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W Bernard Koopman 1931

Definition: Koopman Operator (Koopman 1931): For a dynamical

system

dx
E — N(X),

where x €R” is in a state spacex € M. The Koopman operator KX acts on
aset of scalar observable variables g; which comprise the vector g : M — C

so that
H g(x) = g(N(x)) .

Mezic (2004), Schmid (2010), Rowley et al (2009)
Coifman, Kevrekidis, co-workers - Diffusion Maps
Williams et al - EDMD




W Koopman Invariant Subspaces
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Brunton, Proctor & Kutz, PLOS ONE (2018)



W Burgers’ Equation

Ut + Uy — €Uz =0 €>0, x € [—00, 0]

Cole-Hopf () Y —

U = —2€ev, /v

Kutz, Proctor & Brunton, Complexity (2018)



W Koopman vs DMD: All about Observables!

Data Dynamics

Nonlinear Koopman Model

Observables
g(xx+1) =~ Kg(xx)

g(X),g(X’) = Y, Y’ K= Ay

Data Matrices Measurements
—
X, X'

Observables DMD Model
Xkp+1 ~ Axg

X, X'
A=Ax




Neural Nets
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W NNs for Koopman Embedding
Autoencoder: ¢! (@ =¥

Encodery = ¢(x) Decodery = ¢~(x)
Prediction: ¢~ (Kp(x*)) = x**1 Prediction: ¢~ (K2p(x*)) = x*+2
yk+1 yk+2

kyk+1yk+

KZ

%’C+Z

Bethany Lusch Lusch et al. Nat. Comm (2018)




Failure!
(obviously)



W Duffing Oscillator




W Spectrogram




Handling the Continuous Spectra




Relax Koopman



Sparse Identification of Nonlinear Dynamics

(SINDy)

True System

5C1 - 6()62 - xl)

Xy = x1(p — Xx3) — X,

X3 = XXy — PX;

X1 X X3

X

SINDy fitting
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|dentified System
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X = (")(XT)fl
Xy = @(XT)fz
X3 = @(XT)§3



What if we don’t know the right
coordinates?




Autoencoder
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Autoencoder

input
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Autoencoder
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Autoencoder
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Autoencoder + SINDy
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Autoencoder + SINDy
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Autoencoder + SINDy
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Autoencoder + SINDy
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Autoencoder + SINDy
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Autoencoder + SINDy

Ry 1z g z} L6
0 o
‘\‘.;‘ 4 0O °
o \'\: X ;1.?:2' O
@ )
‘>% '&(’ — coe
Q- j 0 °‘2’§ O
o SN\ ,
&/,ﬂ \\.\c
X; Z, g, 7 0Z) E

7, = Vip(x)X;  0O@z]) = O(p(x)")

1 1 &
loss: i 0, 1% = ¢@GDIE + 2o 37 IV, b ()% = O (x)DEI
i=1 i=1

autoencoder SINDy
component component




Autoencoder + SINDy
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Autoencoder + SINDy
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> Issue: training shrinks norm of z to minimize loss function



Autoencoder + SINDy

loss:

1 & R 1 & . _ _
I I = %ill3 4 A D - @(z?)n@ LIE,
i=1 i=1

>
N
>

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

1 A a2 O Ty= (12
new L,: Z:, I%; - vzq)(z»@(z.,. I3 =~ Z:, 1%; — V,0(@(x)0@x)DE||2

Z; Z



Autoencoder + SINDy

loss:

an %134 Ao— Z||z—®(zT>_}zg|| I

> Issue: training shrinks norm of z to minimize loss function
> Solution: use the following to enforce SINDy loss

I

N
new L, : —Z I%; = V,0(2)®@)E|I3 = Z 1% = V,0(px)O@x)EI3
HF'J N3
> New loss furiction: Z 7

! I

1 & R 1 & _ _
Iy 2% = %ll3 4+ 2 D 1% = V0 (2)@EDEIS + A3 12
i=1 i=1



Achieving sparsity

> With L1 penalty alone, get model that has many very small
coefficients but is not truly sparse

1 & X 1 & _ _
AWZ Ix; — &1 + /IZNZ I%; — V,0(z)OEDE|; + L1IEll,

> |Instead combine L1 penalty with sequential thresholding



Example problem

x(f) € R128
A.B € R128><3



Example problem

Lorenz model

Zl = - 10Z1 + 1OZ2

Equations 2 =287 =2 — 212

3=—2"053+22%

1 ZIZZZ3Z12

Coefficient * |1i
JR— ) [ |
Matrix = A N

Dynamics




Example problem

Lorenz model

2, = — 10z, + 10z,

Discovered model

4 = = 8.5

Equations 2 =282, — 2, — 7123 2, =92-29+ 11713
Z.3 = — 2.7Z3 + <1< Z.3 = — 8.8Z1 — 10.3Z3
. 1Z1ZZZ3212... 3:? 1212223212... Z;
= = Zl '
Coefficient ! |1I . F . .
Matrix = s B A HR
Dynamics 3
{1

%)

Discovered model

(transformed)

5 = =102z +8.82,
Z.2 = 26.7Z1 - 8.52123

lzlzzz3Z12

(4

%)
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Discovery Models &
Coordinates Simultaneously



