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Manifold vs. Riemannian Manifold
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Linear Transformations

 

{ x, y}T = A{x, y}T + b ,
A = u1,u2[ ],   where   u1,u2 = 0   and   ui ,ui = 1.Euclidean:

Affine:



Linear Transformations

 { x, y}
T = A{x, y}T + b ,    det(A) = 1.Equi-Affine:



Differential Signatures

§ Euclidean invariant signature



Differential Signatures

§ Euclidean invariant signature



Learning invariants

Pai Wetzler K. ICLR 2017



Robustness to noise

Pai Wetzler K. ICLR 2017



Differential Signatures

§ Euclidean invariant signature

Cartan Theorem



Euclidean arclength

§ Length is preserved, thus

Cp

ds2 = hCp, Cpidp2

ds = |Cp|dp
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Equi-affine arclength

§ Area is preserved, 

Area = 1Cv
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Scale inv. arclength
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Scale invariance?

Aflalo Raviv K.  SIAM IS 
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From curves to surfaces
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From curves to surfaces
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2 + dy2 + dz2)

= (du dv)

✓
KS2

u KhSu, Svi
KhSu, Svi KS2

v

◆✓
du
dv

◆

= (du dv) (Kgij)

✓
du
dv

◆

�1
1

�1
2

g̃ij = |K|gij = |12|hSi, Sji



Farthest Point Sampling - Voronoi
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g̃ij = |K|hS!i , S!j i
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Generalized MDS
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g̃ij = |K|hS!i , S!j i
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Surface Laplacian

g̃ij = |K|gij = |12|hSi, Sji
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Eigenfunctions

Aflalo Raviv K.  SIAM IS 

 
Δgφi = λiφi

= = =
gij = hS!i , S!j i
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Eigenfunctions

Aflalo Raviv K.  SIAM IS

 
Δgφi = λiφi

= = =
g̃ij = |K|hS!i , S!j i
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René Descartes

How could we 
use algebra to

describe geometry?



Yann LeCunn Geoff Hinton 



Functional Maps Ovsjanikov et al. 2012 
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<latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit>

Cij = hT (�i), ji
<latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit>

s

p



Functional Maps Ovsjanikov et al. 2012 

{ i}
<latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit>

{�i}
<latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit>

f =
X

i

hf, ii i =
X

i

↵i i

<latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit>

f =
X

i

hf,�ii�i =
X

i

�i�i

<latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit>

� = C↵
<latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit>

Cij = hT (�i), ji
<latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit>



Functional Maps

{ i}
<latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit><latexit sha1_base64="qHE09r7tlPvepbd4HRgrUv9gXa4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjK2qN0V3bisYB8wM5RMmmlDM8mQZIQy9DPcuFDErV/jzr8x01ZQ0QMXDufcy733RCln2iD04ZRWVtfWN8qbla3tnd296v5BV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+aXBd+754qzaS4M9OUhgkeCRYzgo2V/CCHQarZgAWzQbWG3GaBc7gg9aYlqOGheh16LpqjBpZoD6rvwVCSLKHCEI619j2UmjDHyjDC6awSZJqmmEzwiPqWCpxQHebzk2fwxCpDGEtlSxg4V79P5DjReppEtjPBZqx/e4X4l+dnJr4McybSzFBBFovijEMjYfE/HDJFieFTSzBRzN4KyRgrTIxNqWJD+PoU/k+6Z66HXO+2UWtdLeMogyNwDE6BBy5AC9yANugAAiR4AE/g2THOo/PivC5aS85y5hD8gPP2Ccf2kZY=</latexit>

{�i}
<latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit><latexit sha1_base64="HKoRsO/wiOV3JfQZ5wCzXVAKRqU=">AAAB83icdVBNSwMxEJ2tX7V+VT16CRbB07Jri9pb0YvHCvYDukvJpmkbms2GJCuUpX/DiwdFvPpnvPlvzLYVVPTBwOO9GWbmRZIzbTzvwymsrK6tbxQ3S1vbO7t75f2Dtk5SRWiLJDxR3QhrypmgLcMMp12pKI4jTjvR5Dr3O/dUaZaIOzOVNIzxSLAhI9hYKQgyFMgx67NgVuqXK55bz3GOFqRat8Sr+V61inzXm6MCSzT75fdgkJA0psIQjrXu+Z40YYaVYYTTWSlINZWYTPCI9iwVOKY6zOY3z9CJVQZomChbwqC5+n0iw7HW0ziynTE2Y/3by8W/vF5qhpdhxoRMDRVksWiYcmQSlAeABkxRYvjUEkwUs7ciMsYKE2NjykP4+hT9T9pnru+5/m2t0rhaxlGEIziGU/DhAhpwA01oAQEJD/AEz07qPDovzuuiteAsZw7hB5y3T+9okZ8=</latexit>

f =
X

i

hf, ii i =
X

i

↵i i

<latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit><latexit sha1_base64="prlCLHDGuk/SE0pKuyNxbX4vwGk="></latexit>

f =
X

i

hf,�ii�i =
X

i

�i�i

<latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit><latexit sha1_base64="hW9tDzcgFprwmgwm75TZzAjoOc4="></latexit>

� = C↵
<latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit><latexit sha1_base64="qpH482387VYXJr954Jm/MACaAxw=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclRlb1C6EYjcuK9gHtKXcSTNtaCYzJBmhDF258VfcuFDErd/gzr8x06mgogcunJxzL7n3eBFnSjvOh7WwuLS8sppby69vbG5t2zu7TRXGktAGCXko2x4oypmgDc00p+1IUgg8TlveuJb6rVsqFQvFjZ5EtBfAUDCfEdBG6tsHSdfzcdejGqb4Atdw9gYejWCa79sFp1hJcYozUqoY4pRdp1TCbtGZoYDmqPft9+4gJHFAhSYclOq4TqR7CUjNCKfTfDdWNAIyhiHtGCogoKqXzM6Y4iOjDLAfSlNC45n6fSKBQKlJ4JnOAPRI/fZS8S+vE2v/vJcwEcWaCpJ95Mcc6xCnmeABk5RoPjEEiGRmV0xGIIFok1wawtel+H/SPCm6TtG9Lheql/M4cmgfHaJj5KIzVEVXqI4aiKA79ICe0LN1bz1aL9Zr1rpgzWf20A9Yb5+i15f3</latexit>

Cij = hT (�i), ji
<latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit><latexit sha1_base64="S53CaND+Oejd0ERNukX0Gw1+uyg="></latexit>
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Self functional maps



Eigenfunctions 
��g i = �i i

<latexit sha1_base64="loyG2X3P3qmZeZUOSNkmXEBEC+g=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwY0hsUbsQirpwWcE+oAlhMpm0QycPZiZCCf0BN/6KGxeKuHXvzr9x0lRQ0QMDh3Pu4c49XsKokKb5oZXm5hcWl8rLlZXVtfUNfXOrI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre6CL3u7eECxpHN3KcECdEg4gGFCOpJFffO7QvCZPIHUA7EdSl8AzaTOV9pHghVVy9ahqNHMewILWGImbdMms1aBnmFFUwQ8vV320/xmlIIokZEqJvmYl0MsQlxYxMKnYqSILwCA1IX9EIhUQ42fSaCdxXig+DmKsXSThVvycyFAoxDj01GSI5FL+9XPzL66cyOHUyGiWpJBEuFgUpgzKGeTXQp5xgycaKIMyp+ivEQ8QRlqrAvISvS+H/pHNkWKZhXderzfNZHWWwA3bBAbDACWiCK9ACbYDBHXgAT+BZu9cetRfttRgtabPMNvgB7e0T/sea5g==</latexit><latexit sha1_base64="loyG2X3P3qmZeZUOSNkmXEBEC+g=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwY0hsUbsQirpwWcE+oAlhMpm0QycPZiZCCf0BN/6KGxeKuHXvzr9x0lRQ0QMDh3Pu4c49XsKokKb5oZXm5hcWl8rLlZXVtfUNfXOrI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre6CL3u7eECxpHN3KcECdEg4gGFCOpJFffO7QvCZPIHUA7EdSl8AzaTOV9pHghVVy9ahqNHMewILWGImbdMms1aBnmFFUwQ8vV320/xmlIIokZEqJvmYl0MsQlxYxMKnYqSILwCA1IX9EIhUQ42fSaCdxXig+DmKsXSThVvycyFAoxDj01GSI5FL+9XPzL66cyOHUyGiWpJBEuFgUpgzKGeTXQp5xgycaKIMyp+ivEQ8QRlqrAvISvS+H/pHNkWKZhXderzfNZHWWwA3bBAbDACWiCK9ACbYDBHXgAT+BZu9cetRfttRgtabPMNvgB7e0T/sea5g==</latexit><latexit sha1_base64="loyG2X3P3qmZeZUOSNkmXEBEC+g=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwY0hsUbsQirpwWcE+oAlhMpm0QycPZiZCCf0BN/6KGxeKuHXvzr9x0lRQ0QMDh3Pu4c49XsKokKb5oZXm5hcWl8rLlZXVtfUNfXOrI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre6CL3u7eECxpHN3KcECdEg4gGFCOpJFffO7QvCZPIHUA7EdSl8AzaTOV9pHghVVy9ahqNHMewILWGImbdMms1aBnmFFUwQ8vV320/xmlIIokZEqJvmYl0MsQlxYxMKnYqSILwCA1IX9EIhUQ42fSaCdxXig+DmKsXSThVvycyFAoxDj01GSI5FL+9XPzL66cyOHUyGiWpJBEuFgUpgzKGeTXQp5xgycaKIMyp+ivEQ8QRlqrAvISvS+H/pHNkWKZhXderzfNZHWWwA3bBAbDACWiCK9ACbYDBHXgAT+BZu9cetRfttRgtabPMNvgB7e0T/sea5g==</latexit><latexit sha1_base64="loyG2X3P3qmZeZUOSNkmXEBEC+g=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwY0hsUbsQirpwWcE+oAlhMpm0QycPZiZCCf0BN/6KGxeKuHXvzr9x0lRQ0QMDh3Pu4c49XsKokKb5oZXm5hcWl8rLlZXVtfUNfXOrI+KUY9LGMYt5z0OCMBqRtqSSkV7CCQo9Rrre6CL3u7eECxpHN3KcECdEg4gGFCOpJFffO7QvCZPIHUA7EdSl8AzaTOV9pHghVVy9ahqNHMewILWGImbdMms1aBnmFFUwQ8vV320/xmlIIokZEqJvmYl0MsQlxYxMKnYqSILwCA1IX9EIhUQ42fSaCdxXig+DmKsXSThVvycyFAoxDj01GSI5FL+9XPzL66cyOHUyGiWpJBEuFgUpgzKGeTXQp5xgycaKIMyp+ivEQ8QRlqrAvISvS+H/pHNkWKZhXderzfNZHWWwA3bBAbDACWiCK9ACbYDBHXgAT+BZu9cetRfttRgtabPMNvgB7e0T/sea5g==</latexit>

��g̃ ̃i = �̃i ̃i
<latexit sha1_base64="ReRUhM0FKqeYg3aO4Zus00VQaCU="></latexit><latexit sha1_base64="ReRUhM0FKqeYg3aO4Zus00VQaCU="></latexit><latexit sha1_base64="ReRUhM0FKqeYg3aO4Zus00VQaCU="></latexit><latexit sha1_base64="ReRUhM0FKqeYg3aO4Zus00VQaCU="></latexit>

gij = hS!i , S!j i
<latexit sha1_base64="81jTX1F6nSEvlwhcVroAk2yM5L0=">AAACHXicdVDLSsQwFE19O76qLt0EB8GFlNYZfCwE0Y1LRccRpqWkmTs1mqYlSYWhzI+48VfcuFDEhRvxb0xnRhhFDwROzjmX5J4o40xp1/20xsYnJqemZ2Yrc/MLi0v28sqlSnNJoUFTnsqriCjgTEBDM83hKpNAkohDM7o9Lv3mHUjFUnGhuxkECYkF6zBKtJFCux6HBbvp4QPscyJiDvg8LPw0gZiErLc1cjMhX/YjldCuus 5+iR08ILV9Q9y659Zq2HPcPqpoiNPQfvfbKc0TEJpyolTLczMdFERqRjn0Kn6uICP0lsTQMlSQBFRQ9Lfr4Q2jtHEnleYIjfvq6ERBEqW6SWSSCdHX6rdXin95rVx39oKCiSzXIOjgoU7OsU5xWRVuMwlU864hhEpm/orpNZGEalNoWcL3pvh/crnteK7jndWrh0fDOmbQGlpHm8hDu+gQnaBT1EAU3aNH9IxerAfryXq13gbRMWs4s4p+wPr4AlYlohg=</latexit><latexit sha1_base64="81jTX1F6nSEvlwhcVroAk2yM5L0=">AAACHXicdVDLSsQwFE19O76qLt0EB8GFlNYZfCwE0Y1LRccRpqWkmTs1mqYlSYWhzI+48VfcuFDEhRvxb0xnRhhFDwROzjmX5J4o40xp1/20xsYnJqemZ2Yrc/MLi0v28sqlSnNJoUFTnsqriCjgTEBDM83hKpNAkohDM7o9Lv3mHUjFUnGhuxkECYkF6zBKtJFCux6HBbvp4QPscyJiDvg8LPw0gZiErLc1cjMhX/YjldCuus 5+iR08ILV9Q9y659Zq2HPcPqpoiNPQfvfbKc0TEJpyolTLczMdFERqRjn0Kn6uICP0lsTQMlSQBFRQ9Lfr4Q2jtHEnleYIjfvq6ERBEqW6SWSSCdHX6rdXin95rVx39oKCiSzXIOjgoU7OsU5xWRVuMwlU864hhEpm/orpNZGEalNoWcL3pvh/crnteK7jndWrh0fDOmbQGlpHm8hDu+gQnaBT1EAU3aNH9IxerAfryXq13gbRMWs4s4p+wPr4AlYlohg=</latexit><latexit sha1_base64="81jTX1F6nSEvlwhcVroAk2yM5L0=">AAACHXicdVDLSsQwFE19O76qLt0EB8GFlNYZfCwE0Y1LRccRpqWkmTs1mqYlSYWhzI+48VfcuFDEhRvxb0xnRhhFDwROzjmX5J4o40xp1/20xsYnJqemZ2Yrc/MLi0v28sqlSnNJoUFTnsqriCjgTEBDM83hKpNAkohDM7o9Lv3mHUjFUnGhuxkECYkF6zBKtJFCux6HBbvp4QPscyJiDvg8LPw0gZiErLc1cjMhX/YjldCuus 5+iR08ILV9Q9y659Zq2HPcPqpoiNPQfvfbKc0TEJpyolTLczMdFERqRjn0Kn6uICP0lsTQMlSQBFRQ9Lfr4Q2jtHEnleYIjfvq6ERBEqW6SWSSCdHX6rdXin95rVx39oKCiSzXIOjgoU7OsU5xWRVuMwlU864hhEpm/orpNZGEalNoWcL3pvh/crnteK7jndWrh0fDOmbQGlpHm8hDu+gQnaBT1EAU3aNH9IxerAfryXq13gbRMWs4s4p+wPr4AlYlohg=</latexit><latexit sha1_base64="81jTX1F6nSEvlwhcVroAk2yM5L0=">AAACHXicdVDLSsQwFE19O76qLt0EB8GFlNYZfCwE0Y1LRccRpqWkmTs1mqYlSYWhzI+48VfcuFDEhRvxb0xnRhhFDwROzjmX5J4o40xp1/20xsYnJqemZ2Yrc/MLi0v28sqlSnNJoUFTnsqriCjgTEBDM83hKpNAkohDM7o9Lv3mHUjFUnGhuxkECYkF6zBKtJFCux6HBbvp4QPscyJiDvg8LPw0gZiErLc1cjMhX/YjldCuus 5+iR08ILV9Q9y659Zq2HPcPqpoiNPQfvfbKc0TEJpyolTLczMdFERqRjn0Kn6uICP0lsTQMlSQBFRQ9Lfr4Q2jtHEnleYIjfvq6ERBEqW6SWSSCdHX6rdXin95rVx39oKCiSzXIOjgoU7OsU5xWRVuMwlU864hhEpm/orpNZGEalNoWcL3pvh/crnteK7jndWrh0fDOmbQGlpHm8hDu+gQnaBT1EAU3aNH9IxerAfryXq13gbRMWs4s4p+wPr4AlYlohg=</latexit>

Halimi & K. 2018

g̃ij = |K|gij
<latexit sha1_base64="bwycGdG2i8r1VQZY4dsUT2UOycM=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbB1ZCxRe1CKLoR3FSwD2hLyWQy09jMgyQjlGk3bvwVNy4Uces/uPNvzLQVVPTAhZNz7iX3HifmTCqEPozc3PzC4lJ+ubCyura+YW5uNWSUCELrJOKRaDlYUs5CWldMcdqKBcWBw2nTGZxnfvOWCsmi8FoNY9oNsB8yjxGstNQzdzuKcZem/riXspsxPIWjyxH0J49Czywiq5LhCE5Jqa IJKtuoVIK2hSYoghlqPfO940YkCWioCMdStm0Uq26KhWKE03Ghk0gaYzLAPm1rGuKAym46uWIM97XiQi8SukIFJ+r3iRQHUg4DR3cGWPXlby8T//LaifJOuikL40TRkEw/8hIOVQSzSKDLBCWKDzXBRDC9KyR9LDBROrgshK9L4f+kcWjZyLKvysXq2SyOPNgBe+AA2OAYVMEFqIE6IOAOPIAn8GzcG4/Gi/E6bc0Zs5lt8APG2yebTpij</latexit><latexit sha1_base64="bwycGdG2i8r1VQZY4dsUT2UOycM=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbB1ZCxRe1CKLoR3FSwD2hLyWQy09jMgyQjlGk3bvwVNy4Uces/uPNvzLQVVPTAhZNz7iX3HifmTCqEPozc3PzC4lJ+ubCyura+YW5uNWSUCELrJOKRaDlYUs5CWldMcdqKBcWBw2nTGZxnfvOWCsmi8FoNY9oNsB8yjxGstNQzdzuKcZem/riXspsxPIWjyxH0J49Czywiq5LhCE5Jqa IJKtuoVIK2hSYoghlqPfO940YkCWioCMdStm0Uq26KhWKE03Ghk0gaYzLAPm1rGuKAym46uWIM97XiQi8SukIFJ+r3iRQHUg4DR3cGWPXlby8T//LaifJOuikL40TRkEw/8hIOVQSzSKDLBCWKDzXBRDC9KyR9LDBROrgshK9L4f+kcWjZyLKvysXq2SyOPNgBe+AA2OAYVMEFqIE6IOAOPIAn8GzcG4/Gi/E6bc0Zs5lt8APG2yebTpij</latexit><latexit sha1_base64="bwycGdG2i8r1VQZY4dsUT2UOycM=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbB1ZCxRe1CKLoR3FSwD2hLyWQy09jMgyQjlGk3bvwVNy4Uces/uPNvzLQVVPTAhZNz7iX3HifmTCqEPozc3PzC4lJ+ubCyura+YW5uNWSUCELrJOKRaDlYUs5CWldMcdqKBcWBw2nTGZxnfvOWCsmi8FoNY9oNsB8yjxGstNQzdzuKcZem/riXspsxPIWjyxH0J49Czywiq5LhCE5Jqa IJKtuoVIK2hSYoghlqPfO940YkCWioCMdStm0Uq26KhWKE03Ghk0gaYzLAPm1rGuKAym46uWIM97XiQi8SukIFJ+r3iRQHUg4DR3cGWPXlby8T//LaifJOuikL40TRkEw/8hIOVQSzSKDLBCWKDzXBRDC9KyR9LDBROrgshK9L4f+kcWjZyLKvysXq2SyOPNgBe+AA2OAYVMEFqIE6IOAOPIAn8GzcG4/Gi/E6bc0Zs5lt8APG2yebTpij</latexit><latexit sha1_base64="bwycGdG2i8r1VQZY4dsUT2UOycM=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbB1ZCxRe1CKLoR3FSwD2hLyWQy09jMgyQjlGk3bvwVNy4Uces/uPNvzLQVVPTAhZNz7iX3HifmTCqEPozc3PzC4lJ+ubCyura+YW5uNWSUCELrJOKRaDlYUs5CWldMcdqKBcWBw2nTGZxnfvOWCsmi8FoNY9oNsB8yjxGstNQzdzuKcZem/riXspsxPIWjyxH0J49Czywiq5LhCE5Jqa IJKtuoVIK2hSYoghlqPfO940YkCWioCMdStm0Uq26KhWKE03Ghk0gaYzLAPm1rGuKAym46uWIM97XiQi8SukIFJ+r3iRQHUg4DR3cGWPXlby8T//LaifJOuikL40TRkEw/8hIOVQSzSKDLBCWKDzXBRDC9KyR9LDBROrgshK9L4f+kcWjZyLKvysXq2SyOPNgBe+AA2OAYVMEFqIE6IOAOPIAn8GzcG4/Gi/E6bc0Zs5lt8APG2yebTpij</latexit>



Isometry classes
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More results

Richardson Sela K. ICCV 2017



Thank you for 
your attention



Computer 
Graphics

Image
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Our domain 
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Computer 
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Coded light 3D scanner
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RGBD-Fusion: Real-Time High Precision Depth Recovery  Or-El Rosman Wetzler Bruckstein K. CVPR 2015

RealSense
refined
via SfS



Michael Alexander Michael
Alex

B2 = Bronstein2



Face recognition challenges

=
?

Is this the same person?



+

GEOMETRY
(“3D”)

PHOTOMETRY
(2D)

Face decomposition

=



Expressions       Isometries

§ Extrinsic (Euclidean) geometry   =   expressions
§ Intrinsic (Riemannian) geometry =   identity
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Most models have exceptions 

from youtube



Morphing

S Q

Texture

Structure + Texture

  
inf

ϕ:S→Q
dQ (ϕ(s),ϕ( ′s ))− dS (s, ′s )

S Q

Bronstein2 & K. 06



Chang & Tsao The code for facial identity in the primate brain. Cell, 2017

Facial images can be linearly reconstructed using responses of ∼200 face cells

Remarkable result



3DMM

Vetter & Blanz, A morphable model for the synthesis of 3D faces, Siggraph 1999
Kemelmacher & Basri, 3D face reconstruction from a single image … PAMI 2011



Richardson Sela Or-El K. CVPR’17

Learning using Axiomatic Knowledge



Richardson Sela Or-El K. CVPR’17

Learning using Axiomatic Knowledge



Learning using Axiomatic Knowledge

We know how to model faces

Can we use that to learn the inverse problem?

CNN

Richardson Sela Or-El K. CVPR’17



SfS
Z2z

Face reconstruction evolution

Richardson Sela K. 3DV’16/ Richardson Sela Or-El K. CVPR’17/ Richardson Sela K. ICCV’17

3DMM
to Z

CNN
I    3DMM

3DMM

CNN
Z2z

3DMM
to Z

SfS
CNN

I    3DMM

3DMM

CNN
Z2z

SfS
CNN
I    Z

3DMM



More results

Richardson Sela Or-El K. CVPR’17



More results

Richardson Sela K. ICCV 2017



Analyzing Facial Expressions
§ 1800s - Charles Bell, 

Duchenne de Boulogne

§ Darwin – Expressions 
as an evolutionary 
mechanism

Buwel ~1680 - Paul Ekman 1970, 



Universal Expressions & 
Emotions

Paul Ekman 1970 



Universal Expressions & 
Emotions

§ Joy (Happiness)

§ Sadness

§ Fear

§ Disgust

§ Anger

§ Contempt

§ Surprise

Sounds familiar?
Insideout - Disney StudiosPaul Ekman 1970 



Facial Action Coding System 

§ Ekman & Friesen 1978

§ Taxonomized facial 
movements by 
appearance based on 
muscle clusters & 
contractions

Ekman, Friesen 1978



Breuer & K. A deep learning perspective on the origin of facial expressions, BMVC/workshops 2017

What can be said about expressions?

W/O Macaque Monkeys 



W/O macaque monkeys 

Breuer & K. A deep learning perspective on the origin of facial expressions, BMVC/workshops 2017



Visualizing CNN Filters

Breuer & K. A deep learning perspective on the origin of facial expressions, BMVC/workshops 2017



Thank you for 
your attention


