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Consider a model

x is a vector of input variables

f(x) is square integrable 
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Variance decomposition:

Sobol’ SI:

Sobol’-ANOVA decomposition and Sensitivity Indices
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Sobol’ - ANOVA decomposition is unique if variables are independent
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Sobol’ SI in the case of dependent inputs
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Total effect index of subset y:  

Consider two subsets of variables:    
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1( , ),  ~ ( ,..., )nx y z x p x xso that                                                       - joint PDF
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General variance decomposition (known in statistics):

First-order (main) effect index: 



Sobol’ Sensitivity Indices: integral representation
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First-order (main) effect index of subset of variables  
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“Modified Sobol’ formulas “ (S. Kucherenko et al. Comput. Phys. Commun. 2012)
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Requires sampling from multivariate probability distributions ( ( ), ( , | ),  etc)p y p y z y



Models with pairwise correlated variables.

Copula. Uniform distributions
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,..., ,  [0,1],  1,..., ,   - correlation matrix . 

Gaussian copula function: 
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( ) - n-variate cumulative normal distribution function (NDF)
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nivariate NDF.

 - inverse NDF   

(independent uniform)  (independent normal)

 (dependent normal, )  (dependent uniform, )
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can also use the inverse transformation
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Sobol’ Sensitivity Indices. Models 

with pairwise correlated variables.
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• Model:

• Correlation matrix:

• Sensitivity indices:

Correlated variables. 

Test example: Gaussian Hyperplane

 1 2 3 1 2 3, ,Y f X X X X X X   
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Inputs are Gaussians 



Evolution of the first and total order indices

at different values of correlation ratio ρ

Quasi MC sample size N = 213 , σ=2.0
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Interpretation

𝑺𝒊 𝑺𝒕𝒊

Contributions by 

interactions 

associated with

correlations of 

𝑥𝑖 and 𝑥−𝑖

Contributions by 

𝑥𝑖 correlated

with 𝑥−𝑖

Independent 

contribution by 

𝑥𝑖 itself

= self-correlated

correlation

Independent 

contributions by 

interactions 

between 𝑥𝑖 and 

𝑥−𝑖

Hao W , Lu Z , Li L . A new interpretation and validation of variance based importance measures for models 

with correlated inputs. Comput Phys Commun 2013;184:1401–13 :

Sy - the total correlated contribution 

STy - the total uncorrelated contribution 

Mara TA , Tarantola S , Annoni P . Non-parametric methods for global sensitivity analysis of model output 

with dependent inputs. Environ Modell Soft 2015;72:173–83: 

Sy - full first-order sensitivity index

STy - independent total sensitivity index



Constrained Global Sensitivity Analysis (cGSA)

( ), n nf x x H Problem setting:

( )p xJoint PDF of inputs:                     in  

or               in

Domain                may be defined by a number of 

constraints:

n nH 

 : ( ) 0, 1,...,n

mx g x m M   

n nH 

( )p x n

Constraint types:

• geometrical, physical, chemical, biological, economical, etc.

• ‘input’ (explicit) or ‘output’ (implicit) constraints:

   min min( ) 0f x f g x f x f    



Acceptance-rejection method

Recall Sobol’ SI’s:
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How to sample PDFs (marginal, conditional, …) in non-rectangular domains?
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Set indicator:

Scaling factor:



Acceptance-rejection method

Explicit integral formulas for function mean and variance in     :
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…and first-order and total SI in    :
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Acceptance-rejection method
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Modified formulas:



Monte Carlo estimators
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MC estimators of function mean and total variance:

Scaling factor:

Double loop reordering (DLR) formula for first-order indices:

where

Sample is subdivided into                ‘bins’                  

Total number of sample points:

yN N

CPU y zN N N N 



Sort (x1,Y = f)

Divide space into M bins

Compute local mean values (green lines )

Estimate variance Dx1
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Double loop reordering approach (DLR)



Monte Carlo estimators
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Modified formulas for first-order and total indices:

Total number of sampled points: CPU ( 2)N N n 



Rosenblatt  transformation

Let                be independent random numbers uniformly distributed 
on [0,1]. The set of random values              defined on       obtained 
from 

has the pdf                . Here,     

are cumulative distributions corresponding to
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Test case 1. 2D g-function, linear constraint
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Joint PDF:

1 2( , ) 1p x x 



Test case 1. 2D g-function, Sobol SI’s versus alfa

S1, S1_Total S2, S2_Total



Test case 1. 2D g-function, two approaches

S1, S1_Total Convergence of numerical estimates for and S1, S1_Total for the original 
formulas using Rosenblatt transformation (RT) with those based on the acceptance-
rejection (AR) approach, alfa=PI/4

Sampling using 
Rosenblatt transformation
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Test case 2. 2D g-function, parabolic constraint

2 1 1: (1 )
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Permissible domain:

Domain is disconnected 
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Test case 3. 10D g-function, 

minimum threshold constraint
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Test case 3. 10D g-function, values of Sobol’ indices

Si   (GSA) Si   (cGSA) Si
T (GSA) Si

T (cGSA)

1 0.56066 0.68667 0.67050 0.95605

2 0.14017 0.00482 0.20631 0.19810

3 0.06230 0.00217 0.09579 0.10126

4 0.03504 0.00137 0.05473 0.06135

5 0.02243 0.00109 0.03529 0.04120

6 0.01557 0.00091 0.02461 0.02958

7 0.01144 0.00089 0.01812 0.02248

8 0.00876 0.00114 0.01390 0.01747

9 0.00692 0.00184 0.01100 0.01402

10 0.00561 0.00103 0.00891 0.01149

i

Both the main and total effects of  x1 (the most influential input) increase upon 
the introduction of the constraint, other main indices decrease. However, their 
total indices exceed those for the unconstrained case owing to the presence of 
the structural dependences.



Test case 4. 2D g-function, Metamodelling approach

Values of Sobol’ indices for exact model&constraints are close to those build using metamodels. 
This approach can significantly reduce CPU time for complex (expensive) models. 

SobolGSA: www3.imperial.ac.uk/centreforprocesssystemsengineering/software1/sobolhdmr

Function&constraint S1 S2 S1
T S2

T

Exact 0.8086 0.0013 0.9978 0.1913

RS-HDMR(512) 0.7572 0.0179 0.9836 0.2426

RS-HDMR(1024) 0.8246 0.0061 0.9929 0.1750
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Permissible domain:

1 2( , ) 1g x x 
Boundary of the feasible domain: exact (solid line), 512-sample 
HDMR (dashed line), 1024-samlpe HDMR (dotted line).



Conclusions

• A large new class of models with inequality constraints can be 

analysed with cGSA

• Suggested acceptance-rejection formulas only require the 

knowledge of joint PDF and domain indicator function

• Approach based on building metamodels for  model&constraints

can significantly reduce CPU time for complex (expensive) models.

• Further work is required on the interpretation of cGSA results
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