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Problem statement

We want to characterize the distribution 7 using a sampling method

Two problems:
@ The probability density function 7(6) is computationally expensive

@ Only noisy density evaluations are available 7(0) = 7(6) + ¢
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Example: state space modelling

State space model, parameter estimation —
» Given observed data di.7 with an unobservable state &1.1

» Estimate the static parameters 6

Marginal
of interest

State
(Unobserved)

e Observed
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Example: state space modelling

State space model, parameter estimation —
» Given observed data di.7 with an unobservable state &1.1

» Estimate the static parameters 6

Marginal
of interest

State

\‘/ \\‘/ o (Unobserved)
e Observed

» We want to characterize the distribution of 8|d.T
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Example: state space modelling (joint inference)

Marginal
of interest

State
(Unobserved)

s Observed

Characterize the Bayesian posterior

77(97 51:T|d1:T) 0.8 ZT(G)W(ngW) 7T(dl:T|97 flzT)

~~

Posterior Prior Likelihood
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Posterior Prior Likelihood

Challenges:
» The joint parameter [0, £1.7] may be high dimensional
» The posterior density 7(6,&1.7|d ) is computationally expensive
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Example: state space modelling (marginal inference)

Marginal
of interest

State
(Unobserved)

Characterize the posterior marginal

(07 ) x () / (T, E1710) dévT
S———r =~~J= |

Posterior Prior

Likelihood
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Example: state space modelling (marginal inference)

Characterize the posterior marginal

(07 ) () / r(di T, E1.710) dépT
S——— =~~J=

Posterior Prior

~
Likelihood
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Example: state space modelling (marginal inference)

Characterize the posterior marginal

/ m(dr.71,61:7)0) déa. T
—— ~~J=

~
Likelihood

Suppose we have a noisy estimate of the likelihood

N .
n(dirl0) = > W(i)ﬂ(dlva €§f)r’9)

i=1
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Example: state space modelling (marginal inference)

Characterize the posterior marginal

(07 ) () / r(di T, E1.710) dépT
S——— =~~J=

Posterior Prior

~
Likelihood

Suppose we have a noisy estimate of the likelihood

N .
n(dirl0) = > W(i)ﬂ(dlva €§f)r’9)

i=1

» Pseudo-marginal MCMC can characterize the posterior marginal

distribution (Beaumont, 2010) and (Andrieu and Roberts, 2009)

Davis et al. MIT 5/28



Example: state space modelling (marginal inference)

Characterize the posterior marginal

T(0ldir) x 7 9)/7T(d1:T,€1:T!9)d§1:T
S——— =~~J=

Posterior Prior

~
Likelihood

Suppose we have a noisy estimate of the likelihood

N .
n(dirl0) = > W(i)ﬂ(dlva €§f)r’9)

i=1

» Pseudo-marginal MCMC can characterize the posterior marginal
distribution (Beaumont, 2010) and (Andrieu and Roberts, 2009)

» Parameter space is partitioned into coordinates characterized by
MCMC () and coordinates to be “marginalized away” (£1.7)
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Example: state space modelling (marginal inference)

Characterize the posterior marginal

m(0|di.T) x 7 9)/7T(d1:T7€1:T!9)d§1:T
S——— =~~J=

Posterior Prior

~
Likelihood

Suppose we have a noisy estimate of the likelihood

N .
n(dirl0) = > W(i)ﬂ(dlva €§f)r’9)

i=1

» Pseudo-marginal MCMC can characterize the posterior marginal
distribution (Beaumont, 2010) and (Andrieu and Roberts, 2009)

» Parameter space is partitioned into coordinates characterized by
MCMC () and coordinates to be “marginalized away” (£1.7)

» MCMC now targets a lower dimensional parameter 6

» Model evaluations are (even more) computationally expensive and
now we only have noisy target density evaluations
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Approaches & outline

» Exploit regularity of the target density to build a surrogate model
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Approaches & outline

Exploit regularity of the target density to build a surrogate model

v

v

Continual refinement of surrogate model asymptotically guarantees
sampling from the true target distribution (conrad et al., 1asA 2015)

\4

A tradeoff between error due to the surrogate model and Monte Carlo
variance implies an ideal refinement rate

v

Partitioning the parameter space isolates coordinate directions we
care about
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Approaches & outline

Exploit regularity of the target density to build a surrogate model

v

» Continual refinement of surrogate model asymptotically guarantees
sampling from the true target distribution (conrad et al., 1asA 2015)

» A tradeoff between error due to the surrogate model and Monte Carlo
variance implies an ideal refinement rate

» Partitioning the parameter space isolates coordinate directions we
care about

» A surrogate model built from noisy target density evaluations can still
characterize the true target distribution
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Surrogate modelling: computationally cheaper options

Consider situations with exact evaluations of the target density
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Surrogate modelling: computationally cheaper options

Consider situations with exact evaluations of the target density
» We cannot afford density evaluations at every MCMC step!

» We leverage the density’s underlying regularity to build
computationally cheaper surrogate models:
» Polynomial approximations (Marzouk et al., 2007) and (Marzouk and Xiu, 2009)
» Gaussian ProCesses (Rasmussen, 2006), (Bernardo et al., 2008), (Sacks et al., 1989), and (Santner et

al., 2003)
» And many others ...
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Surrogate modelling: computationally cheaper options

Consider situations with exact evaluations of the target density

» We cannot afford density evaluations at every MCMC step!

» We leverage the density’s underlying regularity to build
computationally cheaper surrogate models:
» Polynomial approximations (Marzouk et al., 2007) and (Marzouk and Xiu, 2009)
» Gaussian ProCesses (Rasmussen, 2006), (Bernardo et al., 2008), (Sacks et al., 1989), and (Santner et
al., 2003)
» And many others ...

» We focus on local polynomial approximations (conn, 2009), (Stone, 1977), and
(Kohler, 2002)
> In contrast with previous methods, these approximations enable
asymptotically exact sampling
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Local polynomial surrogates

» Given exact density evaluations y; = 7(6)

y(O,,) = {(017}/1)7 cee (eny}/n)}
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Local polynomial surrogates

» Given exact density evaluations y; = 7(6)

y(O,,) = {(017}/1)v s (eny}/n)}

» Find the degree p polynomial h,(60; Y (6,)) such that

ha(0:V(8)) = argm.nz(m(eo) Y0 k(6. 0)

mEp i=1

» Locally supported kernel K(-, 6)
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Local polynomial surrogates

» Given exact density evaluations y; = 7(6)

y(O,,) = {(017}/1)v s (eny)/n)}

» Find the degree p polynomial h,(60; Y (6,)) such that

ha(0; V(65 _argm.nz( (0) ¥ k(6. )

mePp
» Locally supported kernel K(-, 6)

> Intuition: minimize the weighted least squares difference between the
surrogate and the k, nearest neighbors
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Local polynomial surrogates

Build a local approximation in a ball around each point ...




Local polynomial surrogates

Build a local approximation in a ball around each point ...

Ball size is determined by the prescribed number of nearest neighbors
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Surrogate convergence

The local polynomial approximation becomes exact as:
© The ball size A — 0 (number of evaluations n — o0)

Large balls Small balls
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Surrogate convergence

The local polynomial approximation becomes exact as:
© The ball size A — 0 (number of evaluations n — o0)

@ A-poisedness is maintained inside each ball

e * °
[ ]
" [ ] [ ] °
[
Poorly poised Well poised
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Markov chain Monte Carlo (MCMC) overview

Three step algorithm:
© Propose 0" ~ p(-|6:)
© Acceptance probability
: m(0")p(6:0") >
a=min|(l, —F——1—=
( m(0:)p(0'10:)

© Accept/reject

M

0" with probability a
9t+]_ = Metropolis et al., 1953
91: else Hastings, 1970

and variations . . .
Haario et al., 2006
Parno and Marzouk, 2014
Brooks et al., 2011
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MCMC with exact evaluations

We correctly characterize the distribution 7 and its marginals
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MCMC with local approximations

Four step algorithm:
Q Propose 8 ~ p(-6;)
@ Refine #(-) near ; and ¢’

© Acceptance probability
(9')P(9tl9') W
(0 Posterior Distfibution

a = min (1 7
B " #(0:)p(6'10¢)

Q Accept/reject

0’ with probability «
9t+1 =
0: else

MIT 13 /28
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MCMC with local approximations

Four step algorithm:
Q Propose 8 ~ p(-6;)
@ Refine #(-) near ; and ¢’

© Acceptance probability
(9')P(9tl9') W
(0 Posterior Distfibution

a = min (1 7
B " #(0:)p(6'10¢)

Q Accept/reject

0’ with probability «
9t+1 =
0: else

» Refine by evaluating the true density m(-) at a carefully chosen point

near 6; or ¢’
MIT 13 / 28
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Refinement strategy (random refinement)

At 0; and ¢, refine the surrogate under two conditions:
@ With decaying probability 81t
@ If the poisedness constant is large A > At
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Refinement strategy (random refinement)

» Refinement frequency decays as MCMC progresses

o, Refinements per MCMC step 600%

100

(0]
o

N B
o O

Number of refinements
(o)}
o

o
o

0 >
0.2 0.4 0.6 0.8 1.0 O
MCMC steps 1e>
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Refinement strategy (random refinement)

» Refinement frequency decays as MCMC progresses

» How quickly should the refinement frequency decay?

o, Refinements per MCMC step 600%

100

(0]
o

N B
o O

Number of refinements
(o)}
o

o
o

0 >
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MCMC steps 1e>

Davis et al. MIT 15 / 28



Expected error (random refinement)

Expected ||z —3|]

Davis et al.

Expected error (second moment)

=
o
(=)

11

Exact evals.
3, =0.8

3, =0.75
3 =0.7
3, =0.65
3, =0.6
3, =0.55
% =0.5
3, =0.45
3 =0.4

10*
10! 102 10° 10* 10°
MCMC steps
MIT
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Expected error (random refinement)

Expected error (second moment)

ﬁ mmm Exact evals.
| 0 —_— 3, =08
o 10 —_ 3, =0.75
Eq —_— 3, =07
f— -_— 3, =0.65
ho] —_— 3, =06
B 3 =0.55
O —_— 3, =0.5
v 3, =0.45
g‘ 10 —_— =04
L
10 10° 10° 10* 10°

MCMC steps

» MCMC with exact evaluations provides a lower bound for expected
error decay
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Expected error (random refinement)

Expected error (second moment)

Exact evals.
0.8
, =0.75
, =0.7
) =0.65

y =0.55
, =0.5

%
i
3
3
3 =0.6
3
3
3 =0.45
3

, =0.4

Expected || —3||

10t 102 103 10* 10°
MCMC steps

» MCMC with exact evaluations provides a lower bound for expected

error decay
» Additional error is incurred because of the surrogate model
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Expected error (random refinement)

Expected ||z —3|]

Davis et al.

Expected error (second moment)

10°
1071 1 1
10 10? 10°
Target density evaluations

MIT

11

Exact evals.
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3 =0.4
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Expected error (random refinement)

Expected error (second moment)

ﬁ mmm Exact evals.
| — 3 =0.8
= 100 - }’w 0 z5
W —_— Gy =0.7
— —_— 3, =0.65
ho} — 3, =0.6
_8 3, =0.55
O —_— 3 =0.5
() — (3, =0.45
% _— ), =04
[N}
-1
10 ‘ ‘
1 2
10 10 10°

Target density evaluations

» Converges more quickly, in terms of error per # of density evaluations
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Expected error (random refinement)

Expected error (second moment)

Exact evals.
, =0.8

3
0.75
3

=
o
(=)

) =0.7

) =0.65

3 =0.55

0.5
0.45
, =0.4

]A
3
3 =0.6
%
3
%

Expected || -3

=
o
=~

10° 10°
Target density evaluations

=
o
-

» Converges more quickly, in terms of error per # of density evaluations

» Refinement of the surrogate model is beneficial — up to a point
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Balancing Monte Carlo variance and surrogate error

» Monte Carlo variance estimate

[Monte Carlo variance| < Cyct™!
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» Monte Carlo variance estimate
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» Suppose we can sample from the surrogate density

[Structural error] = ||Ex[f(0)] — E[f(O)]|l

2> rea - w(et»H
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Balancing Monte Carlo variance and surrogate error

» Monte Carlo variance estimate

[Monte Carlo variance| < Cyct™!

» Suppose we can sample from the surrogate density

[Structural error] = ||Ex[f(0)] — E[f(O)]|l

2> rea - w(et»H
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> Ideally — [Structural error (bias)]? ~ [Monte Carlo variance]
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Balancing Monte Carlo variance and surrogate error

» Monte Carlo variance estimate

[Monte Carlo variance| < Cyct™!

» Suppose we can sample from the surrogate density

[Structural error] = ||Ex[f(0)] — E[f(O)]|l

2> rea - w(et»H
t=1

> Ideally — [Structural error (bias)]? ~ [Monte Carlo variance]
» Prescribe refinement strategy such that —

IS

kn/_\Ap+1 ~ytT 0 ~ Cyet™
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Refinement strategy (structural refinement)

At 6;, refine the surrogate model under two conditions:
@ With decaying error threshold k,AAPTL ~ gAT~ t™ 0
@ If the poisedness constant is large A > kinAT
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Refinement strategy (structural refinement)

» Refinement frequency decays as MCMC progresses

%) i b
£ 120, Refinements per MCMC step  _ 2
) Q
£ 100f 1250 g
]
S 80 1200 £
O [
2 60 1150 =
5 g
o 40 11005
2 20 50 S
7 >
£ £
S 0 5
Z 0.0 0.2 0.4 0.6 0.8 1.0 O

MCMC steps le>

Davis et al. MIT 20 / 28



Refinement strategy (structural refinement)

» Refinement frequency decays as MCMC progresses
» Ideally, the error threshold decays such that Monte Carlo variance and
structural error balance

n i ]
£ 120, Refinements per MCMC step 300 £
) ()
£ 100f 1250 g
)
£ 80 1200 £
D 1)
2 60 {150 =
5 g
o 40 11005
3 20 50 5
B -]
£ £
- 0 >
=Z 00 0.2 0.4 0.6 0.8 1.0 O

MCMC steps le>
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Expected error (structural refinement)

Expected error (second moment)

10°
ﬁ EEm Exact evals.
| — y, =0.05
= _—, =0.1
fq —_— , =0.15
f— _— =02
o] - o, 025
O] v =0.3
46 -1 — 0.35
8_10 —_— =04
e — , =0.45
L
I I I i |
10! 102 10° 10* 10°
MCMC steps
Davis et al.
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Expected error (structural refinement)

Expected error (second moment)

mmm Exact evals.
v =0.05

0.1
0.15

Expected || —3||

10t 102 103 10* 10°
MCMC steps

> Infrequent refinement: structural error dominates and error decays
more slowly than with exact evaluations
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Expected error (structural refinement)

Expected error (second moment)

Exact evals.
Yo =0.05

0.1
0.15
0.2

0.25

Expected || —3||

10t 102 103 10* 10°
MCMC steps

> Infrequent refinement: structural error dominates and error decays
more slowly than with exact evaluations
» Frequent refinement: Monte Carlo variance dominates and error

decays as if we had exact evaluations
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Expected error (structural refinement)

Expected error (second moment)

10°
ﬁ EEm Exact evals.
| —_— 5, =0.05
= —_—y =0.1
fﬁ —_— 1, =0.15
f— _—y, =0.2
© -, 025
8 7 =0.3
O -1 —_—, =0.35
© 10 =04
< -_— 1y, =0.45
L
10! 107
Target density evaluations
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Expected error (structural refinement)

Expected error (second moment)

0
10
PN = Exact evals.
| — 5, =005
= —_— =01
fq —_ 7, =0.15
f— _— =02
© -, =025
40_':) 7% =0.3
@) -1 —_—y, =0.35
8_ 10 5, =0.4
x —_—y, =0.45
L
.
1 2
10 10

Target density evaluations

» Optimal refinement strategy: Balance Monte Carlo sampling
variance with structural error; fastest decay of error with # density
evaluations
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Local polynomial surrogates

» Now consider situations with noisy evaluations of the target density
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Local polynomial surrogates

» Now consider situations with noisy evaluations of the target density

» Noise is due to marginalization along uninteresting coordinates, as in
pseudo-marginal MCMC
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Surrogate convergence

The local polynomial approximation becomes exact as:
© The ball size A — 0 (number of evaluations n — o0)

© A-poisedness is maintained inside each ball

© The number of nearest neighbors k, — oo (while k—,;’ — 0)

Large balls Small balls
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Refinement strategy (structural refinement & noisy evaluations)

» Increment the number of nearest neighbors k, ~ k,(,o)

And refine at 6;
» With decaying error threshold k,AAPHL ~ gA7~y1t—0
> If the poisedness constant is large A > kin/\T

+ [k1t"]
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Expected error (structural refinement & noisy evaluations)

N EEm Exact evals.
| —_— iy =0.29
= —_— 5y =0.26
W _— iy =0.23
L SUSN _— 5y =0.2
© — 5y =017
40_-’) =0.14
5 —_— ki, =0.11
Q. 10_1 —_— 1, =0.08
X _— i, =0.05
L
L L
1 2 3 4
10 10 10 10

MCMC steps
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Expected error (structural refinement & noisy evaluations)

Expected || —3]|

L0 Expected error (second moment)

10* 102 103 10*
MCMC steps

Emm Exact evals.

—_— iy =0.29
— iy =0.26
i =0.23
,=0.2
,=0.17

, =0.11
, =0.08

'
/
'
ko =0.14
/
/
/

t =0.05

» MCMC with local approximations asymptotically characterizes the
true target distribution even with noisy density evaluations

Davis et al.
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Expected error (structural refinement & noisy evaluations)

PN mmm Exact evals.
\ —_— iy =0.29
= —_— iy =0.26
[N —_— y =0.23
— _— iy =0.2
L o) —_— g =0.17
8 fy =0.14
@] —_— iy =0.11
(O] .
— iy =0.08
o !
< —_— iy =0.05
L

10* 107
Target density evaluations
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Expected error (structural refinement & noisy evaluations)

Expected error (second moment)

10°
N\

Exact evals.
0o =0.29

K
.
K
K
K
K
[
.
K

Expected || —3||

10 10°
Target density evaluations

» Replacing the target density with a surrogate model built from noisy
density evaluations is computationally advantageous
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Conclusions

» Building and refining a local polynomial approximations significantly
reduces computational expense
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Conclusions

» Building and refining a local polynomial approximations significantly
reduces computational expense

» Balancing error incurred by using the surrogate model with Monte
Carlo error defines ideal rates for surrogate refinement

» Incrementing the number of nearest neighbors enables
characterization of a distribution given only noisy evaluations of the
target density

» For instance, when the target is a particular marginal of a posterior
distribution
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