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� 3HULRGLF�RUELWV�LQ�WKH��'1DYLHUĦ6WRNHV
8LI MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3 EVI KMZIR F]

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R,

[LIVI
• u = u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) ∈ R3 MW XLI ZIPSGMX] JMIPH
• p = p(x, t) ∈ R MW XLI TVIWWYVI
• x = (x1, x2, x3) ∈ T3 ERH t ≥ 0
• ρ MW XLI HIRWMX] SJ XLI JPYMH ERH ν MW XLI OMRIQEXMG ZMWGSWMX]

• [(u ·∇)u]k = u1
∂uk

∂x1
+ u2

∂uk

∂x2
+ u3

∂uk

∂x3
� JSV k = 1, 2, 3

• f = f(x, t) MW XLI I\XIVREP JSVGMRK XIVQ�

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

��� 6SHFWUDO�YRUWLFLW\�HTXDWLRQ

0IX XLI ZSVXMGMX] ω GHI
= ∇× u� 9WMRK (u ·∇)u = ∇

(
u2

2

)
− u× ω �

∇× ((u ·∇)u) = ∇× (ω × u)

= (u ·∇)ω − (ω ·∇)u+ ω (∇ · u)− u (∇ · ω) ,

ERH WMRGI u ERH ω EVI HMZIVKIRGI JVII �

∇× ((u ·∇)u) = (u ·∇)ω − (ω ·∇) u.

8LI ZSVXMGMX] IUYEXMSR MW XLIR KMZIR F]

∂tω + (u ·∇)ω − (ω ·∇) u− ν∆ω = g SR T3 × R,

[LIVI g
GHI
= ∇× f �

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°
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Periodic orbits in the 3D Navier-Stokes equations

Goal: prove the existence (constructively) of periodic orbits

� 3HULRGLF�RUELWV�LQ�WKH��'1DYLHUĦ6WRNHV
8LI MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3 EVI KMZIR F]

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R,

[LIVI
• u = u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) ∈ R3 MW XLI ZIPSGMX] JMIPH
• p = p(x, t) ∈ R MW XLI TVIWWYVI
• x = (x1, x2, x3) ∈ T3 ERH t ≥ 0
• ρ MW XLI HIRWMX] SJ XLI JPYMH ERH ν MW XLI OMRIQEXMG ZMWGSWMX]

• [(u ·∇)u]k = u1
∂uk

∂x1
+ u2

∂uk

∂x2
+ u3

∂uk

∂x3
� JSV k = 1, 2, 3

• f = f(x, t) MW XLI I\XIVREP JSVGMRK XIVQ�

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

��� 6SHFWUDO�YRUWLFLW\�HTXDWLRQ

0IX XLI ZSVXMGMX] ω GHI
= ∇× u� 9WMRK (u ·∇)u = ∇

(
u2

2

)
− u× ω �

∇× ((u ·∇)u) = ∇× (ω × u)

= (u ·∇)ω − (ω ·∇)u+ ω (∇ · u)− u (∇ · ω) ,

ERH WMRGI u ERH ω EVI HMZIVKIRGI JVII �

∇× ((u ·∇)u) = (u ·∇)ω − (ω ·∇) u.

8LI ZSVXMGMX] IUYEXMSR MW XLIR KMZIR F]

∂tω + (u ·∇)ω − (ω ·∇) u− ν∆ω = g SR T3 × R,

[LIVI g
GHI
= ∇× f �

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

�



0

Does not lead to a diagonal dominant derivative in Fourier space
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⎧
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1

ρ
∇p = f SR T3 × R

∇ · u = 0 SR T3 × R

ERH PSSO JSV TIVMSHMG WSPYXMSRW� ;I [MPP GSRWMHIV XLI ZSVXMGMX] ω = ∇× u� 9WMRK

(u ·∇)u = ∇
(
u2

2

)
− u× ω,

[I KIX

∇× ((u ·∇)u) = ∇× (ω × u)

= (u ·∇)ω − (ω ·∇)u+ ω (∇ · u)− u (∇ · ω) , Ī�ī

ERH WMRGI FSXL u ERH ω EVI HMZIVKIRGI JVII [I IRH YT [MXL

∇× ((u ·∇)u) = (u ·∇)ω − (ω ·∇) u. Ī�ī

8LI ZSVXMGMX] IUYEXMSR MW XLIR KMZIR F]

∂tω + (u ·∇)ω − (ω ·∇)u− ν∆ω = g SR 3× R, Ī�ī

[LIVI g = ∇× f �
;I HIJMRI n = (n1, n2, n3, n4) ∈ Z4 ERH [MPP SJXIR [VMXI MX EW n = (ñ, n4) [LIVI

ñ = (n1, n2, n3)� -J u MW E TIVMSHMG JYRGXMSR [I HIRSXI F] (un)n∈Z4 ∈ (C3)Z
4

MXW *SYVMIV
GSIJJMGMIRXW �

u(x, t) =
∑

n∈Z4

une
i(ñ·x+n4Ωt),

[LIVI Ω MW XLI E�TVMSVM YRORS[R ERKYPEV JVIUYIRG]� 'SRWMHIV XLI *SYVMIV I\TERWMSR SJ
XLI �XMQI MRHITIRHIRX
 JSVGMRK XIVQ g KMZIR F]

g(x) =
∑

ñ∈Z3

g(ñ,0)e
i(ñ·x),

0� (MIGM ERH '� )PME� 4IVMSHMG SVFMXW JSV TPEREV TMIGI[MWI WQSSXL W]WXIQW [MXL E PMRI
SJ HMWGSRXMRYMX]� .� (]REQ� (MJJIVIRXMEP )UYEXMSRW� ����
 ����� #����� �����

�

We consider the vorticity equation
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ñ∈Z3
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Periodic orbits in the 3D Navier-Stokes equations
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Periodic orbits in the 3D Navier-Stokes equations
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still depends on the velocity

Periodic orbits in the 3D Navier-Stokes equations

;I I\TVIWW u MR XIVQ SJ ω F] WSPZMRK
{
∇× u = ω

∇ · u = 0.

%TTP]MRK E GYVP XS XLI JMVWX IUYEXMSR� ERH YWMRK XLEX ∇ · u = 0� [I KIX

−∆u = ∇× ω,

ERH WS
u = −∆−1∇× ω.

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

;I HIJMRI n = (n1, n2, n3, n4) ∈ Z4 ERH [MPP SJXIR [VMXI MX EW n = (ñ, n4) [LIVI
ñ = (n1, n2, n3)� -J u MW E TIVMSHMG JYRGXMSR [I HIRSXI F] (un)n∈Z4 ∈ (C3)Z

4

MXW *SYVMIV
GSIJJMGMIRXW �

u(x, t) =
∑

n∈Z4

une
i(ñ·x+n4Ωt),

[LIVI Ω MW XLI E�TVMSVM YRORS[R ERKYPEV JVIUYIRG]� 'SRWMHIV XLI *SYVMIV I\TERWMSR SJ
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 JSVGMRK XIVQ g KMZIR F]

g(x) =
∑

ñ∈Z3

g(ñ,0)e
i(ñ·x),

;I EVI KSMRK XS WSPZI JSV XLI *SYVMIV GSIJJMGMIRXW SJ ω� 1SVI TVIGMWIP]� SYV YRORS[RW
EVI XLI *SYVMIV GSIJJMGMIRXW (ωn)n∈Z4 ERH XLI ERKYPEV JVIUYIRG] Ω�

0IX YW MRXVSHYGI WSQI RSXEXMSRW� *SV 1 ≤ l ≤ 3� ω(l) ∈ CZ4
MW XLI *SYVMIV WIUYIRGI

SJ XLI l�XL GSQTSRIRX SJ ω� *SV ER] *SYVMIV WIUYIRGI a = (an) ∈ CZ4
ERH ER] 1 ≤ l ≤ 3

[I HIJMRI XLI WIUYIRGI Dla GSVVIWTSRHMRK XS XLI TEVXMEP HIVMZEXMZI SJ a [MXL VIWTIGX XS
xl �[MXLSYX XLI i
� REQIP] �

(Dla)n = nlan ∀ n ∈ Z4.

*SV ER] *SYVMIV WIUYIRGI a = (an) ERH b = (bn) MR CZ4
[I HIJMRI XLIMV GSRZSPYXMSR

TVSHYGX EW
(a ∗ b)n =

∑

k∈Z4

akbn−k.
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diagonal dominant linear part in Fourier space

Periodic orbits in the vorticity equation
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∂tω − ν∆ω −
((
∆−1∇× ω

)
·∇
)
ω + (ω ·∇)

(
∆−1∇× ω

)
= g
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7IX n = (n1, ñ) ∈ Z4� [LIVI ñ = (n1, n2, n3) ∈ Z3� -J ω MW E TIVMSHMG JYRGXMSR [I HIRSXI
F] (ωn)n∈Z4 ∈ (C3)Z

4

MXW *SYVMIV GSIJJMGMIRXW �

ω(x, t) =
∑

n∈Z4

ωne
i(ñ·x+n4Ωt),
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(Dla)n = nlan ∀ n ∈ Z4.
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nonlinear terms

Periodic orbits in the vorticity equation

;I I\TVIWW u MR XIVQ SJ ω F] WSPZMRK
{
∇× u = ω

∇ · u = 0.

%TTP]MRK E GYVP XS XLI JMVWX IUYEXMSR� ERH YWMRK XLEX ∇ · u = 0� [I KIX

−∆u = ∇× ω,

ERH WS
u = −∆−1∇× ω.

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

∂tω − ν∆ω −
((
∆−1∇× ω

)
·∇
)
ω + (ω ·∇)

(
∆−1∇× ω

)
= g

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°
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Periodic orbits in the vorticity equation

Describes the “dynamics” of the vorticity as time evolves
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leads to a diagonal  
dominant derivative

Periodic orbits in the vorticity equation
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⎠ ñ ̸= 0,

0 ñ = 0.

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

�



Periodic orbits in the vorticity equation

The periodic orbits need to be isolated fixed points 
To eliminate arbitrary time shift, we impose a Poincaré phase condition.
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g(ñ,0)e
i(ñ·x),

0IX YW MRXVSHYGI WSQI RSXEXMSRW� *SV 1 ≤ l ≤ 3� ω(l) ∈ CZ4
MW XLI *SYVMIV WIUYIRGI

SJ XLI l�XL GSQTSRIRX SJ ω� *SV ER] *SYVMIV WIUYIRGI a = (an) ∈ CZ4
ERH ER] 1 ≤ l ≤ 3

[I HIJMRI XLI WIUYIRGI Dla GSVVIWTSRHMRK XS XLI TEVXMEP HIVMZEXMZI SJ a [MXL VIWTIGX XS
xl �[MXLSYX XLI i
� REQIP] �

(Dla)n = nlan ∀ n ∈ Z4.

�



Periodic orbits in the vorticity equation

The periodic orbits need to be isolated fixed points 
To eliminate arbitrary time shift, we impose a Poincaré phase condition.

F⇤ = 0

•�(0)

�

;I I\TVIWW u MR XIVQ SJ ω F] WSPZMRK
{
∇× u = ω

∇ · u = 0.

%TTP]MRK E GYVP XS XLI JMVWX IUYEXMSR� ERH YWMRK XLEX ∇ · u = 0� [I KIX

−∆u = ∇× ω,

ERH WS
u = −∆−1∇× ω.

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

∂tω − ν∆ω −
((
∆−1∇× ω

)
·∇
)
ω + (ω ·∇)

(
∆−1∇× ω

)
= g

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°
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we solve using computer-assisted analysis

Periodic orbits in the vorticity equation
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Ω �TIVMSHMG WSPYXMSR SJ
XLI JSVGIH MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3
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⎨

⎩
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∇p = f, SR T3 × R
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x1

x2

x3

x4

x5

x6

x7

Most of the time impossible to compute exactly !

X
to solve in a Banach spaceF(x) = 0

A general nonlinear problem



Alternative: find small balls in which it is demonstrated (in a 
mathematically rigorous sense) that a unique solution exists.

X
to solve in a Banach spaceF(x) = 0

A general nonlinear problem



'HÀQLWLRQ� &RQVLGHU�WKH�DERYH�ERXQGV Y DQG Z� 7KH UDGLL�SRO\QRPLDOV DUH�JLYHQ�E\

pi(r) = Yi + Zi(r)− r, i = 1, . . . , 7.

/HPPD� (I½RI
I = {r > 0 : pi(r) < 0, ∀ i = 1, . . . , 7}.

-J I ̸= ∅� XLIR�JSV�ER] r ∈ I � XLIVI�I\MWXW�E�YRMUYI�½\IH�TSMRX�SJ T � ERH�LIRGI�E�YRMUYI
^IVS�SJ f � [MXLMR�XLI�WIX Bx̄(r) = x̄+B(r)�

• L = 6 � VIWGEPMRK�SJ�XMQI�JEGXSV�
• Ns = Nu = 20 � SVHIV�SJ�XLI�TEVEQIXVM^EXMSR�SJ�XLI�QERMJSPHW�
• m = 50 � ��SJ�'LIF]WLIZ�GSIJ½GMIRXW�XS�GSQTYXI�IEGL�GSQTSRIRX�SJ�XLI�&:4�

�� 0IX x̄ E�RYQIVMGEP�ETTVS\MQEXMSR�SJ f(x) = 0 MR X
GSQTYXIH�YWMRK�E�½RMXI�HMQIRWMSREP�VIHYGXMSR�

�� 'SRWXVYGX�[MXL�XLI�LIPT�SJ�XLI�GSQTYXIV�E�PMRIEV
STIVEXSV A XLEX�MW�ER�ETTVS\MQEXI�MRZIVWI�SJ Df(x̄)�

�� :IVMJ]�XLEX A MW�ER�MRNIGXMZI�PMRIEV�STIVEXSV�

�� (I½RI T (x) = x− Af(x) E�2I[XSR�PMOI�STIVEXSV
EFSYX�XLI�RYQIVMGEP�ETTVS\MQEXMSR x̄�

�� 'SRWMHIV Bx̄(r) ⊂ X XLI�GPSWIH�FEPP�SJ�VEHMYW r
GIRXIVIH�EX x̄�

�� *MRH r > 0 WYGL�XLEX T : Bx̄(r) → Bx̄(r) MW�E
GSRXVEGXMSR�QETTMRK��XSSP � UDGLL�SRO\QRPLDOV
�

�

F(x) = 0

DF(x̄)

F(x)

How to find these small isolating balls ?
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GSRXVEGXMSR�QETTMRK��XSSP � UDGLL�SRO\QRPLDOV
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F(x) = 0

DF(x̄)
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How to find these small isolating balls ?
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"

p(r)

(radii polynomial)

�� 'HOD\�'LɲHUHQWLDO�(TXDWLRQV
�E
 $ǞǎǓǢǌǙǏǐǙ� ,ǡǌǙǚǡ� /ǚǞǞǚǙ� 6ǎǓǠǗǥǐĥ+ǌǗǍǐǝǒ� 6ǟǚǑǑǐǝ�

4IVMSHMG�WSPYXMSRW�

�F
 :ȜǕǎǔǖ� =ǒǗǔǎǥǤȗǞǖǔ� )\MWXIRGI�SJ�XSTSPSKMGEP�LSVWIWLSIW�
�G
 %ǰǙǓǐǗǤǔ� &ǞǐǙǏǐǞ� 1ǐǠǘǌǔǐǝ� .ǝǔǞǥǟǔǙ� ;VMKLX´W�GSRNIGXYVI�

�H
 .ǔǞǞ� /� 4IVMSHMG�WSPYXMSRW�SJ�HIPE]�IUYEXMSRW�[MXL�QYPXMTPI�HIPE]W�

ħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħħ

7KHRUHP � 0IX T : X → X HI½RIH�F] T (x) = x− AF(x) [MXL T ∈ C1(X)�
0IX r > 0 ERH�GSRWMHIV�FSYRHW ε ERH κ = κ(r) WEXMWJ]MRK

∥T (x̄)− x̄∥X = ∥AF(x̄)∥X ≤ ε

VXS
w∈Bx̄(r)

∥DT (w)∥X = VXS
w∈Bx̄(r)

∥I − A ·DF(w)∥X ≤ κ(r).

-J
p(r)

GHI
= ε+ rκ(r)− r < 0

XLIR T : Bx̄(r) → Bx̄(r) MW�E�GSRXVEGXMSR�[MXL�0MTWGLMX^�GSRWXERX κ(r) < 1�
1SVISZIV A MW�MRNIGXMZI�ERH�XLIVIJSVI F = 0 LEW�E�YRMUYI�WSPYXMSR�MR Bx̄(r)�

�

x̄

Bx̄(r)
•

•x̂

r

A Newton-Kantorovich type argument
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/HPPD � %WWYQI XLEX XLI I\XIVREP JSVGMRK XIVQ f HSIW RSX HITIRH SR XMQI�
XLEX F(W ) = 0 ERH XLEX ∇ · ω = 0� 0IX u GHI

= Mω� [LIVI Mω = (Mnωn)n∈Z4

MW KMZIR GSQTSRIRX�[MWI F]

Mn
GHI
=

⎧
⎪⎪⎨

⎪⎪⎩

i

ñ2

⎛

⎝
0 −n3 n2

n3 0 −n1

−n2 n1 0

⎞

⎠ ñ ̸= 0,

0 ñ = 0.

8LIR XLIVI I\MWXW E TVIWWYVI XIVQ p WYGL XLEX (u, p) MW E 2π
Ω TIVMSHMG WSPYXMSR

SJ XLI JSVGIH �( 2EZMIV�7XSOIW IUYEXMSRW�

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

;I GSRWMHIV XLI &EREGL WTEGI Xη = C×
(
ℓ1η(C)

)3
[MXL XLI RSVQ

∥W∥Xη
= PD[

(
|Ω|, PD[

1≤l≤3
∥ω(l)∥ℓ1η

)
,

[LIVI JSV E GSQTPI\ ZEPYIH WIUYIRGI a ∈ CZ4
�

∥a∥ℓ1η =
∑

n∈Z4

|an|η|n|1 .

;I WSPZI XLI TVSFPIQ F(W ) = 0 MR XLI WYFWTEGI SJ Xη SJ HMZIVKIRGI
JVII WIUYIRGIW

X div
η

GHI
= {W ∈ Xη, ∇ · ω = 0} .

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

'SRWMHIV XLI 'EYGL] TVSFPIQ EWWSGMEXIH XS *MWLIV Ẃ TEVXMEP HMJJIVIRXMEP IUYEXMSR� XLEX MW

∂

∂t
u(t, x) =

∂2

∂x2
u(t, x) + µu(t, x)(1− u(t, x)), t ∈ [0, 2h], x ∈ [0, π] Ī�ī

u(0, x) = u0(x), x ∈ [0, π],

JSV WSQI PIRKXL SJ XMQI h > 0� 8LVSYKLSYX [I MQTSWI 2IYQERR FSYRHEV] GSRHMXMSRW

∂

∂x
u(t, 0) =

∂

∂x
u(t, π) = 0, JSV EPP t ≥ 0.

�

Periodic orbits in the vorticity equation
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ñ2

⎛

⎝
0 −n3 n2

n3 0 −n1

−n2 n1 0

⎞
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The approximate inverse A

0

0

0

0

Am ≈ DF (m)(ā)−1

+E

≈ 0

�

⇤

⇤

⇤

⇤

DF (m)(W̄ ) + E

Fn(W ) = µnωn+i
[
Mω ·

(
D̃ ⊗ ω

)]

n
−i
[
ω ·
(
D̃ ⊗Mω

)]

n
−gn, µn

GHI
= iΩn4+νñ2

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

0SSOMRK JSV TIVMSHMG SVFMXW SJ XLI ZSVXMGMX] IUYEXMSR FSMPW HS[R XS WSPZI

F(W ) =

(
F∗(W )

(Fn(W ))n∈Z4

)
= 0, W

GHI
=

(
Ω

(ωn)n∈Z4

)
.

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

/HPPD � %WWYQI XLEX XLI I\XIVREP JSVGMRK XIVQ f HSIW RSX HITIRH
SR XMQI� XLEX F(W ) = 0 ERH XLEX ∇ · ω = 0� 0IX u GHI

= Mω� 8LIR XLIVI
I\MWXW E TVIWWYVI XIVQ p WYGL XLEX (u, p) MW E 2π

Ω �TIVMSHMG WSPYXMSR SJ
XLI JSVGIH MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R.
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X div
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GHI
= {W ∈ Xη, ∇ · ω = 0} .
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;I I\TVIWW u MR XIVQ SJ ω F] WSPZMRK
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∇× u = ω

∇ · u = 0.

%TTP]MRK E GYVP XS XLI JMVWX IUYEXMSR� ERH YWMRK XLEX ∇ · u = 0� [I KIX

−∆u = ∇× ω,

ERH WS
u = −∆−1∇× ω.
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∂tω − ν∆ω −
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∆−1∇× ω

)
·∇
)
ω + (ω ·∇)
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∆−1∇× ω
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= g
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(iΩn4 + νñ2)ωn + i
[
Mω ·

(
D̃ ⊗ ω

)]

n

−i
[
ω ·
(
D̃ ⊗Mω

)]

n
− gn, n ̸= 0

[LIVI W
GHI
=
(
Ω, (ωn)n∈Z4

)
� Mω = (Mnωn)n∈Z4 [MXL

Mn
GHI
=

⎧
⎪⎪⎨

⎪⎪⎩

i

ñ2
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Fn(W ) = µnωn+i
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D̃ ⊗ ω
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n
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ω ·
(
D̃ ⊗Mω
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n
−gn, µn

GHI
= iΩn4+νñ2

DF(W̄ ) ≈

DF(W̄ )−1 ≈

µ−1
n

Am ≈ DF (m)(W̄ )−1
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0SSOMRK JSV TIVMSHMG SVFMXW SJ XLI ZSVXMGMX] IUYEXMSR FSMPW HS[R XS WSPZI

F(W ) =
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SR XMQI� XLEX F(W ) = 0 ERH XLEX ∇ · ω = 0� 0IX u GHI

= Mω� 8LIR XLIVI
I\MWXW E TVIWWYVI XIVQ p WYGL XLEX (u, p) MW E 2π

Ω �TIVMSHMG WSPYXMSR SJ
XLI JSVGIH MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
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⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R.
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Am ≈ DF (m)(ā)−1

+E

≈ 0
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The approximate inverse A
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0SSOMRK JSV TIVMSHMG SVFMXW SJ XLI ZSVXMGMX] IUYEXMSR FSMPW HS[R XS WSPZI
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SR XMQI� XLEX F(W ) = 0 ERH XLEX ∇ · ω = 0� 0IX u GHI

= Mω� 8LIR XLIVI
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XLI JSVGIH MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
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∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R.
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;I GSRWMHIV XLI &EREGL WTEGI Xη = C×
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ℓ1η(C)
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[MXL XLI RSVQ
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= PD[
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|Ω|, PD[

1≤l≤3
∥ω(l)∥ℓ1η

)
,

�

f (m)
k (aF ) = kak − ak−1 + (a2)k−1, k = 1, . . . ,m

{
aF = (a1, . . . , am)T ∈ Rm

f (m)
k (aF ) = kak − ak−1 + (a2)k−1, k = 1, . . . ,m

6IGEWX f(a) = 0 EW�E�½\IH�TSMRX�TVSFPIQ T (a) = a− Af(a) [LIVI A ≈ Df(ā)−1�
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8LI 'LIF]WLIZ�TSP]RSQMEPW Tk : [−1, 1] → R� k = 0, 1, 2, . . .� EVI�HI½RIH�F] T0(t) = 1 ERH
T1(t) = t ERH�XLI�VIGYVVIRGI�VIPEXMSR

Tk+1(t) = 2tTk(t)− Tk−1(t), k ≥ 1.
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GHI
=

7KHRUHP � )ZIV]�0MTWGLMX^�GSRXMRYSYW�JYRGXMSR v : [−1, 1] → R LEW�E�YRMUYI�VITVIWIR�

XEXMSR�EW�ER�EFWSPYXIP]�ERH�YRMJSVQP]�GSRZIVKIRX�WIVMIW v(t) = a0 + 2
∞∑

k=0

akTk(t)�
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8LI�IPPMTWI Eρ �[MXL�JSGM�EX ±1
�MW�HI½RIH�F]�½\MRK ρ > 1 ERH�GSRWMHIVMRK�XLI�MQEKI�SJ
XLI�GMVGPI�[MXL�VEHMYW ρ MR C YRHIV�XLI�QET z '→ 1
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Fn(W ) = µnωn+i
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Mω ·

(
D̃ ⊗ ω

)]
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ω ·
(
D̃ ⊗Mω

)]

n
−gn, µn

GHI
= iΩn4+νñ2

DF (W̄ ) ≈

DF (W̄ )−1 ≈

µ−1
n

Am ≈ DF (m)(W̄ )−1
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F(W ) =

(
F∗(W )

(Fn(W ))n∈Z4

)
= 0, W

GHI
=

(
Ω

(ωn)n∈Z4

)
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/HPPD � %WWYQI XLEX XLI I\XIVREP JSVGMRK XIVQ f HSIW RSX HITIRH
SR XMQI� XLEX F(W ) = 0 ERH XLEX ∇ · ω = 0� 0IX u GHI

= Mω� 8LIR XLIVI
I\MWXW E TVIWWYVI XIVQ p WYGL XLEX (u, p) MW E 2π

Ω �TIVMSHMG WSPYXMSR SJ
XLI JSVGIH MRGSQTVIWWMFPI 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f, SR T3 × R

∇ · u = 0, SR T3 × R.
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Using the symmetries to reduce the dimension°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

8LI IUYEXMSR

Fn(W ) =

⎧
⎪⎪⎨

⎪⎪⎩

ω0, n = 0

(iΩn4 + νñ2)ωn + i
[
Mω ·

(
D̃ ⊗ ω

)]

n

−i
[
ω ·
(
D̃ ⊗Mω

)]

n
− gn, n ̸= 0

LEW E VEXLIV PEVKI KVSYT SJ W]QQIXVMIW� KIRIVEXIH F] XLI JSPPS[MRK IPIQIRXW�

° 6IJPIGXMSR MR XLI x�HMVIGXMSR � Sx(ωn) =
(
ω(x)
(−nx,ny ,nz)

,−ω(y)
(−nx,ny ,nz)

,−ω(z)
(−nx,ny ,nz)

)
.

° 6IJPIGXMSR MR XLI y�HMVIGXMSR � Sy(ωn) =
(
−ω(x)

(nx,−ny ,nz)
,ω(y)

(nx,−ny ,nz)
,−ω(z)

(nx,−ny ,nz)

)
.

° 6IJPIGXMSR MR XLI z�HMVIGXMSR � Sz(ωn) =
(
−ω(x)

(nx,ny ,−nz)
,−ω(y)

(nx,ny ,−nz)
,ω(z)

(nx,ny ,−nz)

)
.

° 8VERWPEXMSR SZIV d = 2π
l MR XLI ZIVXMGEP HMVIGXMSR � Tl(ωn) =

(
e

2iπ
l

)nz

ωn.

° 8VERWPEXMSR SZIV s = τ
l MR XMQI �[LIVI τ MW XLI TIVMSH
 � Pl(ωn) =

(
e

2iπ
l

)nt

ωn.

° % WLMJX SZIV π MR FSXL XLI x ERH y HMVIGXMSRW D(ωn) = (−1)nx+nyωn.

° 6SXEXMSR EFSYX XLI E\MW x = y = 0 SZIV π/2 JSPPS[IH F] E WLMJX SZIV π MR XLI
\�HMVIGXMSR � R(ωn) = (−1)ny(−ω(y)

(−ny ,nx,nz)
,ω(x)

(−ny ,nx,nz)
,ω(z)

(−ny ,nx,nz)
).
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Result: a 2D periodic orbit in the Navier-Stokes equations

'SRWMHIV XLI �( 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f SR T3 × R

∇ · u = 0 SR T3 × R

f(x1, x2, x3) =

⎛

⎝
− VLQ(x1) FRV(x2)/2
FRV(x1) VLQ(x2)/2

0

⎞

⎠

;I [MPP GSRWMHIV XLI ZSVXMGMX] ω = ∇× u� 9WMRK

(u ·∇)u = ∇
(
u2

2

)
− u× ω,

[I KIX

∇× ((u ·∇)u) = ∇× (ω × u)

= (u ·∇)ω − (ω ·∇)u+ ω (∇ · u)− u (∇ · ω) , Ī�ī

ERH WMRGI FSXL u ERH ω EVI HMZIVKIRGI JVII [I IRH YT [MXL

∇× ((u ·∇)u) = (u ·∇)ω − (ω ·∇) u. Ī�ī

8LI ZSVXMGMX] IUYEXMSR MW XLIR KMZIR F]

∂tω + (u ·∇)ω − (ω ·∇) u− ν∆ω = g SR T3 × R, Ī�ī

[LIVI g = ∇× f �
;I HIJMRI n = (n1, n2, n3, n4) ∈ Z4 ERH [MPP SJXIR [VMXI MX EW n = (ñ, n4) [LIVI

ñ = (n1, n2, n3)� -J u MW E TIVMSHMG JYRGXMSR [I HIRSXI F] (un)n∈Z4 ∈ (C3)Z
4

MXW *SYVMIV
GSIJJMGMIRXW �

u(x, t) =
∑

n∈Z4

une
i(ñ·x+n4Ωt),

[LIVI Ω MW XLI E�TVMSVM YRORS[R ERKYPEV JVIUYIRG]� 'SRWMHIV XLI *SYVMIV I\TERWMSR SJ
XLI �XMQI MRHITIRHIRX
 JSVGMRK XIVQ g KMZIR F]

g(x) =
∑

ñ∈Z3

g(ñ,0)e
i(ñ·x),

0� (MIGM ERH '� )PME� 4IVMSHMG SVFMXW JSV TPEREV TMIGI[MWI WQSSXL W]WXIQW [MXL E PMRI
SJ HMWGSRXMRYMX]� .� (]REQ� (MJJIVIRXMEP )UYEXMSRW� ����
 ����� #����� �����

�

'SRWMHIV XLI �( 2EZMIV�7XSOIW IUYEXMSRW SR XLI �( XSVYW T3

⎧
⎨

⎩
∂tu+ (u ·∇)u− ν∆u+

1

ρ
∇p = f SR T3 × R

∇ · u = 0 SR T3 × R

ERH PSSO JSV TIVMSHMG WSPYXMSRW� ;I [MPP GSRWMHIV XLI ZSVXMGMX] ω = ∇× u� 9WMRK

(u ·∇)u = ∇
(
u2

2

)
− u× ω,

[I KIX

∇× ((u ·∇)u) = ∇× (ω × u)

= (u ·∇)ω − (ω ·∇)u+ ω (∇ · u)− u (∇ · ω) , Ī�ī

ERH WMRGI FSXL u ERH ω EVI HMZIVKIRGI JVII [I IRH YT [MXL

∇× ((u ·∇)u) = (u ·∇)ω − (ω ·∇) u. Ī�ī

8LI ZSVXMGMX] IUYEXMSR MW XLIR KMZIR F]

∂tω + (u ·∇)ω − (ω ·∇)u− ν∆ω = g SR 3× R, Ī�ī

[LIVI g = ∇× f �
;I HIJMRI n = (n1, n2, n3, n4) ∈ Z4 ERH [MPP SJXIR [VMXI MX EW n = (ñ, n4) [LIVI

ñ = (n1, n2, n3)� -J u MW E TIVMSHMG JYRGXMSR [I HIRSXI F] (un)n∈Z4 ∈ (C3)Z
4

MXW *SYVMIV
GSIJJMGMIRXW �

u(x, t) =
∑

n∈Z4

une
i(ñ·x+n4Ωt),

[LIVI Ω MW XLI E�TVMSVM YRORS[R ERKYPEV JVIUYIRG]� 'SRWMHIV XLI *SYVMIV I\TERWMSR SJ
XLI �XMQI MRHITIRHIRX
 JSVGMRK XIVQ g KMZIR F]

g(x) =
∑

ñ∈Z3

g(ñ,0)e
i(ñ·x),

0� (MIGM ERH '� )PME� 4IVMSHMG SVFMXW JSV TPEREV TMIGI[MWI WQSSXL W]WXIQW [MXL E PMRI
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Periodic orbits in the 2D Navier-Stokes equations
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Re ⇡ 17.59
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;I GSRWMHIV XLI &EREGL WTEGI Xη = C×
(
ℓ1η(C)

)3
[MXL XLI RSVQ

∥W∥Xη
= PD[

(
|Ω|, PD[

1≤l≤3
∥ω(l)∥ℓ1η

)
,

[LIVI JSV E GSQTPI\ ZEPYIH WIUYIRGI a ∈ CZ4
�

∥a∥ℓ1η =
∑

n∈Z4

|an|η|n|1 .

;I WSPZI XLI TVSFPIQ F(W ) = 0 MR XLI WYFWTEGI SJ Xη SJ HMZIVKIRGI
JVII WIUYIRGIW

X div
η

GHI
= {W ∈ Xη, ∇ · ω = 0} .
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-WSWYVJEGIW SJ XLI ZIVXMGEP ZSVXMGMX] ω3 = ∂x1u2−∂x2u1 �XLI PEWX GSQTSRIRX SJ ω = ∇×u
�
*SV XLI JSVGMRK JYRGXMSR g� XLI MWSWYVJEGIW [SYPH FI TIVJIGXP] G]PMRHVMGEP� IUYEP MR WM^I ERH
WXEXMSREV]� 6IH ERH KVIIR MRHMGEXI TSWMXMZI ERH RIKEXMZI ZEPYIW JSV XLI MWSWYVJEGIW �EX EFSYX
��	 SJ XLI QE\MQEP ZEPYI MR IEGL JVEQI
� 8LI XYFYPEV WXVYGXYVIW VITVIWIRX ZSVXI\ XYFIW�
[MXL ERXMGPSGO[MWI �KVIIR
 ERH GPSGO[MWI �VIH
 VSXEXMSREP QSXMSR EVSYRH XLIQ�

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

'SRWMHIV XLI 'EYGL] TVSFPIQ SJ E WIQM�PMRIEV �( TEVEFSPMG 4()

ut = ∆u+N(u), t ∈ [0, 2h], x ∈ [0, π]

u(0, x) = u0(x), x ∈ [0, π], ux(t, 0) = ux(t, π) = 0, JSV t ≥ 0,

JSV WSQI PIRKXL SJ XMQI h > 0�

°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°°

�

3 days computation with INTLAB (MATLAB)  
on an Apple MacBook Pro



Fully 3D periodic orbits in the Navier-Stokes equations?
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;I GSRWMHIV XLI &EREGL WTEGI Xη = C×
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ℓ1η(C)
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[MXL XLI RSVQ

∥W∥Xη
= PD[

(
|Ω|, PD[

1≤l≤3
∥ω(l)∥ℓ1η

)
,

[LIVI JSV E GSQTPI\ ZEPYIH WIUYIRGI a ∈ CZ4
�

∥a∥ℓ1η =
∑

n∈Z4

|an|η|n|1 .

;I WSPZI XLI TVSFPIQ F(W ) = 0 MR XLI WYFWTEGI SJ Xη SJ HMZIVKIRGI
JVII WIUYIRGIW

X div
η

GHI
= {W ∈ Xη, ∇ · ω = 0} .
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-WSWYVJEGIW SJ XLI ZIVXMGEP ZSVXMGMX] ω3 = ∂x1u2−∂x2u1 �XLI PEWX GSQTSRIRX SJ ω = ∇×u
�
*SV XLI JSVGMRK JYRGXMSR g� XLI MWSWYVJEGIW [SYPH FI TIVJIGXP] G]PMRHVMGEP� IUYEP MR WM^I ERH
WXEXMSREV]� 6IH ERH KVIIR MRHMGEXI TSWMXMZI ERH RIKEXMZI ZEPYIW JSV XLI MWSWYVJEGIW �EX EFSYX
��	 SJ XLI QE\MQEP ZEPYI MR IEGL JVEQI
� 8LI XYFYPEV WXVYGXYVIW VITVIWIRX ZSVXI\ XYFIW�
[MXL ERXMGPSGO[MWI �KVIIR
 ERH GPSGO[MWI �VIH
 VSXEXMSREP QSXMSR EVSYRH XLIQ�
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'SRWMHIV XLI 'EYGL] TVSFPIQ SJ E WIQM�PMRIEV �( TEVEFSPMG 4()

ut = ∆u+N(u), t ∈ [0, 2h], x ∈ [0, π]

u(0, x) = u0(x), x ∈ [0, π], ux(t, 0) = ux(t, π) = 0, JSV t ≥ 0,

JSV WSQI PIRKXL SJ XMQI h > 0�
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