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Prior information for geophysical models

• smoothness	
• blockiness	
• approximately	layered	media	
• number	of	velocity	jumps	up	or	down	
• maximum	&	minimum	values,	well-log	information,	reference	models
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Geophysical	applications:	
• single					(bounds)		
• two	sets		

Physical parameter estimation
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[Lelièvre	and	Oldenburg	(2009),		Baumstein	(2013),	Smithyman	et	al.	(2015),	
Esser	et	al.	(2015ab,	2016ab),	Peters	and	Herrmann	(2017),	Yong	et	al.	(2018),	
Trinh	et	al.	(2018),	Peters	and	Herrmann	(2019)]
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Projection	based	algorithms:	SPG,	PQN,	projected	Newton-type	guarantee	that							
satisfies	all	constraints,	every	iteration.	

Physical parameter estimation
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[Birgin	et.	al.	(1999);	Schmidt	et.	al.	(2009);	Schmidt	et.	al.	(2012)]
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Projection	based	algorithms:	SPG,	PQN,	projected	Newton-type	guarantee	that							
satisfies	all	constraints,	every	iteration.	

							:	Barzilai-Borwein	scaling	

							:	non-monotone	line	search	step	length

Physical parameter estimation
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Prior	knowledge	as	constraint	sets	especially	practical	if	we	have	many	sets.	

Each	constraint	set	defined	independently	of	all	others.					

Physical parameter estimation

�6

min
m

f(m) s.t. m 2
p\

i=1

Vi

<latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit><latexit sha1_base64="8NwD5ZYUSp4QFGTpIwr8iRqohxw="></latexit>



Models	with	smooth,	blocky	and	diagonal	features	do	not	fit	any	of	the	
standard	constraints	(rank,	total-variation,	smoothness	promoting).	

Question:		

How	to	construct	(convex)	sets	suitable	to	regularize	this	type	of	models?
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Complex models 
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Inspiration

cartoon-texture	decomposition	/	morphological	component	analysis	

often	stated	as:	

approximately	decompose							into	
1. 					:	cartoon/background/piecewise-smooth	or	constant	component	
2. 					:	texture/details/pattern/oscillatory	component	

closely	related	to	to	robust	PCA	and	variants

[Osher	et	al.	(2003);	Starck	et	al.	(2005);	Schaeffer	and	Osher	(2013);	Ono	et	al.	(2014)]

[Candes	et	al.	(2011);	Gao	et	al.,	2011a	;	
	Gao	et	al.,	2011b]	

min
u,v

km� u� vk+ ↵

2
kAuk+ �

2
kBvk.
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Fig. 6. Images used for visual evaluation. In parentheses after the image name are shown the size of the image and the size of the region of interest (ROI)
if the latter examples are using only a part of the image. (a) Barbara (787 × 576, ROI: 301 × 301). (b) Geometry (256 × 256). (c) City (436 × 232, ROI:
151 × 151). (d) Pillar (256 × 256). (e) Zebra (256 × 256).

III. RESULTS

The evaluation of the quality of cartoon/texture decom-
position is usually done on visual examples, since there
is no generally accepted objective method for ground-truth
generation in case of real images. Sometimes it is difficult
even for a human to decide whether a certain part of the image
is texture or not.

Hence, to evaluate the quality of the different methods, we
show the decomposition results of example images (see Fig. 6),
but we also evaluate numerically the competing methods on
artificial images (see Fig. 7) where the ground-truth cartoon
and texture parts are available.

We compared the proposed method with the following
decomposition methods: BLMV filter [5], aBLMV filter (also
proposed in this paper), AD [14], DPCA [7], DOSV [8], ROF
[3], and TVL1 [4]. The codes for the above methods were
provided by the authors, and we used them with the best
tuned parameters in each individual test case. For numerical
evaluation, we used the parameters that gave the best numbers,
and, in case of subjective evaluation, the parameters that gave
the best visual result. For the proposed method, we kept all
the parameters, except one: the σ range for the aBLMV was
changed to the same transparent scale parameter as it was
for the original BLMV. The other parameters were set to a
constant value: the maximum number of iterations for the
AD was set to 100, and the λ parameter of (6) was set to 2.

Fig. 7. Artificial images (256 × 256) used for numerical evaluation. Left
column: original image. Middle column: cartoon component. Right column:
texture component.

Note that λ = 2 is a low value, making the AD very sensitive
to edge inhibitions, which helps better preservation the cartoon
edges. The only parameter that was not constant during the
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Fig. 12. Separation of cartoon and texture components (Zebra). (a) AD [14]. (b) BLMV [5]. (c) aBLMV. (d) DPCA [7]. (e) DOSV [8]. (f) TVL1 [4].
(g) ROF [3]. (h) Proposed AD-aBLMV-ADE.

On the geometry image, all the methods eliminate the
texture from the cartoon part, but all of them bring some
cartoon edges on the texture (see Fig. 9). Here one should
consider how strong the cartoon edges on the texture image
are, and also how precise the cartoon part is.

The third image shows City towers. This image has precise
edges, which favors the TV-based methods, especially ROF
(see Fig. 10). However, some artifacts can be seen on cartoon
image of ROF, as the rectangular shaped cloud at the top of
the building on the left, or the disappearing top of the same
skyscraper. Most of the methods blur some parts of the image,
and almost none of them can eliminate the vertical line texture
from the darkest building.

For the fourth image (Pillars), the question is how well the
pillars are preserved on the cartoon image (or how strong the
edges of the pillars on the texture image are) and how blurred
the greenery in the background is (see Fig. 11). Here we can
say that BLMV, DOSV, and TVL1 produce good results, but
they are outperformed by aBLMV and the proposed method,
while AD and ROF perform very poorly: the texture is slightly
blurred on the cartoon image and the edges of the pillar are
already obviously present on the texture part. DPCA blurs
the texture the best (similar to the proposed method), but,
in the meantime, it brings some strong cartoon edges to the
texture part.

The last image, Zebra, is quite challenging, since the texture
of the Zebra has a wide range of sizes. See results on Fig. 12.
AD and ROF perform poorly, since most of the texture remains
on the cartoon, while nontextural parts such as slow changes
of gray level values and nontextural parts of the background
are apparent on the texture image. As was mentioned earlier,

AD is not suited for the tasks, since the edges of the texture
are stronger than some of the cartoon edges, and therefore
the cartoon edges are eliminated while the texture edges are
kept unchanged. DOSV cannot eliminate the larger texture
parts without blurring the cartoon. BLMV blurs the cartoon
even more, but it eliminates most of the texture, although
not as efficiently as aBLMV or the proposed method. TVL1
and DPCA perform similarly: they both eliminate most of the
texture, but a lot of nontextural edges are apparent on the
texture image as well.

B. Numerical Evaluation on Artificial Images

Numerical evaluation is a difficult task for cartoon/texture
decomposition since usually there is no ground truth for
the images. For this reason most papers in the field lack
this type of comparison and rely only on subjective visual
evaluation. We used artificial images for numerical evaluation
where the ground truth was available. The following measures
were calculated to compare quality: edge absolute difference
of the cartoon (ead(u)) and texture (ead(v)) images, the
absolute difference of the cartoon image (ad(u)), and the
correlation coefficient of the estimated texture and the ground-
truth texture. We define these measures as follows:

ead(u) = |e(u′) − e(u)|
ead(v) = |e(v ′) − e(v)|
ad(u) = |u′ − u|

corr(v ′, v) = cov(v ′, v)

σv ′σv
(17)
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On the geometry image, all the methods eliminate the
texture from the cartoon part, but all of them bring some
cartoon edges on the texture (see Fig. 9). Here one should
consider how strong the cartoon edges on the texture image
are, and also how precise the cartoon part is.

The third image shows City towers. This image has precise
edges, which favors the TV-based methods, especially ROF
(see Fig. 10). However, some artifacts can be seen on cartoon
image of ROF, as the rectangular shaped cloud at the top of
the building on the left, or the disappearing top of the same
skyscraper. Most of the methods blur some parts of the image,
and almost none of them can eliminate the vertical line texture
from the darkest building.

For the fourth image (Pillars), the question is how well the
pillars are preserved on the cartoon image (or how strong the
edges of the pillars on the texture image are) and how blurred
the greenery in the background is (see Fig. 11). Here we can
say that BLMV, DOSV, and TVL1 produce good results, but
they are outperformed by aBLMV and the proposed method,
while AD and ROF perform very poorly: the texture is slightly
blurred on the cartoon image and the edges of the pillar are
already obviously present on the texture part. DPCA blurs
the texture the best (similar to the proposed method), but,
in the meantime, it brings some strong cartoon edges to the
texture part.

The last image, Zebra, is quite challenging, since the texture
of the Zebra has a wide range of sizes. See results on Fig. 12.
AD and ROF perform poorly, since most of the texture remains
on the cartoon, while nontextural parts such as slow changes
of gray level values and nontextural parts of the background
are apparent on the texture image. As was mentioned earlier,

AD is not suited for the tasks, since the edges of the texture
are stronger than some of the cartoon edges, and therefore
the cartoon edges are eliminated while the texture edges are
kept unchanged. DOSV cannot eliminate the larger texture
parts without blurring the cartoon. BLMV blurs the cartoon
even more, but it eliminates most of the texture, although
not as efficiently as aBLMV or the proposed method. TVL1
and DPCA perform similarly: they both eliminate most of the
texture, but a lot of nontextural edges are apparent on the
texture image as well.

B. Numerical Evaluation on Artificial Images

Numerical evaluation is a difficult task for cartoon/texture
decomposition since usually there is no ground truth for
the images. For this reason most papers in the field lack
this type of comparison and rely only on subjective visual
evaluation. We used artificial images for numerical evaluation
where the ground truth was available. The following measures
were calculated to compare quality: edge absolute difference
of the cartoon (ead(u)) and texture (ead(v)) images, the
absolute difference of the cartoon image (ad(u)), and the
correlation coefficient of the estimated texture and the ground-
truth texture. We define these measures as follows:

ead(u) = |e(u′) − e(u)|
ead(v) = |e(v ′) − e(v)|
ad(u) = |u′ − u|

corr(v ′, v) = cov(v ′, v)

σv ′σv
(17)

http://www.numerical-tours.com/matlab/inverse_6_image_separation/
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Figure 3: Results of the generalized Minkowski decomposition applied to the escalator video. The figure
shows four frames. The most pronounced artifacts are in the time stamp. This example illustrates that the
constrained approach is suitable to observe and apply constraint properties obtained from a few frames of
background only video.

and gradients/proximal-mappings with respect to the model parameters. Another di�erence is that level-set
methods segment the image into background and anomaly parts, our set-based approach does not necessarily
segment the image. We use an additive model, where it is possible that one of the components is zero where
ever the other component is nonzero, but we rarely see this in practice.

In the escalator video example we need to deal with inhomogeneous anomalies, which is no problem for
our set-based approach, but does not fit many level-set methods that assume constant valued, or, multiple
constant valued level-sets that compose the anomalies.

The proposed generalized Minkowski set regularization framework also applies to situation where there is
no clear background-anomaly separation problem, but where we know how to build the image out of two or
more components.

We did not discuss many implementation and performance and scaling with problem size details, because
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Minkowski sum constraint sets

Idea:		
• merge	strengths	of	additive	models	and	intersections	of	constraint	sets	
• represent	a	complex	model	as	a	sum	of	simple	ones	
• use	different	constraint	on	each	part	of	the	sum	
• avoid	penalties	
• no	explicit	spatial	segmentation,	components	may	overlap	

�11



Minkowski sum constraint sets

Idea:		
• merge	strengths	of	additive	models	and	intersections	of	constraint	sets	
• represent	a	complex	model	as	a	sum	of	simple	ones	
• use	different	constraint	on	each	part	of	the	sum	
• avoid	penalties	
• no	explicit	spatial	segmentation,	components	may	overlap	

The	resulting	model	is	an	element	of	the	Minkowski	set	(vector	sum):	

convex	if	both	sets	are	convex
�12

V ⌘ C1 + C1 = {m = u+ v | u 2 C1, v 2 C2}
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Minkowski sum 
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https://en.wikipedia.org/wiki/Minkowski_additionAccurate Minkowski Sum Approximation of 
Polyhedral Models 
Gokul Varadhan, Dinesh Manocha, 
Pacific Graphics, 2004 

Anvil (144 tris) Spoon (336 tris) Anvil � Spoon (Union of 4, 446 prims, 15K tris)

Wrench (772 tris) Spiral (500 tris) Wrench � Spiral (Union of 38, 703 prims, 25K tris)

Knife (516 tris) Scissors (636 tris) Knife � Scissors (Union of 62, 790 prims, 26K tris)

Figure 5. Benchmarks: This figure shows three different benchmarks. The left two columns show the two primitives whose
Minkowski sum is being computed. The triangle counts for the two primitives are shown in brackets. Two views of the approx-
imation computed by our algorithm are shown in the right. For the three models, the Minkowski sum reduced to computing the
union of 4, 446, 38, 703 and 62, 790 primitives respectively. Our algorithm took 63, 316 and 778 secs respectively to generate an
approximation. The approximate boundary consists of 15K, 25K and 26K triangles respectively (see Table 1).

6.1 Implementation
We implemented our algorithms on a 2 GHz Pentium IV PC
with 1 GB main memory. We used the Extended Marching
Cubes (EMC) algorithm [20] to perform the isosurface ex-
traction. It requires computing directed distance at the grid
points. Our algorithm is simple to implement. It only re-
quires performing distance and inside/outside queries. Di-
rected distance [20] and max-norm distances [31] to convex
primitives can be computed efficiently.
6.2 Performance
We tested our algorithm on a number of complex models.
The model complexity (Table 1) varied from several hun-
dred to few thousand triangles. Figures 1 and 4 show the
offset of three models: Bunny, Cup and Gear. Figure 1
shows the Minkowski sum of Brake Hub and Rod models.
The final Minkowski sum has a number of narrow holes that
contribute to a high genus. Our algorithm produces an ap-
proximation with the correct topology. Fig. 5 shows the
Minkowski sum of a number of CAD models. Fig. 6 shows
a complex benchmark consisting of two Grates. This is a
very challenging scenario as the resulting Minkowski sum
has very high complexity. It has numerous thin and needle-

like features. Our algorithm was able to reconstruct all the
complex features. Fig. 3 shows an application to motion
planning. Table 1 shows the model complexity and perfor-
mance of our algorithm on these benchmarks. Sampling is
the most time consuming step in the algorithm. Fig. 7 high-
lights the performance of our algorithm on different bench-
marks, showing the level of subdivision.
The culling techniques improve the performance signifi-

cantly. We applied our algorithm without any culling tech-
niques to the Anvil and Spoon benchmark (Figure 1). It
took more than 7 hours to generate an approximation, as
compared to 63 secs using culling techniques.

7 Limitations
The complex cell and star-shaped criteria are conservative.
As a result, the sampling algorithm may result in conserva-
tive subdivision. Our algorithm may not be able to handle
all degenerate configurations in the input model. These in-
clude cases when the model has artifacts such as self inter-
sections. Our algorithm can only generate manifold bound-
aries and is not applicable to the cases where the exact
boundary is non-manifold. Our sampling algorithm cannot
handle cases where two primitives (the pairwise Minkowski
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Minkowski	set	not	suitable	by	itself:	

• need	bound	constraints	and	more	on	

• would	like	more	than	one	constraint	on				and	

Minkowski sum constraint sets
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Minkowski decomposition
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Definition 1: Generalized Minkowski set
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M ⌘ {m = u+ v | u 2
p\

i=1

Di, v 2
q\

j=1

Ej , m 2
r\

k=1

Fk}
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• 					is	an	element	of	the	intersection	of	two	sets,	one	is	the	Minkowski	set	
(sum	of	to	intersections),	the	other	is	another	intersection.	

• can	extend	to	more	than	two	components	

m
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Definition 1: Generalized Minkowski set
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M ⌘ {m = u+ v | u 2
p\

i=1
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j=1

Ej , m 2
r\

k=1

Fk}
<latexit sha1_base64="mnwln6nSuQ4iQuCjPTwpOMHP2TA="></latexit><latexit sha1_base64="+5EcLRO0vEzfC7rabjsW4wvkqQY="></latexit><latexit sha1_base64="+5EcLRO0vEzfC7rabjsW4wvkqQY="></latexit><latexit sha1_base64="rkcMmutjN1RAs40kRylVRb8qZ58="></latexit>

Proposition 1. The generalized Minkowski set is convex if     ,    , and      are 
convex sets for all i, j and k. 

Proof. It follows from the definition (almost)
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Proposal: Generalized Minkowski set

�18

M ⌘ {m = u+ v | u 2
p\

i=1

Di, v 2
q\

j=1

Ej , m 2
r\

k=1

Fk}
<latexit sha1_base64="mnwln6nSuQ4iQuCjPTwpOMHP2TA="></latexit><latexit sha1_base64="+5EcLRO0vEzfC7rabjsW4wvkqQY="></latexit><latexit sha1_base64="+5EcLRO0vEzfC7rabjsW4wvkqQY="></latexit><latexit sha1_base64="rkcMmutjN1RAs40kRylVRb8qZ58="></latexit>			

Projection:	

argmin
u,v,w
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2
kw�mk22+

pX

i=1

◆Di(Aiu)+
qX

j=1

◆Ej (Bjv)+
rX

k=1

◆Fk(Ckw)+◆w=u+v(w, u, v)
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Proposal: Generalized Minkowski set
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discrete	derivatives	matrices,	DFT,	Wavelet	T,	…..



New algorithm (1)

Goals:		

Construct	an	algorithm	to	project	onto	an	intersection	

• allow	non-orthogonal	linear	operators	in	set	definitions	
• exploit	similarity	between	sets	
• use	coarse	and	fine-grained	parallel	resources	
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New algorithm (1)

Goals:		

Construct	an	algorithm	to	project	onto	an	intersection	

• allow	non-orthogonal	linear	operators	in	set	definitions	
• exploit	similarity	between	sets	
• use	coarse	and	fine-grained	parallel	resources	

Merge	ideas	from	SALSA/SDMM	and	ARADMM	
• recast	as	known	algorithm	for	known	problem									convergence	guarantees	
• automatic	(acceleration)	parameter	selection
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	[Xu	et.	al.	,2016a	;	Xu	et.	al.	,2017]	



New algorithm (2)
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Reformulate	projection	onto	
an	intersection:

min
x

1

2
kx�mk22 +

pX

i=1

◆Ci(Aix)
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New algorithm (2)
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Reformulate	projection	onto	
an	intersection:

Split	indicators	and	linear	
operators:

min
x,{yi}

1

2
kx�mk22 +

pX

i=1

◆Ci(yi) s.t. Aix = yi
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<latexit sha1_base64="hkhPzaETnZtsIEpdX0FpDcL4vnE="></latexit>



New algorithm (2)

�24

Reformulate	projection	onto	
an	intersection:

Split	indicators	and	linear	
operators:

put	smooth	and	non-smooth	
terms	on	same	footing

min
x

1

2
kx�mk22 +

pX

i=1

◆Ci(Aix)
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1

2
kx�mk22 ⌘ f(yp+1)
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f̃(ỹ) = f(yp+1) +
pX

i=1

◆Ci(yi)
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New algorithm (3)
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Define	matrix	and	vectors:

Final	problem	formulation:

Ã =

0

B@
A1
...

Ap+1 = IN

1

CA , ỹ =

0

B@
y1
...

yp+1

1

CA , ṽ =

0

B@
v1
...

vp+1

1

CA
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min
x,ỹ

f̃(ỹ) s.t. Ãx = ỹ
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New algorithm (3)
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Define	matrix	and	vectors:

Final	problem	formulation:

Ã =

0

B@
A1
...

Ap+1 = IN

1

CA , ỹ =
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0

B@
v1
...

vp+1

1

CA

<latexit sha1_base64="IwdGui8g9xjLorE2gXmDuh+noqo="></latexit>

min
x,ỹ

f̃(ỹ) s.t. Ãx = ỹ
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Augmented	Lagrangian:
L⇢1,...,⇢p+1(x, y1, . . . , yp+1, v1, . . . , vp+1) =

p+1X

i=1


fi(yi) + v>i (yi �Aix) +

⇢i
2
kyi �Aixk22

�
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New algorithm (4)

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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xk+1 =
h pX

i=1

(⇢kiA
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i )y
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i � vki
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i = vki + ⇢ki (y

k+1
i � x̄k+1
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<latexit sha1_base64="SKz9KUlw9HAUezHJt6LYLvYVLvk="></latexit>



New algorithm (5)
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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New algorithm
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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system-mat	always	pos-def,	



New algorithm
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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we	can	decide	on	how	many	CG	
iterations	we	need	for	the	sub-problem	



New algorithm
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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in	parallel	for	every	index	i



New algorithm
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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over/under	relaxation
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New algorithm
PARSDMM:		
projection	adaptive-relaxed	simultaneous	direction	method	of	multipliers	

Iterations	for	our	problem:	(equivalent	to	SDMM	+	over/under	relaxation)
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simple	projection	onto	set:													
norm-ball/bounds/cardinality/rank	 
(all	closed-form	solutions)
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i=p:	prox	for	distance-squared	
(closed	form)



Iterations are just iterations…

For	a	fast	algorithms	we	also	need:	

• stopping	conditions	
• adaptive	parameter	selection	
• hybrid	coarse-fine	parallel	implementation	
• multilevel	acceleration	
• use	multithreaded	compressed	diagonal	MVPs	for	banded	matrices	

• couple	more	things…
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Projections onto the generalized Minkowski set
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Projection:	

• follow	same	recipe	as	for	intersections	

• matrices	->	block-structured	linear	systems	

• same	algorithm	in	the	end,	different	inputs

argmin
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2
kw�mk22+

pX

i=1

◆Di(Aiu)+
qX

j=1

◆Ej (Bjv)+
rX

k=1

◆Fk(Ckw)+◆w=u+v(w, u, v)
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Parallel Dykstra-ADMM vs PARSDMM
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Bounds & lateral smoothness & vertical 
monotonicity constraints
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Example: video segmentation

Decompose	video																																		into	background	and	anomaly	

Proposed	constrained	formulation:	

• constraints	on	tensor	

• simultaneously	apply	constraints	to	time-frames	

• simultaneously	apply	constraints	to	other	tensor	slices

�38

T 2 Rnx⇥ny⇥nt
<latexit sha1_base64="WNBywTr2288bjZZSGRZVRsdf+Y4="></latexit><latexit sha1_base64="hrwJcCdq/heHoPSzoslHTR4r9sk="></latexit><latexit sha1_base64="hrwJcCdq/heHoPSzoslHTR4r9sk="></latexit><latexit sha1_base64="jQm/KHLlW6uwRLQl4L9dCyRwUrM="></latexit>

min
x

1

2
kx� vec(T )k22 s.t. x 2 F1

\� 2\

i=1

Di +
4\

j=1

Ej
�

<latexit sha1_base64="04ruxuA0iPEUAgc6ZuApSoHwnqc="></latexit><latexit sha1_base64="2nTVfTjIXD8TgT8PFaq2zEuz9gg="></latexit><latexit sha1_base64="2nTVfTjIXD8TgT8PFaq2zEuz9gg="></latexit><latexit sha1_base64="d0Q1ElwSJ3TiNft/DsEwp6xPBpU="></latexit>

x =

✓
u
v

◆

<latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit>



Example: video segmentation

Constraints	on	background	(				)	:	
• every	time	slice	is	an	element	of	the	subspace	spanned	by	the	last	20	frames	
(there	are	no	people	in	those)	

• bounds	per	fiber	along	time-axis	

Constraints	on	sum	(				)	:	
• bounds	(grayscale)	

Constraints	on	anomaly	(				)	:	
• bounds	on	sum	minus	bounds	on	background	
• cardinality	on	each	time-frame	and	on	horizontal,	vertical	derivative

�39

min
x

1

2
kx� vec(T )k22 s.t. x 2 F1

\� 2\

i=1

Di +
4\

j=1

Ej
�

<latexit sha1_base64="04ruxuA0iPEUAgc6ZuApSoHwnqc="></latexit><latexit sha1_base64="2nTVfTjIXD8TgT8PFaq2zEuz9gg="></latexit><latexit sha1_base64="2nTVfTjIXD8TgT8PFaq2zEuz9gg="></latexit><latexit sha1_base64="d0Q1ElwSJ3TiNft/DsEwp6xPBpU="></latexit>

x =

✓
u
v

◆

<latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit><latexit sha1_base64="G2STox4TUo36q8ayHYczsU+01jg=">AAACE3icbZC7SgNBFIZn4y3G26qlzWAiiEXYTaONELDRLoJJhOwSZmdPkiGzs8vMbEhY8g42voqNhSK2Nna+jZMLook/DHz85xzmnD9IOFPacb6s3Mrq2vpGfrOwtb2zu2fvHzRUnEoKdRrzWN4HRAFnAuqaaQ73iQQSBRyaQf9qUm8OQCoWizs9SsCPSFewDqNEG6ttn5WG+BJ7AXSZyJKIaMmGY5xiz8MD7IEIf8xS2y46ZWcqvAzuHIporlrb/vTCmKYRCE05UarlOon2MyI1oxzGBS9VkBDaJ11oGRQkAuVn05vG+MQ4Ie7E0jyh8dT9PZGRSKlRFJhOs2BPLdYm5n+1Vqo7F37GRJJqEHT2USflWMd4EhAOmQSq+cgAoZKZXTHtEUmoNjEWTAju4snL0KiUXcO3lWL1Zh5HHh2hY3SKXHSOquga1VAdUfSAntALerUerWfrzXqfteas+cwh+iPr4xv8/p2i</latexit>

D
<latexit sha1_base64="12SqOZnm6VLiw0VyaLSZYMmI/hE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFPeitgq2FNpTNdtMu3WTD7otQQn+GFw+KePXHiDf/jZu0B20dWBhm3mPnTZBIYdB1v53Syura+kZ5s7K1vbO7V90/aBuVasZbTEmlOwE1XIqYt1Cg5J1EcxoFkj8E46vcf3jk2ggV3+Mk4X5Eh7EIBaNopW4vojhiVGbX03615tbdAmSZeHNSu/yEAs1+9as3UCyNeIxMUmO6npugn1GNgkk+rfRSwxPKxnTIu5bGNOLGz4rIU3JilQEJlbYvRlKovzcyGhkziQI7mUc0i14u/ud1Uwwv/EzESYo8ZrOPwlQSVCS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXSPqt7lt+5tcbtrA0owxEcwyl4cA4NuIEmtICBgid4gVcHnWfnzXmfjZac+c4h/IHz8QPlXZJs</latexit><latexit sha1_base64="12SqOZnm6VLiw0VyaLSZYMmI/hE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFPeitgq2FNpTNdtMu3WTD7otQQn+GFw+KePXHiDf/jZu0B20dWBhm3mPnTZBIYdB1v53Syura+kZ5s7K1vbO7V90/aBuVasZbTEmlOwE1XIqYt1Cg5J1EcxoFkj8E46vcf3jk2ggV3+Mk4X5Eh7EIBaNopW4vojhiVGbX03615tbdAmSZeHNSu/yEAs1+9as3UCyNeIxMUmO6npugn1GNgkk+rfRSwxPKxnTIu5bGNOLGz4rIU3JilQEJlbYvRlKovzcyGhkziQI7mUc0i14u/ud1Uwwv/EzESYo8ZrOPwlQSVCS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXSPqt7lt+5tcbtrA0owxEcwyl4cA4NuIEmtICBgid4gVcHnWfnzXmfjZac+c4h/IHz8QPlXZJs</latexit><latexit sha1_base64="12SqOZnm6VLiw0VyaLSZYMmI/hE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFPeitgq2FNpTNdtMu3WTD7otQQn+GFw+KePXHiDf/jZu0B20dWBhm3mPnTZBIYdB1v53Syura+kZ5s7K1vbO7V90/aBuVasZbTEmlOwE1XIqYt1Cg5J1EcxoFkj8E46vcf3jk2ggV3+Mk4X5Eh7EIBaNopW4vojhiVGbX03615tbdAmSZeHNSu/yEAs1+9as3UCyNeIxMUmO6npugn1GNgkk+rfRSwxPKxnTIu5bGNOLGz4rIU3JilQEJlbYvRlKovzcyGhkziQI7mUc0i14u/ud1Uwwv/EzESYo8ZrOPwlQSVCS/nwyE5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXSPqt7lt+5tcbtrA0owxEcwyl4cA4NuIEmtICBgid4gVcHnWfnzXmfjZac+c4h/IHz8QPlXZJs</latexit><latexit sha1_base64="qss+jxQMaBfNxOHqp/33aAgoFH8=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0m86LGgB71VsLWQhrLZbtqlm92w+yKU0J/hxYMiXv013vw3btoctHVgYZh5j503USq4Qc/7dipr6xubW9Xt2s7u3v5B/fCoa1SmKetQJZTuRcQwwSXrIEfBeqlmJIkEe4wm14X/+MS04Uo+4DRlYUJGksecErRS0E8IjikR+c1sUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8FmtX5mWErohIxYYKkkCTNhPo88c8+sMnRjpe2T6M7V3xs5SYyZJpGdLCKaZa8Q//OCDOOrMOcyzZBJuvgozoSLyi3ud4dcM4piagmhmtusLh0TTSjalmq2BH/55FXSvWj6lt97jdZdWUcVTuAUzsGHS2jBLbShAxQUPMMrvDnovDjvzsditOKUO8fwB87nD3W6kV0=</latexit>

F
<latexit sha1_base64="e3Mr6ij3lIaVmOZOeO+DfYgskko=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFQfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHoZ5Ju</latexit><latexit sha1_base64="e3Mr6ij3lIaVmOZOeO+DfYgskko=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFQfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHoZ5Ju</latexit><latexit sha1_base64="e3Mr6ij3lIaVmOZOeO+DfYgskko=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFQfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHoZ5Ju</latexit><latexit sha1_base64="ANHXhifYK1BdjpIucEBbZfEa+m0=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0m86LEgiN4q2FpIQ9lsN+3SzW7YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bKBXcoOd9O5W19Y3Nrep2bWd3b/+gfnjUNSrTlHWoEkr3ImKY4JJ1kKNgvVQzkkSCPUaT68J/fGLacCUfcJqyMCEjyWNOCVop6CcEx5SI/GY2qDe8pjeHu0r8kjSgRHtQ/+oPFc0SJpEKYkzgeymGOdHIqWCzWj8zLCV0QkYssFSShJkwn0eeuWdWGbqx0vZJdOfq742cJMZMk8hOFhHNsleI/3lBhvFVmHOZZsgkXXwUZ8JF5Rb3u0OuGUUxtYRQzW1Wl46JJhRtSzVbgr988irpXjR9y++9RuuurKMKJ3AK5+DDJbTgFtrQAQoKnuEV3hx0Xpx352MxWnHKnWP4A+fzB3jEkV8=</latexit>

E
<latexit sha1_base64="RdY8i13ngp2sD8k3JlMYQf4Bspk=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFEfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHm4pJt</latexit><latexit sha1_base64="RdY8i13ngp2sD8k3JlMYQf4Bspk=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFEfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHm4pJt</latexit><latexit sha1_base64="RdY8i13ngp2sD8k3JlMYQf4Bspk=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5J40ZsFEfRWwdZCG8pmu2mXbrJh90UooT/DiwdFvPpjxJv/xk3ag7YOLAwz77HzJkikMOi6305pZXVtfaO8Wdna3tndq+4ftI1KNeMtpqTSnYAaLkXMWyhQ8k6iOY0CyR+C8VXuPzxybYSK73GScD+iw1iEglG0UrcXURwxKrPrab9ac+tuAbJMvDmpXX5CgWa/+tUbKJZGPEYmqTFdz03Qz6hGwSSfVnqp4QllYzrkXUtjGnHjZ0XkKTmxyoCEStsXIynU3xsZjYyZRIGdzCOaRS8X//O6KYYXfibiJEUes9lHYSoJKpLfTwZCc4ZyYgllWtishI2opgxtSxVbgrd48jJpn9U9y+/cWuN21gaU4QiO4RQ8OIcG3EATWsBAwRO8wKuDzrPz5rzPRkvOfOcQ/sD5+AHm4pJt</latexit><latexit sha1_base64="FWBDQ8Y7yamI2TSi0hpTboAYfb4=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0m86LEggt4q2FpIQ9lsN+3SzW7YfRFK6M/w4kERr/4ab/4bN20O2jqwMMy8x86bKBXcoOd9O5W19Y3Nrep2bWd3b/+gfnjUNSrTlHWoEkr3ImKY4JJ1kKNgvVQzkkSCPUaT68J/fGLacCUfcJqyMCEjyWNOCVop6CcEx5SI/GY2qDe8pjeHu0r8kjSgRHtQ/+oPFc0SJpEKYkzgeymGOdHIqWCzWj8zLCV0QkYssFSShJkwn0eeuWdWGbqx0vZJdOfq742cJMZMk8hOFhHNsleI/3lBhvFVmHOZZsgkXXwUZ8JF5Rb3u0OuGUUxtYRQzW1Wl46JJhRtSzVbgr988irpXjR9y++9RuuurKMKJ3AK5+DDJbTgFtrQAQoKnuEV3hx0Xpx352MxWnHKnWP4A+fzB3c/kV4=</latexit>



Figure 5.3: Results of the generalized Minkowski decomposition ap-
plied to the escalator video. The figure shows four frames. The
most pronounced artifacts are in the time stamp. This example
illustrates that the constrained approach is suitable to observe
and apply constraint properties obtained from a few frames of
background only video.
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Example:  
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Figure 4: Comparing SPCP solvers for background
subtraction. One marker corresponds to 40 itera-
tions.

Algorithm Reference

Split-SPCP This Work
Lagrangian Quasi-Newton (LagQN) [2]

Max Quasi-Newton (MaxQN) [2]
Fast PCP (FPCP) [34]

Go Decomposition (GoDec) [48]
Inexact ALM (IALM) [27]

LMaFit (LaMaFit) [43]

Table 2: References for the algorithms used in test-
ing. Among these are the fastest models for back-
ground subtraction, as determined in [9] and [37].

each iteration for every algorithm, and we do not include these calculations in our time measurements. To
initialize Split-SPCP, we use the first 100 singular values and vectors from the randomized SVD of the data
matrix.

Several of the algorithms in Figure 4 do not converge to the same solution, despite considerable e�ort
in parameter tuning. These algorithms were designed to quickly find approximate solutions to the SPCP
problem, and might su�er from the large amount of noise present in the data. The approximate solutions
recovered by these algorithms are qualitatively di�erent from the Split-SPCP solution, see Figure 5. We also
find that a lower objective value generally corresponds to a qualitatively superior solution.

(a) X,L, and S matrices found by (from top to bottom)
Split-SPCP, LagQN, and GoDec.

(b) X,L, and S matrices found by (from top to bottom)
FPCP, IALM, and LMaFit.

Figure 5: Background subtraction using various SPCP solvers on surveillance video data from [26] (frame 10
is shown). We see that Split-SPCP, LagQN, and IALM best locate the people while ignoring the escalators.

To quantitatively measure the quality of the solutions, we use the Corrected Akaike Information Criterion,
or AICc. The AICc measures the fit of a statistical model to a certain data set. Given a model with p

parameters and a log-likelihood function ¸, the value of the AICc is

AICc = 2(p ≠ log(¸max)) + 2p(p + 1)
m · n ≠ p ≠ 1 ,

where m · n is the size of the data set and ¸max is the maximum of ¸. The preferred statistical model is the
one that minimizes the AICc. The AICc favors models that maximize the likelihood function and penalizes
complex models with many parameters, guarding against overfitting. Using AICc as a measure of quality
avoids both overemphasis of objective values and the inherent ambiguity of visual comparisons.

11

[Comparison	of	RPCA	algorithms	by	Driggs	et	al.,	2017]	



Conclusions

�42

Intersections	of	sets	are	particularly	suitable	in	case	of	many	constraint	sets.	

Generalized	Minkowski	sets	allow	for	more	convenient	use	of	prior	info.	

Dedicated	algorithm	suitable	for	2D	and	larger	3D	videos	and	models.	

A	larger	number	of	constraint	sets	does	not	increase	computational	cost	
much.	



Code: SetIntersectionProjection.jl

�43

Software	available	for	

Algorithms	and	software	for	projections	onto	intersections	of	convex	and	
non-convex	sets	with	applications	to	inverse	problems	
[B.	Peters	&	F.J.	Herrmann	(2019)	,	arXiv	preprint	arXiv:1902.09699]	

https://github.com/slimgroup/SetIntersectionProjection.jl/	

		
Generalized	Minkowski	sets	for	the	regularization	of	inverse	problems	
[B.	Peters	&	F.J.	Herrmann	(2019)	,	arXiv	preprint	arXiv:1903.03942]	

https://petersbas.github.io/GeneralizedMinkowskiSetDocs/

https://github.com/slimgroup/SetIntersectionProjection.jl/

