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Figure: uncontrolled flow, t = 2.4

Figure: Stokes solution, t = 2.4



min J(y, u) = Ji(y) + J2(u)

Yt = F(y'ﬂ-) on (Oa T]
y(0) = yo, fort=0

boundary conditions

inflow condition:

y =u(t) Jin(x) onTj, ¥y fixed, parabolic

)
/ u(t) dt = Gy
0

total inflow in (0, T) is independent of control.



Cost-functionals for vortex reduction

.
» Tracking functional: J1(y) = [ [ ly(t,x) — Vaes(t, X)|?
00
.
» curl functional: Jo(y) = [ [|eurly(t, x)|
0Q

.
» Galilean functional: J(y) = ff| (det Vy(x))*|
~ spectrum(Vy )L ZIm
» Objective functional: Jda(y,m) = ff(|r(y,7r)\ -1t
0Q

x — Q(t)x + d(1)



Cost-functionals for vortex reduction

.
» Tracking functional: J1(y) = [ [ ly(t,x) — Vaes(t, X)|?
00
.
» curl functional: Jo(y) = [ [|eurly(t, x)|
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» Galilean functional: J(y) = }f|(d€TV}’(X))+|
~ spectrum(Vy )L ZIm
» Objective functional: Ja(y,m) = Ofg(|r(y,7r)\ —-1)*
X — Q(t)x + d(b)

(y,m) = W 0s(Tax — Tapxp) — 20nTxx,

3 )
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w= )y — W) 0s = (V2)x + V1) on = V1) — (V2)xe-



Optimal Vortex Reduction for Non-Stationary Flows

Galilean functional Objective functional



Inverse Elastohydrodynamic Problem

(P)

min 3 [s |V — Vaatal? OX + §|ul?
uel

y=y(u)=argmin{J(y) : y € K}
JUy) = Jqu¥|VyPdx — [ 94 y dx

K={yeHQ):y=0}

[m]

=

Reynolds lubrication problem
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Control Constrained Optimal Contro

min } |y — z[%, + §|uf%

(P)
—Ay=uin Q, y=0 on 9Q, u<y in Q
G=u—-¢<0, G:L3Q) — L3Q)

G’ surjective



Control Constrained Optimal Contro

min } |y — z[%, + §|uf%

(P)
—Ay=uin Q, y=0 on 9Q, u<y in Q
G=u—-¢<0, G:L3Q) — L3Q)

G’ surjective

L(y,u,p,N) = 3y = 2% + §lulZe + (P, —Ay — )2+ (A, U= ) 2
—-Ay=u

(0S) —Ap=—(y - 2)
au+A=p, u<yp, A>0, (\Mu—1)=2=0



Primal-Dual Active Set Algorithm for Control
Constraints

—Ay=u
(0S) ~Ap=—(y-2)

au+Ar=p, u<y, A>0, (Nu—v)2=0

A* =max(0,\* + c(u* — 1)) forany ¢ > 0

Moreau - Yosida approximation
PDA-Algorithm
(i) choose ¢ >0, (up,\g); k=0
(i) Agir = {X € Q1 M(X) + c(ue(x) — 9(x)) > 0}
(ii)) Y1 = argmin {(P) : u = ¢ on Axy1}
)

(iv) Aky1 associated L.M., with Ay, 1 =0 on  Zyx.q.



Remarks:

1. solve (i) only on Z,, 1

2. termination A1 = A,, globalization
Ani1 may be very different from A,
typically the iterates are primarily feasible
bilateral constraints:

S

A" =max(0, X" + c(y* —v)) + min(0, X" + c(y — ¢))
6. polygonial constraints

Theorem

AR e
case.

< a, then global convergence, also in bilateral

M(u, ) :a2/9|(u—¢)+2+/A|>\_|2,



Semi-smoothness Newton Method
Definition
F: D c X — Zis called Newton differentiable in U c D, if there
exist G: U — L(X,Z):

(A) limp_o | F(x+h)—F(x)—G(x+h)h|=0, forall x € U.

1
| h|
Example

F: LP(Q) — LYQ), F(¢) = max(0, ) is Newton differentiable
if g < p, and

1 ifp(x)>0
Gmax(p)(x) =¢ 0 ifp(x) <0

0 ifo(x) =0, ¢ € R arbitrary.
Example

1 : R — R semi-smooth, glob. Lip.-cont., 1 < p < g < .
V(y)(x) = v(y(x)), WV:L9(Q)— LP(Q)



Theorem

Let F(x*) = 0, F Newton differentiable in U(x*), and
{IIG(x)" " 2(x.2) : x € U(x*)} bounded.

Then the Newton iteration converges locally superlinearly.



Theorem
Let F(x*) = 0, F Newton differentiable in U(x*), and
{IIG(x)" " 2(x.2) : x € U(x*)} bounded.

Then the Newton iteration converges locally superlinearly.

PDA and Newton applied to (OC) coincide

—Ay =u,
alU+A=p

A =max(0, A + c(u— 1))
cC=a: F(u) = au — p(u) + max(0, p(u) — arp) =0

Rate of convergence, chain rules
Ref.: Hintermiiller-lto-K, Chen-Nashed, Kummer, M. Ulbrich.



Numerical tests, control constraints

k 1 2 3 4 5 6 7

gk | 1.0288 | 0.8354 | 0.6837 | 0.4772 | 0.2451 | 0.0795 | 0.0043

g | 0.6130 | 0.5997 | 0.4611 | 0.3015 | 0.1363 | 0.0399 | 0.0026

. |uh — | ¢ = AR = Adl
U= k=1 ) = k=1 J
U™ — g An = Adl
pd
pd

Active-inactive interface



State Constrained Optimal Control

min 3 |y — z|%, + §|ul?
(P)
—Ay =u in Q, y =0 on 09, y<vin Q

G: H*(Q) N H) (), G not surjective to L?(Q).
—Ay=u
(0S) {—Ap+r=—(y—2), XeH2Q)nC Q)

au=p, y<v, A>0, <)‘7y_¢>H—2,H2:0



State Constrained Optimal Control

min § |y — z[%, + 3luf%
(P)
—Ay =u in Q, y =0 on 09, y<vin Q

G: H*(Q) N H) (), G not surjective to L?(Q).
—Ay=u
(0S) < —-Ap+A=—(y—2), AeH™2(Q)nC Q).

au=p, y<¢, A>0, ANy—-¢)yep=0

| Meshsize h || 1/16 | 1/32 | 1/64 | 1/128 | 1/256 |
[ PDAS [ 14 | 27 [ 54 | 113 [ 226 |

Speed of propagation, state constraints.



State Constraints - Low Multiplier Regularity

) min gy — 22+ § [ulP + 5 [o [(A+(y, —¢)FPax
" l-ay=u, in Q y=0 onoQ.

(—Ay =u inQ, y =0 on 02

—Ap+ XA, =—(y—2)inQ, p=0 on 9Q
(0S,)
au=p

\)‘7 :X_'—’Y(y—l/})

compare to A =max(0,\+c(y —v)), ¢ > 0 fixed.



Theorem

> (Vs Py M) 5 (V5 PP AY) in HA(Q) x L2(Q) % HP(Q) yoa
> If 2[A7Y| 2y < 1. then global convergence.
> (Vk: Pk, A )7——=(¥~, Py, Ay) locally superlinearly.

k—oo
regularized reduced iteration function

A =max (0, X + y((/ + aA®)"N(z = \) —))

reduced iteration function (unregularized)
A=max (0, A\ +y — ) = max(0,A + (/ + aA2) 1 (z = \) — ¢)



Theorem

> (Vs Py M) 5 (V5 PP AY) in HA(Q) x L2(Q) % HP(Q) yoa
> If 2[A7Y| 2y < 1. then global convergence.
> (Vis Pi, M)z (V4 Py, Ay) locally superlinearly.

regularized reduced iteration function

A =max (0, X +~((/ + aA?) "1 (z = \) — 1))

reduced iteration function (unregularized)

A=max (0, A\ +y — ) = max(0,A + (/ + aA2) 1 (z = \) — ¢)

y 103 [ 10 | 10° [ 10% | 108 | 109 | 1070
iter 10| 17| 27| 30| 30| 31| 3f
active | 791 | 667 | 606 | 587 | 577 | 575 | 575

y 103 [ 108 | 10°
iter | 10 6 3 =19




Path Following for State Constrained Problems

=0

P = {(Vy, Uy, Pyy Ay) € H? X L2 x H? x L% 1y > 0}
(Py=o0) unconstrained, (Py—) constrained.
Theorem

P is locally Lipschitz continuous.

(H) S2:={xeQ:y,—¢v=0}, measS)=0



Theorem
Y — (y’Y7u’yap'Y) € H2 X L2 X L2

“eak IS differentiable and

—Ay =0, —Dp+(yy—Y+Y)Xs, =0, al=p
S,={x:y,—¢ >0}

V(o) = min dyy. )+ 3 [ 10— )
Theorem

Vo) = [0 =B W= [on -0

Corollary

V(’Y) >0, V(’Y) <0, V(0) = (Punconstr.), V(o) = (P)



Model Function for Path

m(y) = Ci - £

A=0.

approximate ODE

(E+~)m(y)+2m(y) =0

iy, V)

C
m(y) = G = 2% + £

A =max (0, f + Aq).

Model m(y) vs Viy) (solid): infeasible case

—vy
713563




Exact Path-Following

V= V()| < 7 |[VF = V()]

M) = Cr — g 2.

1C1k — V(1) < 1k 1C1k — V()| = ak

Cak

_ 1/r _
Y1 = ( o ) Ex.

Theorem
(exact path following)

M (e Uy ) = (7,07, X7).

Inexact Path-following : v,y = F(primal/dual feasibilies),
compare interior point methods



Ontmalstey,” Opima Larange mutger

Optimal state (left), optimal control (middle), and optimal multiplier (right) for problem 1 with h = 1/128.

[Meshsize h [[ 1716 | 1/32 | 1/64 | 1/128 | 1/256 |

[ PDAS [ 14 [ 27 | 54 | 113 | 226

[ PDIP [ 12 | 14 | 15 [ 19 | 19 |

[ PF [[ 11 7T 16 T 14 1 18 T 15 ]

Comparison of iteration numbers for different mesh sizes and methods.

[ Meshsizeh [[ 1/4 [ 1/8 [ 1/16 [ 1/32 | 1/64 | 1/128 | 1/256 [[ total |
[ PDAS I 3 [ 471 4 1 5 1 6 [ 6 [ 6 [ 3]
[ PDIP I3[ 271 4 [ 4 | 5 ] 6 [ 7 [ 31 ]
[ IPF [ 4 7T 3] 8 1 4 [ 5 [ 5 T 5 T 2 ]

Comparison of iteration numbers for different mesh sizes and methods based on nested iteration.
[m] = =




Important further Issues and Applications

» Discretization, adaptivity

» Gradient and ( approximate ) Hessian
» Discretize before or after optimize

» Saddle point solvers, preconditioning
» Globalization

v

Optimal control of variational inequalities, calibration of
American options

Time optimal control

Crack modelling with non-penetration condition
Contact and friction problems

L' — tracking functionals: robust statistics
Sparsity

vV v v v Y



Dualisation of BV
{ min 5 [o |Ku—fPdx +§ [o |lufPdx + 5 [, |Dul

over ue BV,
a>0,6>0

/Q\DUIZSUp{/QudivV:\76(080(9))27 ]V(x)\§1}




Dualisation of BV

min % [, |Ku— flPdx + § [ |ul?dx + 3 |, |Dul
over ue BV,

Theorem
inf 1|div B+ K*f|3
st —B1<p(x)< Bl forae x e Q,

V3 =(v,B"'v), B=al+K*K



Dualisation of BV

min 3 fo|Ku— fPax +§ o [ulPdx + 6 [, |Dul
over ue BV,

Theorem
inf 1|div B+ K*f|3
st —B1<p(x)< Bl forae x e Q,

V|3 =(v,B~'v), B=al+K*K

divp = Bu— K*f, B=p(-

| X.|)7:1 on {x : uy(x) # 0 for all i}.



Reconstruction

Edge detector, i.e. |,nom of




Portfolio Optimization

dXo(t) = rXo(t) dt — (1 + y)aL(t) + (1 — v)dM(t)
dXi (1) = X (1) dt + o X () dW(t) + dL(t) — dM(1)

Xo, X1 wealth processes for bank account /stock
r, u, o, interest rate, trend, volatility, trading costs

L, M cumulative processes describing purchases/sales of stock

jointly with J. Sass



Portfolio Optimization

J(t,Xo, X1)
= sup, i E[3(Xo(T) + (1 =) X1(T))* | Xo(t) = x0, X1 (1) = x4]

Theorem
J is concave, continuous, and a viscosity solution of

maX{Jt+.AJ, 7(1 +7)JX0+JX1 s (1 7,\//)JX07JX1 }:0

on [0, T) x D with J(T, x0,x1) = (X0 + (1 —7)x1)°

Ah(xo, 1) = MXohx (X0, X1) + puhy, (Xo. X1) + 302X2 hy, x, (X0, X1)



Portfolio Optimization

J(t,Xo, X1)

= sup, i E[3(Xo(T) + (1 =) X1(T))* | Xo(t) = x0, X1 (1) = x4]

Theorem
J is concave, continuous, and a viscosity solution of

maX{Jt+.AJ, 7(1 +7)JX0+JX1 s (1 7,\//)JX07JX1 }:0

on [0, T) x D with J(T, x0,x1) = (X0 + (1 —7)x1)°

Ah(xo, 1) = MXohx (X0, X1) + puhy, (Xo. X1) + 302X2 hy, x, (X0, X1)

NO TRADING - BUY — SELL

c.f. Shreve and Soner, 1994.
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without liquidation costs

optimally controlled risky fraction



Which control norm to choose ?

minUEUfQ |y—Z|2 + ‘U‘U

—Ay=u

Target



Which control norm to choose ?

L2 control H' control

M control BV control






On the Lagrange Multiplier Approach to Variational
Problems and Applications, with K.lto, SIAM, 2008.

karl.kunisch@uni-graz.at



