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Full-Waveform Inversion
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Full-Waveform Inversion

minimize v,p), Where
p(z),K (2),f(t) Fo.p)
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Loss function
— (least squares)
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PDE constraint




Optimizing the functional

- Global optimization — too many PDE solves

- Local/gradient-based optimization is preferred

- Requires use of the adjoint method



Adjoint method: Forward modeling
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Adjoint method: Calculate residual
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Adjoint method: Adjoint modeling
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Adjoint method: Calculate gradient

Gradient
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Adjoint method: Update parameters

Forward Modelin
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Finite difference discretization
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Reduced accuracy at boundaries
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Ocean-bottom node acquisition (OBN)
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OBN: Adjoint problem
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2. Sources can be on/near interfaces
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Shifting leads to gradient errors
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Presentation takeways

1. High-order accurate modeling of the forward
problem
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Presentation takeways

1. High-order accurate modeling of the forward
problem
- Accurate finite difference (FD) stencils at boundaries
and interfaces
- Modeling of point sources at interfaces

2. Immediate availability of the discrete adjoint

- Semi-discrete adjoint equations are the same as the
forward with different source
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Dual consistency (Berg and Nordstrom, 2012)

Continuous Discrete
* Forward: * Forward:
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Dual consistency (Berg and Nordstrom, 2012)

Continuous Discrete
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Dual consistency (Berg and Nordstrom, 2012)
Continuous Discrete
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Dual consistency (Berg and Nordstrom, 2012)

Continuous Discrete
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Outline for presentation

1. Summation-by-parts with simultaneous
approximation term method (SBP-SAT)

2. Adjoint optimization with SBP-SAT

3. Numerical examples
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Summation-by-parts (SBP) operator
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Summation-by-parts (SBP) operator
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Summation-by-parts (SBP) operator
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Summation-by-parts (SBP) operator
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Discrete form of integration-by-parts

1. Inner-product
b

* (u,v) = [u(z)v(z)dz

a

- (u,v) = u’Hv, (H : discrete quadrature)
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Discrete form of integration-by-parts

1. Inner-product
b

* (u,v) = [u(z)v(z)dz

a

- (u,v) = u’Hv, (H : discrete quadrature)

2. Integration-by-parts and SBP
* (@) = — () +ul@v(@),

* (u,Dv) = —(Du, V) + uyvy — ugup
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Why is this useful?

1. Discrete energy balance =- provable stability

2. Consistent approximation of continuous adjoint
problem

- Dual consistency
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Simultaneous approximation term method

Simultaneous approximation term (SAT) method
with SBP (SBP-SAT):
— Weak imposition of boundary conditions (BC)
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Simultaneous approximation term method

Simultaneous approximation term (SAT) method
with SBP (SBP-SAT):
— Weak imposition of boundary conditions (BC)
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E(‘)—It) = ...—cH : [eo(po e po) a5 en(pN L pN)} :

* Po, Dp: “target” variables that satisfy BC
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Outline for presentation

1. Summation-by-parts with simultaneous
approximation term method (SBP-SAT)

- High-order accurate, energy stable, dual consistency

2. Adjoint optimization with SBP-SAT

3. Numerical examples
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Continuous optimization problem

minimize v,p), Where
p(z),K (2),f(t) .0
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Loss function
— (least squares)

subjectto po+p, =0, -
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PDE constraint
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Semi-discrete (SD) optimization problem

minimize F(v,p), Wwhere
pK.f(t)

subjectto pv+ D.p =0,
K'p+D_v— f(t)dg_ = 0.
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Point source/receiver operators
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pK.f(t)

;i
e %/ H+)Tv - Udata(t))2 dt
0
T

'LU
+ 2 [(He))"p  pasa(t)

0
subjectto pv+ D.p =0,

K™'p+D_v— f(t)ds] = 0.

35



Finite difference discretization
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Point source/receiver discretization
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Point receiver near interface
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Residual becomes adjoint source

Forward Modelin
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Source-receiver dual consistency

- SD adjoint equations

,0{7/ += D_{_IN) == wldR—|— <d£+H+V B Udata(t)) )

K 'p'+D_v = —wydp_ (dg_H_p — pdata(t)) :

- dp.: receiver restriction in functional

- dp,: delta function (point source) in adjoint
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Easy to obtain adjoint equations

- SD adjoint equations
pv' + D p = widgiry(t),
K_lf)/ A Ivi= —deR,TU(t).

- SD forward equations
pV S D+p :07
K 'p+D_v =d, f(t).
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Easy to obtain adjoint equations

- SD adjoint equations
oV + Dyp = widgyry(t),
K_lf)/ A Ivi= —deR,TU(t).

- SD forward equations
pV =+ D+p :07
K 'p+D_v =d, f(t).

- We can use same code for forward and adjoint!
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Outline for presentation

1. Summation-by-parts with simultaneous
approximation term method (SBP-SAT)

- High-order accurate, energy stable, dual consistency

2. Adjoint optimization with SBP-SAT
- Source and receiver discretization
- Source-receiver dual consistency
- Same code for forward and adjoint

4. Numerical examples
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Inversion for f(t): iteration movie
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Inversion for f(t): misfit reduction
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Setup for medium parameter inversion
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Inversion for p(z): iteration movie
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Inversion for p(x): misfit reduction
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Inversion for K (x): misfit reduction
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Conclusions and road ahead

1. SBP-SAT framework is ideal for adjoint
optimization
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Conclusions and road ahead

1. SBP-SAT framework is ideal for adjoint
optimization
(a) Forward problem: High-order accurate,

energy-stable

* Boundaries and interfaces
* Point sources

(b) Adjoint problem: dual-consistent

* Source-receiver dual consistency
+ SD adjoint equations are immediately available

2. Apply to more complicated numerical examples

51



Questions?
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Specifying SATs

1. Target variables (0y, Uy, po, pn) Must satisfy
boundary conditions
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Specifying SATs

1. Target variables (0y, Uy, po, pn) Must satisfy
boundary conditions

s =S
« Wt =p=+pcd characteristic variable
0 =R reflection coefficient

2. Outgoing characteristic is preserved

A —

W =W
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