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Koopman Operators

❖ We aim at computing eigenpairs of the Koopman operator 
for a stochastic system:

❖ Galerkin Projection (EDMD) onto

❖

K⌧f(x) = Ex [f(X⌧ )]
<latexit sha1_base64="Ya8oyi1uGsDKJwFDsf9iwEqasWc="></latexit>

K⌧ = (C0)�1C⌧

C0 = hfi, fjiµ
C⌧ = hfi,K⌧fjiµ

<latexit sha1_base64="QPfHq3Ak6A6lUcnTcjmQ5brQOck="></latexit>

V = span{fi}Ni=1
<latexit sha1_base64="5sG1qkoLTcD6pPpE0KcTriGrFgQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJJUQTeFohtXUsE+oKlhMp20QyeTMDMRSshHuPFX3LhQxK0Ld/6NkzQLbT0wcOace7n3Hi9iVCrL+jZKS8srq2vl9crG5tb2jrm715FhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O4DEZKG/E5NIzII0IhTn2KktOSaJ06A1Njzkk4KGzD/iCCREeKpk/guhU7qJrRhp/c3FdesWjUrB1wkdkGqoEDLNb+cYYjjgHCFGZKyb1uRGiRIKIoZSStOLEmE8ASNSF9TjgIiB0l+VAqPtDKEfij04wrm6u+OBAVSTgNPV2Zby3kvE//z+rHyLwYJ5VGsCMezQX7MoAphlhAcUkGwYlNNEBZU7wrxGAmElc4xC8GeP3mRdOo1+7RWvz2rNi+LOMrgAByCY2CDc9AE16AF2gCDR/AMXsGb8WS8GO/Gx6y0ZBQ9++APjM8fZfueYw==</latexit>

Noé and Nüske, SIAM Multiscale Model. Simul. (2013), Williams et al, J. Nonlinear Sci. (2015), 
Klus et al., J. Nonlinear Sci. (2018)
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Data-Based Approximation

❖ Given snapshots of the process:
❖ the data-based approximation of the Galerkin matrices 

is

❖ where

{Xt}m+⌧
t=1

<latexit sha1_base64="oWBlPk2ON9CHUoYS7UWnpCZqrrM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIAglqYJuhKIblxXsA5oYJtNJO3TyYOZGKCEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufcePxFcgWV9G6Wl5ZXVtfJ6ZWNza3vH3N1rqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPbiZ+55FJxePoHsYJc0MyiHjAKQEteeaBk3U9wE7uZXBl5w9ZeOoASXPPrFo1awq8SOyCVFGBpmd+Of2YpiGLgAqiVM+2EnAzIoFTwfKKkyqWEDoiA9bTNCIhU242fSDHx1rp4yCWuiLAU/X3REZCpcahrztDAkM1703E/7xeCsGlm/EoSYFFdLYoSAWGGE/SwH0uGQUx1oRQyfWtmA6JJBR0ZhUdgj3/8iJp12v2Wa1+d15tXBdxlNEhOkInyEYXqIFuURO1EEU5ekav6M14Ml6Md+Nj1loyipl99AfG5w+GpJZd</latexit>

C0(i, j) =
1

m

mX

t=1

fi(Xt)fj(Xt) =
1

m
XXT

C⌧ (i, j) =
1

m

mX

t=1

fi(Xt)fj(Xt+⌧ ) =
1

m
XYT

<latexit sha1_base64="OofT6rUw4v8P0VsrolkCMvXnf0c="></latexit>

X(i, t) = fi(Xt), Y(i, t) = fi(Xt+⌧ )
<latexit sha1_base64="qdh0jW1swtRa9GPkF9wOp9+hwhg=">AAACKXicbVDJSgNBEO2JW4zbqEcvjUFIMISZKOhFCHrxGMEskglDT6cnadKz0F0jhCG/48Vf8aKgqFd/xM4iaOKDgsd7VVTV82LBFVjWh5FZWl5ZXcuu5zY2t7Z3zN29hooSSVmdRiKSLY8oJnjI6sBBsFYsGQk8wZre4GrsN++ZVDwKb2EYs05AeiH3OSWgJdesOgGBvuenrVGBlzAU8QX2XV5ouVAsOfjHvZt3Uzh2gCSjomvmrbI1AV4k9ozk0Qw113xxuhFNAhYCFUSptm3F0EmJBE4FG+WcRLGY0AHpsbamIQmY6qSTT0f4SCtd7EdSVwh4ov6eSEmg1DDwdOf4cjXvjcX/vHYC/nkn5WGcAAvpdJGfCAwRHseGu1wyCmKoCaGS61sx7RNJKOhwczoEe/7lRdKolO2TcuXmNF+9nMWRRQfoEBWQjc5QFV2jGqojih7QE3pFb8aj8Wy8G5/T1owxm9lHf2B8fQMm4aQf</latexit>

Noé and Nüske, SIAM Multiscale Model. Simul. (2013), Williams et al, J. Nonlinear Sci. (2015), 
Klus et al., J. Nonlinear Sci. (2018)
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AMUSE Algorithm

❖ To solve the eigenvalue problem for      , we can 
proceed as follows:

❖ 1. SVD of X:
❖ 2. Diagonalize:

❖

X = V⌃WT
<latexit sha1_base64="524sdxXza/RL38OmL2ZADzknCJs=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyWpgm6EohuXFfuCJpbJdNIOnUnCzEQoIf/gxl9x40IRt27c+TdO2ijaemDgzDn3cu89XsSoVJb1aRQWFpeWV4qrpbX1jc0tc3unJcNYYNLEIQtFx0OSMBqQpqKKkU4kCOIeI21vdJn57TsiJA2DhhpHxOVoEFCfYqS01DOPHI7U0POTTgrP4fenlTo3dMDRj9BObxs9s2xVrAngPLFzUgY56j3zw+mHOOYkUJghKbu2FSk3QUJRzEhacmJJIoRHaEC6mgaIE+kmk5tSeKCVPvRDoV+g4ET93ZEgLuWYe7oy21HOepn4n9eNlX/mJjSIYkUCPB3kxwyqEGYBwT4VBCs21gRhQfWuEA+RQFjpGEs6BHv25HnSqlbs40r1+qRcu8jjKII9sA8OgQ1OQQ1cgTpoAgzuwSN4Bi/Gg/FkvBpv09KCkffsgj8w3r8ADfieRg==</latexit>

M = ⌃�1VTXYTV⌃�1

= WTYTV⌃�1.
<latexit sha1_base64="w5a8EJ+ZDRXx+qysIpkcl87vCcs="></latexit>

K⌧
<latexit sha1_base64="2WAh92b/qhrO6ysye8FFQi/V8ds=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5JUQZdFN4KbCvYBTSiT6aQdOpmEeQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zwpRRqVz32yqtrW9sbpW3Kzu7e/tV++CwIxMtMGnjhCWiFyJJGOWkrahipJcKguKQkW44ucn97iMRkib8QU1TEsRoxGlEMVJGGthVP0ZqHEbZ3WzgK6QHds2tu3M4q8QrSA0KtAb2lz9MsI4JV5ghKfuem6ogQ0JRzMis4mtJUoQnaET6hnIUExlk8+Az59QoQydKhHlcOXP190aGYimncWgm85hy2cvF/7y+VtFVkFGeakU4XhyKNHNU4uQtOEMqCFZsagjCgpqsDh4jgbAyXVVMCd7yl1dJp1H3zuuN+4ta87qoowzHcAJn4MElNOEWWtAGDBqe4RXerCfrxXq3PhajJavYOYI/sD5/ABLKk1s=</latexit>

Tong et al, IEEE International Symposium on Circuits and Systems, (1990)
Klus et al., J. Nonlinear Sci. (2018)
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Tensor-Product Basis

❖ For high-dimensional systems, the challenge is to use a 
sufficiently powerful basis set.

❖ For a d-dimensional system, we would like to use a 
tensor-structured basis:

❖ Univariate basis sets:
❖ Tensor-Product Space:
❖ Elements of     are tensors in 

Vp = span{fp
ip
(xp)}

np

i=1
<latexit sha1_base64="F7C9Pe1ZZC6v6Lb88A7dlxFPfx4="></latexit>

V = V1 ⌦ . . .⌦ Vd
<latexit sha1_base64="7KHkQYjv3iHz/qr78kaV4RR0SRY=">AAACJ3icbVBNS8NAEN34WetX1aOXxSJ4KkkV9KIUvXisYD+gCWGz2bZLN9mwOxFK6L/x4l/xIqiIHv0nbtpCtfXBwJs3M8zMCxLBNdj2l7W0vLK6tl7YKG5ube/slvb2m1qmirIGlUKqdkA0EzxmDeAgWDtRjESBYK1gcJPXWw9MaS7jexgmzItIL+ZdTgkYyS9duRGBfhBkzRG+xLPEd7ArgUdMY1eEEvQsnfWERb9Utiv2GHiROFNSRlPU/dKrG0qaRiwGKojWHcdOwMuIAk4FGxXdVLOE0AHpsY6hMTErvWz85wgfGyXEXalMxIDH6u+JjERaD6PAdOZH6vlaLv5X66TQvfAyHicpsJhOFnVTgUHi3DQccsUoiKEhhCpubsW0TxShYKzNTXDmX14kzWrFOa1U787KteupHQV0iI7QCXLQOaqhW1RHDUTRI3pGb+jderJerA/rc9K6ZE1nDtAfWN8/IW+mGQ==</latexit>

V
<latexit sha1_base64="ILVOy/xw4rjtKslma2wVk5yudXA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVB1pr2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5omn5MwqAxLGyj5pyFz9vZHRSOtJFNjJWUK97M3E/7xuasJrP+MySQ1KtvgoTAUxMZmdTwZcITNiYgllitushI2ooszYkkq2BG/55FXSqlW9i2rt/rJSv8nrKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDxMGQ+g==</latexit> A 2 Rn1⇥n2⇥...⇥nd

<latexit sha1_base64="SiJxs7hx1GQSAV+qLg6DCXQcxR0=">AAACKXicbVDLSsQwFE19O76qLt0EB8HV0I6CLkfduFRxHjCtJU1TDaZpSW6FofR33PgrbhQUdeuPmJmpoI4XQk7OuZebc8JMcA2O825NTc/Mzs0vLNaWlldW1+z1jY5Oc0VZm6YiVb2QaCa4ZG3gIFgvU4wkoWDd8PZkqHfvmNI8lZcwyJifkGvJY04JGCqwW15C4CaMi6PS4xKPX2FxUV4VMnA94AnTWAbNCnkiSsFc33xUBnbdaTijwpPArUAdVXUW2M9elNI8YRKoIFr3XScDvyAKOBWsrHm5Zhmht+Sa9Q2UxGzyi5HTEu8YJsJxqsyRgEfsz4mCJFoPktB0Dp3ov9qQ/E/r5xAf+gWXWQ5M0vGiOBcYUjyMDUdcMQpiYAChipu/YnpDFKFgwq2ZENy/lidBp9lw9xrN8/1667iKYwFtoW20i1x0gFroFJ2hNqLoHj2iF/RqPVhP1pv1MW6dsqqZTfSrrM8v5IKnnQ==</latexit>
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Tensor Train Format (TT format)

❖ We choose to represent tensors in TT format:

❖ with cores 

❖ TT-format is motivated by Higher-Order SVD (HOSVD).

❖

A(i1, . . . , id) = U1(i1) . . .Ud(id)
<latexit sha1_base64="EVUh3gcWmuao7IFGohsNIqzFh/4=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgtlJJUQTdCVRCXFUxbaEKYTCbt0MmDmYlQQv7Ijb/SjYgibv0LkzZCbT0wcDjnXObe40SMCqlpb8rK6tr6xmZpq7y9s7u3rx4cdkQYc0wMHLKQ9xwkCKMBMSSVjPQiTpDvMNJ1Rre5330iXNAweJTjiFg+GgTUoxjJTLLVO9NHcuh4yXVapbZeN5kbSlGntluDV/DXNFJbz+3azJ6T3WoeLdtqRWtoU8BlohekAgq0bXViuiGOfRJIzJAQfV2LpJUgLilmJC2bsSARwiM0IP2MBsgnwkqm96bwNFNc6IU8e4GEU3V+IkG+EGPfyZL5pmLRy8X/vH4svUsroUEUSxLg2UdezKAMYV4edCknWLJxRhDmNNsV4iHiCMus4rwEffHkZdJpNvSzRvPhvNK6KeoogWNwAqpABxegBe5BGxgAg2cwAe/gQ3lRXpVP5WsWXVGKmSPwB8r3D31FqBs=</latexit>

Up 2 Rrp�1⇥np⇥rp (r0 = rd = 1),

Up(ip) = Up(:, ip, :)
<latexit sha1_base64="alLfP+HfJvBMaKFM+1mfGQxxX1k="></latexit>

Oseledets and Tyrtyshnikov, SIAM J. Sci. Comput. (2009)
Oseledets, SIAM J. Sci. Comput. (2011)
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HOSVD

❖ Mode-k unfolding:
❖ HOSVD:

❖

A|k 2 R
Qk

p=1 np⇥
Qd

p=k+1 np

<latexit sha1_base64="lWrRZ9CdusDjKCQMdY29985jUrg="></latexit>

3 Low-Rank Tensor Representations

3.1 Higher-Order Singular Value Decomposition (HOSVD)

In order to represent tensors efficiently, we use the tensor train format (TT) [6, 5].
A TT-representation of a given tensor A consists of d three-dimensional arrays Up 2
Rrp�1⇥np⇥rp , called cores. The numbers r0, r1, . . . , rd�1, rd are called ranks, and we re-
quire that r0 = rd = 1. Using the notation Up(ip) = Up(·, ip, ·) 2 Rrp�1⇥rp , a tensor in
TT-format is related to its cores by the representation

A(i1, . . . , id) = U1(i1) . . .Ud(id), (8)

that is, the tensor can be evaluated by forming the matrix product above.
The TT-format is closely related to properties of so-called unfoldings. For a tensor A and
1  p  d � 1, its mode-k unfolding is the matrix A|k 2 R

Qk
p=1 np⇥

Qd
p=k+1 np , where the

indices of all modes up to k are lumped into single long row indices, and all remaining
indices are lumped into long column indices. The idea now is to successively apply
common matrix factorizations, like singular value decomposition (SVD), to different
unfoldings of the tensor.
It was shown in Ref. [6, 5] that the following procedure yields an exact TT-representation.
Setting V0 = A|1, and r0 = 1, we repeat the following steps for k = 1, . . . , d � 1:

• Re-shape Vk�1 to shape rk�1nk ⇥
Qd

p=k+1 np.

• Compute a compact SVD Vk�1 = UkVT
k of rank rk.

• Re-shape Uk to become the k-th core.

After appropriately re-shaping the cores Uk, Eq. (8) holds without error. It was also
shown in [6, 5] that, if the SVD is truncated in each step using a relative error tolerance
✏, then the relative Frobenius norm error of (8) is bounded by

p
d � 1✏. We refer to

this algorithm as HOSVD for the rest of this paper, it will be used as a reference in the
applications below.

3.2 MANDy Format

Next, we turn to the use of TT-respresenations in order to solve Eq. (3). Assume a
realization of the process Xt comprising m = T + ⌧ snapshots Xt 2 Rd is given, where
⌧ is an integer lag time (see (1)). Assemble the evaluation of all tensor basis functions
fi into a matrix X 2 RN⇥m, where X(i, t) = fi(Xt). The time series X can be regarded
as a d+ 1-dimensional tensor in X 2 Rn1⇥...⇥nd⇥T . In particular, this tensor is given in
canonical format, since

X(i1, . . . , id, t) =
mX

t0=1

2

4
dY

p=1

Fp(ip, t
0)

3

5 �(t, t0), (9)

Fp(ip, t
0) := fp

ip
(Xt0). (10)

A rank-m canonical tensor can be directly transformed into a tensor train [5, 1], where
all ranks are equal to m. The cores are given by

2

Oseledets and Tyrtyshnikov, SIAM J. Sci. Comput. (2009)
Oseledets, SIAM J. Sci. Comput. (2011)
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HOSVD Truncation

❖ For a tensor in TT-format, the same procedure can be 
used to reduce the ranks:

❖ Insight: the first k cores provide a TT-representation of 
the left singular vectors of the k-th unfolding.

3 Low-Rank Tensor Representations

3.1 Higher-Order Singular Value Decomposition (HOSVD)

In order to represent tensors efficiently, we use the tensor train format (TT) [6, 5].
A TT-representation of a given tensor A consists of d three-dimensional arrays Up 2
Rrp�1⇥np⇥rp , called cores. The numbers r0, r1, . . . , rd�1, rd are called ranks, and we re-
quire that r0 = rd = 1. Using the notation Up(ip) = Up(·, ip, ·) 2 Rrp�1⇥rp , a tensor in
TT-format is related to its cores by the representation

A(i1, . . . , id) = U1(i1) . . .Ud(id), (8)

that is, the tensor can be evaluated by forming the matrix product above.
The TT-format is closely related to properties of so-called unfoldings. For a tensor A and
1  p  d � 1, its mode-k unfolding is the matrix A|k 2 R

Qk
p=1 np⇥

Qd
p=k+1 np , where the

indices of all modes up to k are lumped into single long row indices, and all remaining
indices are lumped into long column indices. The idea now is to successively apply
common matrix factorizations, like singular value decomposition (SVD), to different
unfoldings of the tensor.
It was shown in Ref. [6, 5] that the following procedure yields an exact TT-representation.
Setting V0 = A|1, and r0 = 1, we repeat the following steps for k = 1, . . . , d � 1:

• Re-shape Vk�1 to shape rk�1nk ⇥
Qd

p=k+1 np.

• Compute a compact SVD Vk�1 = UkVT
k of rank rk.

• Re-shape Uk to become the k-th core.

After appropriately re-shaping the cores Uk, Eq. (8) holds without error. It was also
shown in [6, 5] that, if the SVD is truncated in each step using a relative error tolerance
✏, then the relative Frobenius norm error of (8) is bounded by

p
d � 1✏. We refer to

this algorithm as HOSVD for the rest of this paper, it will be used as a reference in the
applications below.
Setting V0 = U1, we repeat the following steps for k = 1, . . . , d � 1:

• Re-shape Vk�1 to shape rk�1nk ⇥ rk.

• Compute a reduced SVD Vk�1 = U0
kV

T
k of (lower) rank, update rk.

• Re-shape U0
k to become the k-th core.

• Update Vk by contraction of VT
k and Uk+1.

3.2 MANDy Format

Next, we turn to the use of TT-respresenations in order to solve Eq. (3). Assume a
realization of the process Xt comprising m = T + ⌧ snapshots Xt 2 Rd is given, where
⌧ is an integer lag time (see (1)). Assemble the evaluation of all tensor basis functions
fi into a matrix X 2 RN⇥m, where X(i, t) = fi(Xt). The time series X can be regarded
as a d+ 1-dimensional tensor in X 2 Rn1⇥...⇥nd⇥T . In particular, this tensor is given in
canonical format, since

2

Oseledets and Tyrtyshnikov, SIAM J. Sci. Comput. (2009), Oseledets, SIAM J. Sci. Comput. (2011)
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TT-Decomposition of Time Series

❖ Consider time series in data-based Galerkin problem:   

❖ Exact TT-representation of rank m:

❖ We can use HOSVD-truncation to reduce ranks.
❖

X,Y 2 Rn1⇥n2⇥...⇥nd⇥m
<latexit sha1_base64="ugEFCHm5Xbe7j6LlwRqMvRYrXDA="></latexit>

X(i1, . . . , id, t) = U1(i1) . . .Ud(id)Ud+1(t)
<latexit sha1_base64="mhjZuS+i9dUO88wmE7TuM/0WjY8="></latexit>

U1(i1, t) = f1
i1(Xt),

Up(t, ip, t
0) = �(t, t0)fp

ip
(X 0

t), 2  p  d

Ud+1(t, t
0) = �(t, t0).

<latexit sha1_base64="i6S00FD/kfpRe4W3BU/UyuCaRuQ="></latexit>

Gelß et al, J. Comput. Nonlinear Dyn. (2019)
Klus et al, Nonlinearity, (2018)
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TEDMD

❖ Performing HOSVD truncation and retaining the last 
diagonal factor provides left singular vectors of

❖ with V in TT-format. With Y also in TT-format, we can 
solve  the AMUSE problem efficiently.

❖ It can be shown that V selects a linear subspace of full 
tensor space.

M = WTYT
|dV⌃�1.

<latexit sha1_base64="8MiwkuQFfWHcd/pjqvCeJzKMgcY="></latexit>

X = X|d = V⌃WT
<latexit sha1_base64="y7kRHQfwwKQxpXOohxvDLRZjqM8=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VxVZIq6EYodeOyYl/QxDCZTNqhkwczE6GE/I8bf8WFLnzg1v9w0harrQcGzpx7D/fe48aMCmkY71phaXllda24XtrY3Nre0Xf32iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDq/yeueecEGjsClHMbED1A+pTzGSSnL0uhUgOXD9tJvBSzj7OKmlbBJ6GTye6e3MuqX9AP0Ineyu6ehlo2KMAReJOSVlMEXD0Z8tL8JJQEKJGRKiZxqxtFPEJcWMZCUrESRGeIj6pKdoiAIi7HR8awaPlOJBP+LqhRKO1d+OFAVCjAJXdeY7ivlaLv5X6yXSv7BTGsaJJCGeDPITBmUE8+CgRznBko0UQZhTtSvEA8QRlirekgrBnD95kbSrFfO0Ur05K9fq0ziK4AAcghNggnNQA9egAVoAgwfwBF7Bm/aovWgf2uektaBNPfvgD7Svb6O/p+8=</latexit>
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Example 1: Deca Alanine

❖ Molecular Dynamics Simulations of Deca Alanine

❖ Coordinates are d = 10 backbone torsion angles.
❖ Univariate bases comprised of the constant and 3 or 4 

Gaussian functions.

number of crisp basis functions (cluster-centers) were used and
compared to the six basis function Gaussian model. The colors
indicate the number of basis functions used; the thinner lines
correspond to the Markov models, whereas the thick solid line
is obtained from the Gaussian model. In agreement with the
previous results, we find that 30 or more crisp basis functions
are needed to reproduce an approximation quality similar to
that of a six-Gaussian basis set.
4.3. Deca-alanine. As a third and last example, we study

deca-alanine, a small peptide that is about five times the size
of alanine dipeptide. A sketch of the peptide is displayed in
Figure 5A.
The slow structural processes of deca-alanine are less obvious

compared to alanine dipeptide. The Amber03 force field used
in our simulation produces a relatively fast transition between

the elongated and the helical state of the system, with an
associated time scale of 5−10 ns. As we can see in Figure 5B,
we are able to recover this slowest time scale with our method,
t2 converges to roughly 6.5 ns for both models. Comparing this
to the two Markov models constructed from the same
simulation data, we see that both yield slightly higher time
scales: The k-means based MSM returns a value of about 8 ns
and the finely discretized one ends up with 8.5 ns. Note that the
underestimate of the present Gaussian basis set is systematic,
likely due to the fact that all basis functions were constructed as
a function of single dihedral angles only, thereby neglecting the
coupling between multiple dihedrals.
Despite this approximation, we are able to determine the

correct structural transition. In order to analyze this, we
evaluate the second eigenfunction |r2⟩, obtained from the
smaller model, for all trajectory points, and plot a histogram of
these values as displayed in Figure 5C. We then select all frames
that are within close distance of the peaks of that histogram and
produce overlays of these frames as shown underneath. Clearly,
large negative values of the second eigenfunction indicate that
the peptide is elongated, whereas large positive values indicate
that the helical conformation is attained. This is in accord
with a similar analysis of the second right Markov model
eigenvector: In Figure 5D, we show overlays of structures taken
from states with the most negative and most positive values of
the second eigenvector, and we find that the same transition is
indicated, although the most negative values correspond to a
slightly more bent arrangement of the system.
In summary, it is possible to use a comparatively small basis

of 36 Gaussian functions to achieve results about the slowest
structural transition which are comparable to those of MSMs
constructed from about 1000 and 6500 discrete states,
respectively. However, the differences in the time scales point
to a weakness of the method: The fact that increasing the
number of basis functions does not alter the computed time
scale indicates that coordinate correlation cannot be appropri-
ately captured using sums of one-coordinate basis functions. In
order to use the method for larger systems, we will have to
study ways to overcome this problem.

5. CONCLUSIONS
We have presented a variational approach for computing the
slow kinetics of biomolecules. This approach is analogous to
the variational approach used for computing stationary states in
quantum mechanics, but it uses the molecular dynamics
propagator (or transfer operator) rather than the quantum-
mechanical Hamiltonian. A corresponding method of linear
variation is formulated. Since the MD propagator is not
analytically tractable for practically relevant cases, the matrix
elements cannot be directly computed. Fortunately, these
matrix elements can be shown to be correlation functions that
can be estimated from simple MD simulations. The method
proposed here is thus, to first define a basis set able to capture
the relevant conformational dynamics, then compute the
respective correlation matrices, and then to compute their
dominant eigenvalues and eigenvectors, thus obtaining the key
ingredients of the slow kinetics.
Markov state models (MSMs) are found to be a special case

of the variational principle formulated here, namely for the case
that indicator functions (also known as crisp sets or step
functions) on the MSM clusters are used as a basis set.
We have applied the variational approach using Gaussian

basis functions on a number of model examples, including

Figure 5. Illustration of the method using dihedral angle coordinates
of the deca alanine molecule. (A) Graphical representation of the
system. (B) Convergence of the estimated second implied time scale
(in nanoseconds) depending on the lag time. We show the results of
both Gaussian models and of both the k-means based MSM and the
adapted MSM. Thin vertical bars indicate the error estimated by a
bootstrapping procedure. (C) Assignment of representative structures
for the second slowest process: The histogram shows how the values
of the second estimated eigenfunction |r2⟩ of the smaller model are
distributed over all simulation trajectories. Underneath, we show an
overlay of structures taken at random from the vicinity of the peaks at
−2.7, −1.6, 0.7, and 1.3. (D) Overlays of structures corresponding to
the most negative (left) and most positive (right) values of the second
Markov model eigenvector, taken from the k-means MSM.
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Example 1 (Continued)

❖ Apply TEDMD for a sequence of truncation thresholds:
❖ Monitor implied timescales 
❖                                                                 Ranks
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Example 1 (Continued)

❖ TEDMD helps us find accurate approximations of slow 
eigenpairs for Deca Alanine.

❖ Rank-truncation helps to find efficient representation 
and to avoid over-fitting.
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Conclusions

❖ We have suggested to solve the Koopman eigenvalue 
problem using tensor-structured basis sets.

❖ TEDMD provides a tensor train approximation to this 
eigenvalue problem, which is also a projection onto a 
lower-dimensional subspace.

❖ Rank truncation helps to verify low-rank assumption and 
to avoid over-fitting.
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Thank you for your attention!

Joint Work with 

Stefan Klus (FU Berlin) and Patrick Gelß (FU Berlin)


