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What is Data Assimilation?

The seamless integration of large data sets into sophisticated
computational models provides one of the central challenges for the
mathematical sciences in the 21st century. When the computational
model is based on dynamical systems, and the data set is time ordered,
the process of combining models and data is called data assimilation.

Sebastian Reich and Andrew Stuart, SIAM News 2015
B

source: https://www.focus.de/panorama/videos/wettervorhersage-
unwettergefahr-hier-drohen-starkregen-und-hagel_id_5763860. htrnd
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction Different observation systems

extrapolation of the present
state of the atmosphere using
computational models into the
future

Oil reservoir modeling

Biological systems

source: https:/ /www.dwd.de

nLm_ mndelllngf E_data_asalml
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction Reservoir in the Gulf of Mexico

Oil reservoir modeling

improvement of the accuracy of
the reservoir simlulator by data

Biological systems

source: Christie et al.
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction

Oil reservoir modeling
Biological systems

confront biological models with
measurement data
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Challenges in Data Assimilation

@ High-dimensional problems.
@ Highly nonlinear forward models.

@ Robustness of data assimilation algorithms w.r. to numerical / model
error.

@ Assessment of uncertainty in the predictions.

< Prediction Step
PREIETE ma— Observations
Next '
timestep l ‘
Update Step

Compare predicbon to measurements
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Mathematical Formulation of the Problem

We assume a model of the unknown 2 in the form of

ntl — ‘l'[_-:n) + Gn neN
20 ~ N(mg,Cp)

with ¥ € C(R":,R"™), ( = ({), an iid sequence with (o ~ N (0,Y),
>. >0, 29 and (C are assumed to be independent.

There is a true trajectory of 2z that produces noisy observations

Un+1 = Hzpp1 + Mnya, neN

with H € L(R™,R™) and 17 = (n)» an iid sequence, independent of
(20,¢) with 7 ~ N(0,T), T > 0.

The aim of data assimilation is to characterize the conditional
distribution of z,, given the observations.
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Smoothing Problem

Find the signal =z on a discrete time interval 915 = {0,..., N}

Zntl = ‘I'(En)‘FCn, .}'Emﬂ
2o ~ N(mg,Cp) Go ~N(0,X)

from given data y on the discrete time interval 91 = {1,..., N}

Yn+1 :H3n+1—|—7?n+1, JENR, nlmN(O,F).

Bayes' Theorem

The posterior smoothing distribution on 2o, ..., z2p|y1,- .., yn is given by

P(z0y.--y2nlyt,-- .. Un) < exp(—® (20, . ... 2niY1s-- -+ Un)—O(20,....2n)) .
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Filtering Problem

Find the pdf P(z,|11....y,) associated with the probability measure on
the random variable 2,|y1, ... yn, i.e. sequentially update the pdf
P(zn|y1....yn) as n is incremented.
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Smoothing Problem

Find the signal =z on a discrete time interval 915 = {0,..., N}

Zntl = lIJ(En)+Cn1 JG‘JIO
2o ~ N(mg,Cp) Co ~N(0,%)

from given data y on the discrete time interval 91 = {1,..., N}

Yn+1 = Hzpi1 + My, jEM, m ~N(0,T).

Bayes' Theorem

The posterior smoothing distribution on 2o, ..., 2p|y1,- .., yn is given by

P(zp,..., Zn|Y1s - - - Un) o< exp(—P(20, ..., 20 Y1s-- -, Un)—O(20,...,2n)) .
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Filtering Problem

Find the pdf P(z,|11....y,) associated with the probability measure on
the random variable 2,|y1, ... yn, i.e. sequentially update the pdf
P(zn|y1....yn) as n is incremented.
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Smoothing Problem

Find the signal = on a discrete time interval 915 = {0,..., N}

Zntl = ll’(zn)‘FCn, Jemﬂ
20 v N(mD,CU) C[] NN(O.,E)

from given data y on the discrete time interval 91 = {1,..., N}

Unt1 = Hzpp1 + M, jEM, m ~ N(0,T).

Bayes' Theorem

The posterior smoothing distribution on 2o, ..., 2p|y1,- .., Yn is given by

P(zp,.... o U7 U Un) < exp(—P(20. .o ZniYlse- - Un)—O(20,...,2n)) .
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Filtering Problem

Update P(z11|y1. - - yny1) from P(z,|y1, ... yn) via

prediction P(z,|y1,...yn) — P(znt1|y1,..-yn) and

analysis P(zni1lys, - - - un) = P(Znsalyas - - - Ynt1)-

e Analysis

P(E'nﬂlyh e Ynt1) = P(En—{—llylw v o o5 Uy Un1)

Pynatlvr: - sUa)
P(yni1l|2n11)P(Znetlyis - - - Un)

]P(yﬂ—Fl Y1« - - yn)
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Relation between Smoothing and Filtering

We denote by P(zg,....2N|y1....,yN) the smoothing distribution and by
P(zn|y1, - .. yn) the filtering distribution at time N. Then, the marginal

of the smoothing distribution on 2z coincides with the filtering
distribution at time /V, i.e.

[P(zu,...,zmyl,..-,w)dzg.-.dm_l — P(znly1,-- - uN)

Note that the marginal of the smoothing distribution on 2,,. n < N is in
general not equal to the filter P(z,|y1. ... yn).
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Linear Example

Evolution model
Znt1 = 1.2z +Cn, J € {[],. ..,10}, zo ~N(1,0.01), (o~ N(0,0.01).

Observation model

Yni+1 = 12n41 +Mny1, J E {11 “eoey 10}1 m NN([},Ol} -

Smoothing Filtering
posterior
—pinior at n —— ftorecast at n
m— nOstErior at n m— analysis at n
& opbservatons & observahons

Data Assimilation
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Linear Example

Evolution model
Znibt = 1224 + Gy 36 {[],. ..,10}, zo ~N(1,0.01), (o ~N(0,0.01).

Observation model

Yn+1 = 1Zn+1 + Nn+1, _‘j‘ c {1._. wiss 110}: m NN(U,UI} ’

Comparison Smoothing and Filtering

m— <m0 ther
— fjltar

Data Assimilation
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Kalman Filter

For a linear model 2,1 = Az, + (, with A € L(R™,R"#) and linear
observations vy, 1 = Hz, .1 + 1pe1 with H € L(R™2,R™), the
conditional density P(z,11|y1, ... yns1) is proportional to

1

| 4
i1 — Hul2 — Sju— a3 )

exp(— 5

n+1

where (1,+1.Cpe1) = (Amy,. AC,L,A" + ) is the forecast mean and
covariance.

We have 2, 1|y1. .- - yns1 ~ N(mpi1,Cpy1) with

Mnpy1 = (I B I{H—I—IH)ﬁln—l—l + Brn—l—lyn—l—l

)

Cont1 = ([—Kpp1H)Cppg
where K,,.1 =C, . 1H" (T + HC,,.1H")! is the Kalman gain.
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Linear Example

Evolution model
Zadr =122+ Ca; J € {[],. ..,10}, zo ~N(1,0.01), (o~ N(0,0.01).

Observation model

Ynit = lznse1 + s, jE€{1,...,10}, m ~N(0,0.1).

Comparison Smoothing and Filtering

— o0 ther
— filtar

Data Assimilation
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Smoothing Problem

Find the signal = on a discrete time interval 915 = {0,..., N}

Zn4l = lI’(En)+Cn1 J Emﬂ
0 ™~ N(mg, CU) C[] ~ N(O, E)
from given data y on the discrete time interval 91 = {1,..., N}
m ~N(0,T).

= Hzpt1 + Nt JEMN,

Un+1

@ Likelihood

N—-1
Pl coiomltons coamm) = T Plitasalos oo s28)
n—=>0
X EXPl—PL 205« i Zai s oo Un )

. N—1 2
with P20, oo oy St W g0 0 vy P ) =2 Zn:u %|yn+1 — Hzpt1|p

C. Schillings (U Mannheim) Data Assimilation



Relation between Smoothing and Filtering

We denote by P(zo,....2N|y1....,yN) the smoothing distribution and by
P(zn|y1,--.yn) the filtering distribution at time N. Then, the marginal

of the smoothing distribution on z) coincides with the filtering
distribution at time IV, i.e.

/P(Eﬂu e 2Ny, - yn)d2o .. d2n_1 = P(en|y1, - - - yN) -

Note that the marginal of the smoothing distribution on 2,,. n < N is in

general not equal to the filter P(z,|y1....yn).
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Linear Example

Evolution model
Zakt = L2%a+Cas 16 {[],. ..,10}, =20 ~N(1,0.01), (o~ N(0,0.01).

Observation model

Ynit1 = 1l2ni1 +Nnsi1, J € {1-_. TR 10}5 m NN(U,DI) .

Smoothing
posterior
—pnor at n
m— nOStENOr &t N
e obsarvations

Data Assimilation
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Kalman Filter

For a linear model 2,1 = Az, + (, with A € L(R"=,R"#) and linear
observations vy, 1 = Hz, 1 + 1pe1 with H € L(R™z,R™), the
conditional density P(z,11|y1, ... yns1) is proportional to

1 1
exp( ——|yn+1 — Hulf — —|u — mﬂﬂ\c )

where (1. Cpe1) = (Amy,. ACL,A" + ) is the forecast mean and
covariance.

We have 2z, 1|y1, - - - Uns1 ~ N(mpi1,Cryq) with

Mnp41 (I — I{n—I—IH)Tﬁ'n—I—I i Ern—l—lyn—l—l
Cnt1 = ([ —Kp1H)Cpyg

where K,,.1 = CpoH (I + HC,,.1H")™! is the Kalman gain.

C. Schillings (U Mannheim) Data Assimilation




Particle Filter

Let 2n|y1,-- . Yn ~ tn and zni1|y1, ... Yn ~ flnt1.

Basic idea: Approximate p,, and fi,,1 by a J-particle Dirac measure.

J J
~ 11 7 s Y E:nm‘
Hn = iy = § w8 (5 fntl = fpy1 = ) Wy i10.0)
§=1 j=1 -
with j}le wy) = > le -irgll = 1.

Define update rules of the particle positions and weights for the
prediction approximation

(%, ”’Efﬂ}jzl - {54 ff*iﬂﬁfﬂ

and the analysis approximation

] ~(7) J =) (J) J
“n+1> Wn i1 1=1 e {"'n+1' Wnt1 }jZI .
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Particle Filter

Sequential Importance resampling (SIR) filter, Bootstrap filter

1: Set n =0 and py = po.
2: Draw .J independent realizations = -9) from 12 and set wy) = 1/.J for

3: Deflne ,un >R ng)g ()

J
4: Forecast ensemble: Draw :Ell ~ p{:,gf), -) with kernel

p(zn-. zn—l—l) = P(Eﬂ—}—l‘:ﬂ :
5: Define gn(2zne1) ¢ P(yni1|2ni1) and compute

(4) ~(7)

Wri1 = Wriy/( *EJ)A mﬂl = gn(2 (J+)1)'H-‘5f.”~ j=1...,J.

||M<-.*

6: Analysis ensemble: Set #r{+1 =5 ) -uriﬁlim :
7- n+n+ 1, goto 2.
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Particle Filter

Convergence

Assume g is bounded from below and above, i.e. kK < gn(z) < k! for k € (0,1],z € R"=.

For all n > 0, there exists a constant C, independent of .J such that for

any ¢ € B(R"=)
2

|6

(1l (6) — un(0))?] < C

J

See e.g. D. CrisaN anND A. DouceT 2002 A survey of convergence results on
particle filtering methods for practitioners |[EEE Transactions on Signal Processing 50

for a convergence proof.
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Particle Filter

Convergence

Assume g is bounded from below and above, i.e. kK < gn(z) < k! for k € (0,1],z € R"=.

For all n > 0, there exists a constant C, independent of .J such that for

any ¢ € B(R"=)

lo1I°
J

(1 (0) — pn(9))?] < CF—

@ The rate of convergence is independent of the state dimension n., i.e.
particle methods can circumvent the curse of dimensionality.

@ The constant C' depends on the state dimension n. in general. For the
standard setting, the number of particles must increase exponentially as

problem sizes increases to avoid degenerary.

T. BEncTssoN. P. BickeL AnND B. L1 2008 Curse-of-dimensionality revisited:
Collapse of the particle filter in very large scale systems IMS Collections 2

C. SNYDER. T. BENGTSSON. P. BiIcKEL AND .J. ANDERSON 2008 Obstacles to

high-dimensional particle filtering Monthly Wea. Rev. 136
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Example

Evolution model

a1 =121 2n+Cn, J€10,...,10}, 2z~N(1,0.01 1),
(o ~N(0,0.01 1,).

Observation model

Ynt1 = Ig z2ny1 + 01, JE€{L,...,10}, m ~N(0,0.1 Iy).

d=250,J=1000,N =1 1000 R

1000 SIR runs a6 |

I
800

700 |

# samples
8

100 | I
u L

0 0.2 0.4 0.6 0.8 1

max weights
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Extensions

High-Dimensional Problems
A. BeEskos., D. CrisaN. A. JAsSrA 2014 On the stability of SMC methods in

high dimensions THE ANNALS OF APPLIED PROBABILITY 24
P. REBESCHINI AND R. vAN HANDEL 2015 Can local particle filters beat the
curse of dimensionality? The Annals of Applied Probability 25

IP7 Data Assimilation and Uncertainty Quantification
A Lagrangian Interacting Particle Perspective, Sebastian Reich

Nonlinear Filtering and Data Assimilation in Complex Dynamical Systems MS 49,
63, 76

Efficient Sampling Methods for Bayesian Inference in Computational Problems MS
94, 107

Uncertainty Quantification and Data Assimilation in Earth System Modeling and
Prediction MS 1, 14

Controlled Interacting Particle Systems for Nonlinear Filtering MS 36

Efficient Sampling Methods for Bayesian Inference in Computational Problems MS
94, 107

Arnaud Doucet's SMC and Particle Filters Resources
https://www.stats.ox.ac.uk/ doucet/smc_resources.html
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Ensemble Kalman Filter

EnKF with perturbed observations

J
) N
“n+1 — Z ”n—{—ldi}
=1

with observations 3\7), = yn+1 +1Y),. 7}, ~ N(0,T) and

dij = 0ij — : (ﬁ’m — ﬁ1n+1]THT(Hén+1HT + I")_I(Hz,:,{fil - yff—l:il

J—1

Ensemble square root filter (ESFR)
J

351-21 - Z 5531 d;j

with d;; = w; — % + sij, Where C'n+1 — ﬁPnHPnTH,
g = (Sij)id = (I + ﬁ{HPH—I—I]TF_IHPn—I@-II)_% and

w=31— 58P H T (Hftng1 — Ynt1).
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@ The ensemble parameter estimate lies in the linear span of the initial
ensemble [23].

@ In the linear case, the EnKF estimate converges in the limit .J — o¢ to the
solution of the regularised least-squares problem [24, 31]. In the nonlinear
setting, convergence to the mean-field Kalman filter is proven in [30].

@ Ernst et al. [21] showed that the EnKF is not consistent with the Bayesian
perspective in the nonlinear setting, but can be interpreted as a point
estimator of the unknown parameters.

@ Kelly et al. [28, 29, 42, 41] presented an analysis of the long-time behavior
and ergodicity of the ensemble Kalman filter with arbitrary ensemble size
establishing time uniform bounds to control the filter divergence and
ensuring in addition the existence of an invariant measure.

@ Long term stability and accuracy is established for ensemble Kalman-Bucy
filters applied to continuous-time filtering problems [20, 44].

@ Higher order updates by polynomial chaos expansion can be found in [34].
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Connection to inverse problems

Find the unknown data u € X from noisy observations

y=G(u)+n

Bridging Sequence

Introduction of an artificial discrete time dynamical system which maps the prior ug into
the posterior u. The effective variance is amplified by N = 1/h at each step,
compensating for the redundant, repeated use of the data.
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Analysis of Ensemble Kalman Inversion

Assumption: The forward operator is linear , ie. G = A € L(X.R™).
EnKF with perturbed observations

dul) = C(w)A* T 1At + 15— uD)dt + C(u)A* T2 dWU)

where W . W) are pairwise cylindrical Wiener processes and y denotes the noisy

observational data.

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals

Strongly convergent discretization scheme .
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Extensions

@ Variance inflation, Localization
(. EVENSEN 2006 Data Assimilation: The Ensemble Kalman Filter
Springer
E. KALNAY 2003 Atmospheric Modeling, Data Assimilation and
Predictability Cambridge

@ Multilevel startegies
A. CHErRNOV, H. HOEL, K. LAw. F. NOBILE AND R. TEMPONE
2016 Multilevel ensemble Kalman filtering for spatially extended
models

@ Ensemble tranform filters — Part ||

@ Hybrid Methods — Part I
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Summary

@ Basic concepts of smoothing, filtering.
@ (Ensemble) Kalman filter.

@ Particle filter.

Main references

Kody Law, Andrew Stuart and Konstantinos Zygalakis, Data
Assimilation: A Mathematical Introduction, Springer, 2015

Sebastian Reich and Colin Cotter, Probabilistic Forecasting and
Bayesian Data Assimilation, Cambridge University Press, 2015
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