing the adhesion strength, the
contact area exhibits two discontinuous jumps for a fixed m.
The first jump in Ac at very low gt 1 occurs when the adhesion
interaction overcomes membrane thermal fluctuations and cell
diffusion. The second discontinuity in Ac manifests a transition
when one or both RBCs lose their original biconcave shape
by forming suddenly a larger contact area in a doublet. For
example, it happens when F–B, S–B, and M–F shapes are first
attained for 1 o g o 10, such that a larger contact area is
rapidly formed. Interestingly, further transitions with increasing g
(e.g. to the Yin–Yang phase) are continuous, since the contact area
is continuously increased with an increase in adhesion strength.
Thus, buckling out of a membrane dimple and rapid formation of
a larger area of contact can be considered as signatures of a
discontinuous transition. An increase in shear elasticity generally
delays this discontinuous transition in terms of g and reduces the
contact area, as can be seen in Fig. 7(b) and Movie S2 (ESI†). These
results are qualitatively consistent with a discontinuity in Ac found
for vesicle doublets.19

Since the shear elasticity of membranes has a significant
effect on the doublet configurations, the stress-free shape of
RBCs might also play an important role in determining the
shape of RBC membranes and their doublet phases. Whether the
spectrin network of a RBC is stress-free in the biconcave or
spherical shape or something in-between is still under debate.64–67

Fig. 7 RBC doublet configurations as a function of the spectrin network’s reduced shear modulus m = GA/8pkc and reduced adhesion strength g at a
constant reduced volume n = 0.64. (a) Contour plots show the contact area and the reduced bending energy. The black dots (!) represent the values for
which simulations have been performed. (b) Dependence of the contact area on adhesion strength for different m values. A discontinuity in the contact
area is observed when one or both RBCs lose their original biconcave shape. (c) Phase diagram of RBC doublets as a function of g and m, where different
phases are separated by various colors. The phase boundaries are drawn schematically to guide the eye. The side and section views of some
configurations are shown, omitting some shapes for more clarity. The low shear moduli approximate vesicle doublets. The membrane is assumed to be
stress-free in its biconcave shape with n = 0.64.

Soft Matter Paper

Pu
bl

is
he

d 
on

 0
6 

Ju
ly

 2
01

8.
 D

ow
nl

oa
de

d 
by

 F
lo

rid
a 

St
at

e 
U

ni
ve

rs
ity

 o
n 

7/
17

/2
01

8 
7:

49
:3

5 
PM

. 

View Article Online

• Adhesion between
closest vertices

• Lennard-Jones 12-6
potential

• γ is the adhesion
strength

• µ is the shear modulus

• Reduced volume is
0.64
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Aggregates of RBCs

• Figure A: Healthy
patient

• Figure B: Recent
cardiac bypass
patient

• Aggregate structure
affects the blood
rheology and
viscoelasticity
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Reduced Area = 0.99
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Reduced Area = 0.89
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Reduced Area = 0.79
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Formation of Doublets
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Multiple Vesicles
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Concluding Remarks

• Proposed an adhesion model based on a Lennard-Jones 4-2
potential

• Reliable high-fidelity solutions formed with high-order adaptive
time stepping and near-singular integration

• The reduced area affects the nature of the near contact

• Doublets are formed with

• Large reduced areas and small adhesion length scales
• Small reduced areas and larger adhesion length scales
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