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What goes in the yellow box?

A condition number algorithm for f(A)b must not:

@ explicitly require A,
@ store dense O(n?) quantities e.g. f(A),

@ use dense O(n®) techniques such as Schur
decomposition.

Compute condition number using only matrix-vector
products Av and A*v.

We will assume we already have an algorithm for computing
f(A)Db.
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Condition Number for f( A)

. |f(A+ AA) — f(A)|
cond(f.A):=Ilim su :
. A): =1y n_\AnsBuAn e[ F (A

To obtain more useful formula, use the Frechet derivative:

Linear mapping L¢(A) : C™" — C™"
E — LA E)

where  f(A+ E) — f(A) = Li(A. E) + o(|| E|)).
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Condition Number for f(A)

Operator norm of the Fréchet derivative:

|L¢(A, E)]
L:(A)|| := max .

Lemma

|AIILA(A)

cond(f. A) = A

Estimate cond(f. A) by estimating ||Ls(A)||.
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Estimating cond(f, A)

Kronecker form, Ki(A) € Cmxr* defined via
Ki(A)vec(E) = vec(Ls(A. E)).
|K:(A)|| and ||Ls(A)|| are closely related:

|Ki(A)|l2 = [|L(A)]|F.
|Ls(A)]
n

L <K (A1 < nflLe(A) 1.

Estimate cond(f. A) by estimating || K:(A)||.

(Use power method or normest1.)
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Condition Number for f(A)b

cond(f.A b) — lim sup IUATAA))D+ A) = {A)D]

=0 || AA||<e[| A ellf(A)b|
| Ab||<e|b]|

...do some algebra ... —

roavor ™ (A max IL(A A4l 1A 15

|AA|[=1

< cond(f. A, b)

1
< rrcargr (141 max ILAA. A4 - [HAY 6] )

Edvin Deadman Condition Number of f(A)b




How to Estimate max||AA||:1 HLf(A, AA)bH

Kronecker form K;(A. b) € C™*™ defined via:

Ki(A. b)vec(E) = Li(A. E)b.

Depending on norm:

max ||L:(A, AA)D||

| AA]|=1

|K¢(A. D)|

Estimate cond(f, A. b) by estimating || K:(A. b)||.

(Use normest1 or power method.)
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Why not use normest1?

normestl (Higham & Tisseur, 2000):

@ estimates matrix 1-norm,
@ requires several products y = Av and x = A*w.

Apply to Ki(A.b) € C™ "

y =Ki(A.b)v. v = vec(E) for some E € C™"

x = Ki(A. b)*w

Dense O(n?) quantities!!
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Power Method for ||K(A, b)]|2

Obtain an estimate v of ||K:(A, b)||2

1 Choose a unit nonzero starting vector z, (= vec(4))
2 for k =0: 00

3 W1 = Kf(A b)Zk = Lf(A Zk)b

4 Zk+1 = Ke(A, B)* W1, via Z, 1 = LT(A. W1 D)

S k1 = ||Zk+1]l2/ || W1 |2

6 If converged, v = 4.1, quit, end

7 Zk+1 = Zk+1/ || Zk+1|2

8 end

The z, are still dense and O(n?)!
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Altered Power Method for ||K:(A, b)||»

Obtain an estimate v of |K¢(A, b)||

1 Choose a unit nonzero starting vector y, € C”

2 for k =0: 00

3 Yki1 = Lf(A L?(A ykb*))b (: Kf(A b)Kf*(A b)yk)
4 Yhs1 = VI Yksl2

5 If converged, v = 4.1, quit, end

6 Y1 = Yis1/ || Vrs1]l2

7 end

Need to compute L:(A. L7 (A. yxb*))b using only
matrix-vector multiplications.

Edvin Deadman Condition Number of f(A)b




How to Compute L¢(A, L7 (A, yxb*))b

Exploit
(o )= "]

L¢(A. L7 (A. yxb*))b given by top n entries of

¢ A L7(A yb*) 0
0 A b|’
L (A. yxb*)q given by top n entries of
0 A gl

If f(A)b requires II matmuls then L;(A. L7 (A. yxb*))b
requires 211 (11 + 1) matmuls.
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Application to e”'b

Al-Mohy & Higham (2011):

@ Use &b = elA/9) . elA/9)p.

@ eA/s)b computed using m™" degree Taylor polynomial.
@ O(sm) matmuls for eb.

@ Can extend to e*B and use level-3 BLAS.

Apply to condition number:

@ Choose s and m for half-precision.
@ O(s°’m?) matmuls for cond(exp. A. b).
@ Extension to ¢”B still works.
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