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The basic pinhole camera
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general
projective
camera

P ey P2 A=[B|b] e R34
X = AX=:x rank (A) = 3

camera center ceP? : Ac=0

finite camera B nonsingular = ¢= (—=B~'b,1)

A finte = A= K|R {
K upper triangular w/ positive diagonal

R rotation matrix
t € R?

K contains the internal parameters of the camera; focal length, skew etc

calibrated camera A = K|[R t] K known



linear model of x ~ AX

image formation v | ™

image camera world point
Given Find
ReseCﬁOﬂiﬂg X; & X A x; ~ AX;
Triangulation A;y X X :x;~A4X

Reconstruction | x! & x?--- o x? | 4;,X; : x] ~ 4;X;

in practice, images are noisy and need to find MLE




Triangulation Algebraic Geometry

Want to recover a 3D point X from

noisy images X; in n cameras p: PP — P2x...xP?
X (A]X,...,AHX)

AZ(A].!"'!AH)

p(P3) C (P*)"

multiview variety of A

™
N //

Polynomial Optimization

min Y ||z; — %]

8.t. (Z1,...,%n) € w(P3)




J A multiview ideal — vanishing ideal of the multiview variety

(A, x; 0 0 -~ 0] /X
_ Ag 0 X2 0 - 0 )\1

A X=X x; Vi=1,...,.n & | . .1 =0
A, 0 0 0 -+ x,] \An

so all maximal minors of this matrix lie in J 4

bi; Lijk qijkl
bilinear/epipolar trilinear/trifocal quadrilinear/quadrifocal
constraints constraints constraints

Aholt, Sturmfels, T. (201 1) strengthens Heyden-Astrom (1997)

10ij, tijk, Qijk t form a universal Grobner basis for J 4 generically

... Hilbert schemes in vision AST (201 1), Lieblich-van Meter (2018)



Polynomial Optimization

min ||z — x||?
S.t. sz =1y

min
s.t. & € p(P?)

min (G,Y)
st. (Bij;Y)=0 |
¥ =0

semidefinite programming
(SDP)

relaxation




Polynomial Optimization

2

min ||z — X
s.t.  x € o(P3)




Polynomial Optimization

5 min ||z — %||?
S.t. b-;;j —

min ||z — X
s.t. x € p(P?)

Theorem: Aholt,Agarwal,T. (2012) This SDP relaxation solves
the original triangulation problem exactly, under low noise.



Local stability of SDP relaxations of QCQPs
Cifuentes, Agarwal, Parrilo, T. (2017)

min ||y — 6|3
st Y2 =Yt Yz = Ny

A simple theorem: Suppose § € Y (quadratic variety) is smooth.
Then SDP relaxation solves the QCQP V6 sufficiently close to 6.




Two View Geometry

Given m correspondences: {(

Xi,yi)ERQXsz = L

|
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if
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L] _-‘-\h.
/ Vi

Are these images of m world points in 2 cameras?
If yes, find the cameras and reconstruct the 3D point cloud.

m)



Two View Geometry
x~AX, y~ A'X = X,x,y,C,C" all coplanar

X

epipolar plune 7T \

= 33 x 3 matrix M,
rank(M) = 2 s.t.
yTM x=0
e’
epipolar equation

uncalibrated cameras calibrated cameras
M=F M=F

fundamental matrix essential matrix
01(E) = 03(E) > 0




{essential matrices}

{fundamental matrices}

{3 x 3 matrices of rank < 1}

Ro {3 x 3 matrices of rank < 2}

m point correspondences <+ subspace L of codim m



{essential matrices}

{fundamental matrices}

{3 x 3 matrices of rank < 1}

Ro {3 x 3 matrices of rank < 2}

m point correspondences <+ subspace L of codim m

5 7 & LOF #8 J F & LNE#D
F =R2\Rq E real algebraic variety cut out by
matrices of rank exactly 2 OEETE — trace(EET)E = 0, det(E) =0

(10 cubics)  Demazure (1988)




{essential matrices}

{fundamental matrices}

{3 x 3 matrices of rank < 1}

Ro {3 x 3 matrices of rank < 2}

m point correspondences <+ subspace L of codim m

= & LF =0 3 E & LOE#£0
Theorems: m<5 = LNF+#0(
Agarwal, Lee,

Sturmfels, T. (2017) m<4 = LNE#




Fundamental Matrices

There is always a real 3x3 matrix in the

m =06,7,3 . . ,
intersection but it may not have rank two.
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Fundamental Matrices

There is always a real 3x3 matrix in the

m =6,7,8 | | ,
intersection but it may not have rank two.
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Essential Matrices

m = 9,0

open
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There maybe no real points in the intersection.

LNE =1

LNné& =10



5-point algorithm for E Nister (2004)
|.Plug sAy +tAs +uAs + Ay € L into the |0 Demazure cubics.

2. Gauss-Jordan elimination yields:

A |s* t* 8%t st? s%u 82 t*u t* stu st s t 1 (= N

(a) | 1 2] 2] [3 , i

Eﬁg b 2 12 B Kukelova’s thesis(‘|2)

(d) ! 2 (2 3 ~10.6 micro secs

() 1 2] 2] 3

(f) 1 2 [2] [3 many such solvers

(9) I 2] (2] [3 e

([P;JJ A 2l 2] s Pajdla’s group @ Czech U

) L\ ;

3.Define: (k) = (e)—u- () and arrange B |s t 1
(m) = (ﬂ)—ﬂ () trive (6) |81 18] [4

St (m) | [3] [3] [4

4. det(B) is a univariate polynomial in u of degree |0.
Solve using Sturm sequences/eigenvalue methods



Euclidean distance degree of an algebraic variety

u € R™  data point

X CR"™ real algebraic variety

min ||z — ||
rTEX




Euclidean distance degree of an algebraic variety

U
s

u € R™  data point

X CR"™ real adlgebraic variety

min ||z — ul|?

r€EX X

Theorem: Draisma, Horobet, Ottaviani, Sturmfels, T. (201 6)
# smooth critical points of this problem is a constant for generic u

Euclidean distance degree of X =

# smooth critical points of this problem




Euclidean distance degree of the essential variety

£ ={E € R* : rank(E) = 2, 01(E) = 02(F) > 0}

Theorem: Drusvyatskiy, Lee, Ottaviani, T. (2017)
EDdegree(Ec) = 6

A transfer principle:
the EDdegree of orthogonally )
invariant matrix varieties equals the 1 -

EDdegree of their singular values
variety after symmetrization.




Euclidean distance degree of triangulation

Xn multiview variety from n cameras

Stewenius, Shaffalitzky, Nistér (2005):

nil2 3 4 5) 6 7
EDdegree(X,) | 6 47 148 336 638 1081

g 21
Conjecture: EDdegree(X,,) = 5?2,3 - ?n‘? + 8n — 4

A complex variant with a slightly different (cubic) formula was
broven by Harris & Lowengrub (2017)
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