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The binary Mumford-Shah model B2e

UQ X € BV(Qv {Ov 1})

91, 92 (S Ll (Q)

Bl = /Qalx +605(1 — x) da + [Dx|(©)



The binary Mumford-Shah model B2e

U X € BV(Q,{0,1})

91,92 S LI(Q)
Elx, e, c2] = / Orx + 02(1 — x) dz + [Dy|(©)
Q

m 0; = L(c; —uo)? (i = 1,2) for weight parameter v > 0



The binary Mumford-Shah model B2e

U X € BV(Q,{0,1})

91,92 S LI(Q)
Elx, e, c2] = / Orx + 02(1 — x) dz + [Dy|(©)
Q

m 0; = L(c; —uo)? (i = 1,2) for weight parameter v > 0
B = fQde fQXUOd«T Co2 = fgl_Xdl’ fQ 1— uodx



The binary Mumford—Shah model (cont.)

Elxe1, c] = /Q By + 6a(1 — x) do + [D|(Q)

minimize E over the set x € BV (€,{0,1}) (¢1, ¢z fixed)




The binary Mumford—Shah model (cont.) A

Elxe1, c] = / By + 6a(1 — x) do + [D|(Q)
Q

minimize E over the set x € BV (9,{0,1}) (¢, ¢z fixed)

Goal: derive functional a posteriori error estimates for

X = xullLr)



The binary Mumford—Shah model (cont.) aos

Elx.encal = [ ix+6a(1 = ) do + [Dx|(@)
Q
minimize E over the set x € BV (9,{0,1}) (¢, ¢z fixed)
Goal: derive functional a posteriori error estimates for
X = xullLr)

Major problems:

m optimization over a non convex set



The binary Mumford—Shah model (cont.) ' H
Elx.encal = [ ix+6a(1 = ) do + [Dx|(@)
Q
minimize E over the set x € BV (£,{0,1}) (c1, c2 fixed)
Goal: derive functional a posteriori error estimates for
X = xullLr)

Major problems:
m optimization over a non convex set

® no uniform convexity of E



The binary Mumford—Shah model (cont.) ' H
Elx.encal = [ ix+6a(1 = ) do + [Dx|(@)
Q
minimize E over the set x € BV (£,{0,1}) (c1, c2 fixed)
Goal: derive functional a posteriori error estimates for
X = xullLr)

Major problems:
m optimization over a non convex set

® no uniform convexity of E

Strategy:

m use a suitable uniformly convex relaxation



The binary Mumford—Shah model (cont.) -'H

Elxe1, c] = / By + 6a(1 — x) do + [D|(Q)
Q

minimize E over the set x € BV (9,{0,1}) (¢, ¢z fixed)

Goal: derive functional a posteriori error estimates for

X = xullLr)

Major problems:
m optimization over a non convex set

® no uniform convexity of E

Strategy:
m use a suitable uniformly convex relaxation

m error estimate for the relaxation based on the duality gap



The binary Mumford—Shah model (cont.) -'H

Elxe1, c] = / By + 6a(1 — x) do + [D|(Q)
Q

minimize E over the set x € BV (9,{0,1}) (¢, ¢z fixed)

Goal: derive functional a posteriori error estimates for

X = xullLr)

Major problems:
m optimization over a non convex set

® no uniform convexity of E

Strategy:
m use a suitable uniformly convex relaxation
m error estimate for the relaxation based on the duality gap

m thresholding of the relaxed solution and cut out argument



Convex relaxation and thresholding - CEN oos

Idea Relax range of y to [0, 1] [Nikolova, Esedoglu, Chan '06]

Ecen| ]:/Quel dIL‘+/Q(1—u)92 dz +|Dul(Q).




Convex relaxation and thresholding - CEN ' H

Idea Relax range of x to [0, 1] [Nikolova, Esedoglu, Chan '06]

Ecenlu] = / uby dx—i—/ (1 —u) by dz +|Dul(Q2).
Q Q
Theorem
u* € argmin FEcenfu] = [u">s]€ argmin  E[y]
w€BV(£,]0,1]) x€BV(2,{0,1})

for all a.e. s €[0,1],

where [u > s] is the s-superlevel set of u, i.e. {z : u(x) > s}.



Convex relaxation and thresholding - CEN oas

Idea Relax range of x to [0, 1] [Nikolova, Esedoglu, Chan '06]

Ecenlu] = /Qué?l dx—!—/ﬂ(l —u) 0y dz +|Dul(Q).

Theorem
u* € argmin FEcenfu] = [u">s]€ argmin  E[y]
weBV(£,]0,1]) XEBV(2,{0,1})
for all a.e. s €[0,1],

where [u > s] is the s-superlevel set of u, i.e. {z : u(x) > s}.

v BV(£,]0,1]) convex

X FEcgn convex, but not uniformly convex in u



Convex relaxation and thresholding - UC

Uniformly convex approach

Er[u] =/ u’6, dz—l—/ (1 —u)? 0y dz +|Dul(Q)
Q Q




Convex relaxation and thresholding - UC ' H

Uniformly convex approach

Er[u] :/ u’6; da:—i—/ (1 —u)? 0y dz +|Dul(Q)
Q Q

Theorem [Chambolle/Darbon '08][B. SSVM '09]
Let 01,60, € Ll(Q), 01,00 > 0 a.e.. Then,
m E™ has a unique minimizer on BV (Q).

® u = argmin E®[v] = Xu>05) € argmin  E[y].
vEBV(Q) X€EBV(Q,{0,1})
Moreover, u(z) € [0, 1] for a.e. z € Q.



Convex relaxation and thresholding - UC ' H

Uniformly convex approach

Er[u] —/ u’6; dx+/ (1 —u)? 0y dz +|Dul(Q)
Q Q

Theorem [Chambolle/Darbon '08][B. SSVM '09]
Let 61,62 € LY(2), 61,02 > 0 a.e.. Then,
m E™ has a unique minimizer on BV (Q).

® u = argmin E®[v] = Xu>05) € argmin  E[y].
vEBV(Q) X€EBV(Q,{0,1})
Moreover, u(z) € [0,1] for a.e. z € Q.

v/ BV (1) convex (even unconstrained)

v/ Eyc uniformly convex in u



Convex relaxation and thresholding - UC (cont.) oas

Proof sketch: [Chambolle/Darbon '09]
» E'[min{max{0,v},1}] < E™[v] for any v € BV ().




Convex relaxation and thresholding - UC (cont.) oos

Proof sketch: [Chambolle/Darbon '09]
m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)
m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)d:c—i—/ /8t\11(x,s)x[u>s] dzds
Q Q 0 JQ



Convex relaxation and thresholding - UC (cont.) oos

Proof sketch: [Chambolle/Darbon '09]
m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)
m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)d:c—i—/ /8t\11(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,x; € argmin [,hixdz+|Dx|(Q)
XEBV(Q,{0,1})



Convex relaxation and thresholding - UC (cont.) oos

Proof sketch: [Chambolle/Darbon '09]
m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)
m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)d:c—i—/ /8t\11(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,y; € argmin [,hixdr+[Dx|(Q) = x1 > x2
XEBV(Q,{0,1})



Convex relaxation and thresholding - UC (cont.) oos

Proof sketch: [Chambolle/Darbon '09]
m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)
m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)d:c—i—/ /8t\11(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,y; € argmin [,hixdr+[Dx|(Q) = x1 > x2
x€BV(Q,{0,1})
mx* € argmin {EFx] = [ 0:%(w,s)x dv + Dx|(2)}
x€BV(Q,{0,1})



Convex relaxation and thresholding - UC (cont.) ' H
Proof sketch: [Chambolle/Darbon '09]

m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)

m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)dm—i—/ /8t\11(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,y; € argmin [,hixdr+[Dx|(Q) = x1 > x2
XE€BV(2,{0,1})
mx*€  argmin  {EF[x]:= [,0:¥(z,s)xdz + [Dx|(Q)}
x€BV(2,{0,1})
m V(z,-) strictly convex = 0,¥(z,-) is strictly increasing
= x*1 > x*? a.e. for 51 < so.



Convex relaxation and thresholding - UC (cont.) ' H

Proof sketch: [Chambolle/Darbon '09]
m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)
m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(a:,u)dx:/\ll(x,O)dm—i—/ /8,5\Il(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,y; € argmin [,hixdr+[Dx|(Q) = x1 > x2
XEBV(Q,{0,1})

x* € argmin  {EP[x] = [,0:¥(z,s)xdz + |Dx|(?)}
x€BV(©2,{0,1})

U(z,-) strictly convex = 0,¥(z, -) is strictly increasing

= x*1 > x*? a.e. for 51 < so.

m graph reconstruction u*(x) = sup{s|x*(x) = 1} is well-defined



Convex relaxation and thresholding - UC (cont.) ' H
Proof sketch: [Chambolle/Darbon '09]

m Emin{max{0,v},1}] < E™[v] for any v € BV(Q)

m U(z,t) =201 (z) + (1 — £)?02(2), Cy = [, ¥(z,0)dz.

/\I'(m,u)dx:/\ll(x,O)dx—i—/ /8,5\Il(x,s)x[u>s] dzds
Q Q 0 JQ

mhy <hgae,y; € argmin [,hixdr+[Dx|(Q) = x1 > x2
XEBV(Q,{0,1})

x* € argmin  {EP[x] = [,0:¥(z,s)xdz + |Dx|(?)}
x€BV(2,{0,1})

U(z,-) strictly convex = 0,¥(z, -) is strictly increasing

= x*1 > x*? a.e. for 51 < so.

m graph reconstruction u*(x) = sup{s|x*(x) = 1} is well-defined

1 1
— gre [u] = Cy +/ E;e' [X[u>s]] ds > Cy —I—/ Egel [X°] ds
0
_Erel[ }>Ere|[ ]



Predual functional

The dual of BV () is difficult to handle.




Predual functional

The dual of BV(Q) is difficult to handle. = Use predual of E™.




Predual functional g.

The dual of BV(Q) is difficult to handle. = Use predual of E".
Starting point: Dre! l[q] = Flq] + G[Aq] [Hintermiiller/Kunisch '04]

0 iflg/<1ae
P =gl = { 0 40

192 + vy — 6105
Gl = [ 4 d
o /Q ) v




Predual functional -
The dual of BV(Q) is difficult to handle. = Use predual of E".
Starting point: Dre! l[q] = Flq] + G[Aq] [Hintermiiller/Kunisch '04]

0 iflg/<1lae
Fla) = Ig,ld] :{ o0 eIs’g‘ -

1,2 + v0y — 0105
G = | 2 d
g /Q 01 + 62 v

Drél is the predual functional of E™, i.e. (D®)* = Erel,



Predual functional -
The dual of BV(Q) is difficult to handle. = Use predual of E".
Starting point: Dre! l[q] = Flq] + G[Aq] [Hintermiiller/Kunisch '04]

0 iflg|<1a.e.
F[q]zfgl[Q]Z{ oo els’g‘ -

142 + v0y — 0105
G]= [ 4 d
[’U] /Q 01 + 05 v

Drél is the predual functional of E™, i.e. (D®)* = Erel,
mAcL(Q,V), Q= Hy(div,Q) and V = L?(Q)



Predual functional -
The dual of BV(Q) is difficult to handle. = Use predual of E".
Starting point: D™®[q] = Flq] + G[Aq] [Hintermiiller/Kunisch '04]

0 iflg|<1a.e.
F[q]zfgl[Q]Z{ oo els’g‘ -

142 + v0y — 0105
G]= [ 4 d
[’U] /Q 01 + 05 v

D¢l is the predual functional of E™, i.e. (D")* = Erel.
m A€ L(QV), Q= Hy(div,Q) and V = L?(Q)
m H(div,Q) = {qg € L*(Q,R") : divg € L*(Q)} and
Hy(div,Q) = H(div,Q) N {g-v =0 on 00}



Predual functional -
The dual of BV(Q) is difficult to handle. = Use predual of E".
Starting point: Dre! l[q] = Flq] + G[Aq] [Hintermiiller/Kunisch '04]

0 iflg/<1lae
Fla) = Ig,ld] :{ o0 eIs’g‘ -

1,2 + v0y — 0105
G = | 2 d
g /Q 01 + 62 v

Drél is the predual functional of E™, i.e. (D®)* = Erel,
m A€ L(QV), Q= Hy(div,Q) and V = L?(Q)
m H(div,Q) = {qg € L*(Q,R") : divg € L*(Q)} and
Hy(div,Q) = H(div,Q) N {g-v =0 on 00}
m A =div, A* = —V holds in the sense

(AMv,q) = (v,divg)2q) YWWEV, ¢€Q



Predual functional (cont.)

From general theory one knows
(D™)*[v] = F*[-A*] + G*[v].

4

192 0y — 610
v+ vl 12 4

01 + 0




Predual functional (cont.) -'H

From general theory one knows
(D" [v] = F*[~A*0] + G*[v].
The Fenchel conjugates can be computed as follows:

FH=A"] = 225((*/\*% q) — Fla])



Predual functional (cont.)

From general theory one knows
(D" [v] = F*[~A*0] + G*[v].

The Fenchel conjugates can be computed as follows:

[A]1]
[ClElS]

P = supl(-Ave) — Fla) =sup ([ vdivade - 15,1

qeQ qeQ

= sup / vdivgdz = |Dv|(2)
9€Q[lglloo <1 /2



Predual functional (cont.) oas
From general theory one knows

(DN [v] = F*[—A*0] + G*[v)].
The Fenchel conjugates can be computed as follows:

= sup / vdivgdz = |Dv|(2)
9€Q[lglloo <1 /2

G*lv] = sup ((U,w)Lz(Q) - G[w])
weL?(Q)



Predual functional (cont.) ' H
From general theory one knows

(DN [v] = F*[—A*0] + G*[v)].
The Fenchel conjugates can be computed as follows:

= sup / vdivgdz = |Dv|(2)
9€Q[lglloo <1 /2

Gl = sup (v w)aey ~ Glul) = [ 261+ (1= 020
wel?(Q) Q

where last supremum is attained for w = 2v(6; + 03) — 26,.



Predual functional (cont.) ' H
From general theory one knows

(DN [v] = F*[—A*0] + G*[v)].
The Fenchel conjugates can be computed as follows:

= sup / vdivgdz = |Dv|(2)
9€Q[lglloo <1 /2

Gl = sup (v w)aey ~ Glul) = [ 261+ (1= 020
wel?(Q) Q

where last supremum is attained for w = 2v(6; + 62) — 26,. Thus,
(Drel)*[v] — F*[—A*U] + G*[U] — Erel[v].



Predual functional (cont.)

Central insight: Minimizers p of D™ and u of (D")* fulfill

Drel [p] Drel [u]




Predual functional (cont.) oos

Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Drel[p] _ 7(Dre|)*[u]
Can be seen by formally exchanging inf and sup:

Dpl =  inf F GIA
[p] qu}f(ldiv,m( [q] + G[Aq])



Predual functional (cont.) oas
Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Dlp] = (D)l
Can be seen by formally exchanging inf and sup:
D®pl= inf (Flg+G[Aq)=  inf (Flg]+G™[Aq])

q€H N (div,Q) q€Hy (div,Q)



Predual functional (cont.) oas
Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Dlp] = (D)l
Can be seen by formally exchanging inf and sup:
D®pl= inf (Flg+G[Aq)=  inf (Flg]+G™[Aq])

q€Hn (div,Q) q€H N (div,Q)

= inf sup (Fl[q] + (v,Aq) — G*[v
quN(div,ﬂ)veLzI?Q)( [q] + (v, Ag) [v])



Predual functional (cont.) oas
Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Dlp] = (D)l
Can be seen by formally exchanging inf and sup:
D®pl= inf (Flg+G[Aq)=  inf (Flg]+G™[Aq])

q€H N (div,Q) q€H N (div,Q)

= inf sup (Fl[q] + (v,Aq) — G*[v
quN(div,ﬂ)veLz?Q)( [q] + (v, Ag) [v])

= sup (— sup (<—A*v7q>—F[q])—G*[v]>

veL?(Q) \ geHy (div,Q)



Predual functional (cont.) oas
Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Dlp] = (D)l
Can be seen by formally exchanging inf and sup:
D®pl= inf (Flg+G[Aq)=  inf (Flg]+G™[Aq])

q€H N (div,Q) q€H N (div,Q)

= inf sup (Fl[q] + (v,Aq) — G*[v
quN(div,ﬂ)veLz?Q)( [q] + (v, Ag) [v])

= sup (— sup (<—A*v7q>—F[q])—G*[v]>

veL?(Q) \ geHy (div,Q)

= sup (—F"[-A%] - G"[v])
veL2(Q)



Predual functional (cont.) -'H

Central insight: Minimizers p of D™ and u of (D"®)* fulfill
Dlp] = (D)l
Can be seen by formally exchanging inf and sup:
D®pl= inf (Flg+G[Aq)=  inf (Flg]+G™[Aq])

q€H N (div,Q) q€H N (div,Q)

= inf sup (Fl[q] + (v,Aq) — G*[v
quN(div,ﬂ)veLz?Q)( [q] + (v, Ag) [v])

= sup (— sup (<—A*v7q>—F[q])—G*[v]>

veL?(Q) \ geHy (div,Q)
= sup (—F"[-A%] - G"[v])
veL2(Q)

- su _ rel*v = — in rel*v:_ rel*u'
= s (O == it (D)ol = (D)l



Functional a posteriori error estimates for £

Two measures of uniform convexity for J : X - R




Functional a posteriori error estimates for £

Two measures of uniform convexity for J : X - R

J[BFE2] 4+ @y (z) — 21) < 3(J[21] + J[x2]) for all zy, 29 € X

o




Functional a posteriori error estimates for £ -1

Two measures of uniform convexity for J : X — R

J[m—l-atz] +®y(zy —x1) < Z(J[;cl] + J[xg]) for all x1, 29 € X

o

() 29 —x1) + V(20 — 11) < J[w2] — J[21] for all 2’ € J[x1]



Functional a posteriori error estimates for £ -1

Two measures of uniform convexity for J : X — R

J[m—l-xz] +®y(zy —x1) < Z(J[;cl] + J[xg]) for all x1, 29 € X

o

() 29 —x1) + V(20 — 11) < J[w2] — J[21] for all 2’ € J[x1]

Theorem [Repin '00]: Let u € argminge,, E™[3] and ¢ € Q,
veV =V =L%Q). Then,

OG- (v — ) + p- (A (0 — w)) + gt (54) < 5(E™[0] + D[q).




Repin theorem - Proof sketch

The convexity property of &g+ and &g+ gives:

g+ (v —u) + pe (=A™ (v —u))
< L(F'[-A"] + G°[o] + F[-A
o ( [ A*u+v] +G*[u+v])

“ul + GTu])

[A]l]
[ClElS]

10



Repin theorem - Proof sketch A

The convexity property of &g+ and &g+ gives:
D (v —u) + Pp+ (=A% (v — u))
< % (F*[—A"v] + G*[v] + F*[—A*u] + G*[u])
. (F* [_A*UTJFU] + G* [UTJFU]) _ %(Erel[v] + Erel[u]) o Erel[u;rv]




Repin theorem - Proof sketch aos

The convexity property of &g+ and &g+ gives:
D (v —u) + Pp+ (=A% (v — u))
< % (F*[—A"v] + G*[v] + F*[—A*u] + G*[u])
. (F* [_A*UTJFU] + G* [UTJFU]) _ %(Erel[v] + Erel[u]) o Erel[u;rv}

Since u is a minimizer of £ and thus 0 € 9E™'[u], we get

10



Repin theorem - Proof sketch ' H
The convexity property of &g+ and &g+ gives:
D (v —u) + Pp+ (=A% (v — u))
< % (F*[—A"v] + G*[v] + F*[—A*u] + G*[u])
. (F* [_A*UTJFU] + G* [UTJFU]) _ %(Erel[v] + Erel[u]) o Erel[u;rv}

Since u is a minimizer of £ and thus 0 € 9E™'[u], we get

W (U52) = W (452 — ) < B[50] — B,

10



Repin theorem - Proof sketch ' H
The convexity property of &g+ and &g+ gives:
D (v —u) + Pp+ (=A% (v — u))
< % (F*[—A"v] + G*[v] + F*[—A*u] + G*[u])
. (F* [_A*UTJFU] + G* [uTJru]) _ %(Erel[v] + Erel[u]) o Erel[u;rv}

Since u is a minimizer of £ and thus 0 € 9E™'[u], we get

\IJEreI( ) \IjEreI (7 - u) < Erel[ ] ErEI[ ]
Adding both inequalities gives

D+ (v —u) + Pp (—A* (v — ) + U et (254

10



Repin theorem - Proof sketch -

The convexity property of &g+ and &g+ gives:
D (v —u) + Pp+ (=A% (v — u))
< % (F*[—A"v] + G*[v] + F*[—A*u] + G*[u])
. (F* [_A*UTJFU] + G* [uTJru]) _ %(Erel[v] + Erel[u]) o Erel[u;rv}

Since u is a minimizer of £ and thus 0 € 9E™'[u], we get

W (U54) = Vg (52 — ) < B [452] — E™'[u).

Adding both inequalities gives

D (v — ) + D (—A" (0 — ) + U (252) < J(E ] — Eu]).

The claim follows using the weak complementarity principle

Erel [u] > 7Dre| [C]]

10



Functional a posteriori error estimates for £

Theorem [Repin '00]: Let u € argming,, E™[3] and ¢ € Q,
veV =V =L*Q). Then,

Do+ (v —u) + Pps(—A* (v —u)) + Vpra (vgu




Functional a posteriori error estimates for £

Theorem [Repin '00]: Let u € argminge, E™'[7] and g € Q,
veV =V =L*Q). Then,

(I)G* (U o U) + @F‘*(*AX (U o U)) + \IlEreI (%)

In our case, one gets

1
Op =0, Pa+(v) = —/1)2(91+02) dz, ¥ge(v) = / U2(91+92) dz.
Q Q

4




Functional a posteriori error estimates for £ -1

In our case, one gets

1

Bpe =0, B (v) = 4/ V2(01 +05) dz, U pra(v) = / v2(0, + 0) da.
Q Q

Using 2*1,,(01 — ¢2)? < 61 + 0 this leads to:

Theorem [A posteriori error estimate for E™!]: Let u € V be the
minimizer of E™'. Then, for any v € V and ¢ € Q it holds that

Y (B + D)

o 2 <e 2 _ 7
Hu UHLQ(Q) = I'I‘u[’u,q] (Cl —62)2
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Functional a posteriori error estimates for £ -

In our case, one gets

1

Bpe =0, B (v) = 4/ V2(01 +05) dz, U pra(v) = / v2(0, + 0) da.
Q Q

Using 2%(01 — ¢2)? < 61 + 0 this leads to:

Theorem [A posteriori error estimate for E™!]: Let u € V be the
minimizer of E™'. Then, for any v € V and ¢ € Q it holds that

2v
2 2 . | |
HU — UHL2(Q) < erru[v,q] = m <Ere [v] L Dpre [q]>
2 1o 2, 1 _
= (cl—VcQ)2/Q“291 + (1 = 0)205 + |Vo| 4+ 14iva) ;1112592 0o
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Key observation: solutions of E™' are characterized by steep profiles
Sy=[3-n<v<3+n] (ne(0,3)) set of non properly identified
phase regions and a[v, 7] = |S,|
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A posteriori error estimates for the binary model -

solutions of E™' are characterized by steep profiles
Sy=[3-n<v<i+ 77] (77 6 (0,1)) set of non properly identified
phase regions and afv, 7]

... . 0 005 0.1 0.15 0.2 0.25 03 035 0.4 0.45 0.5
n

X[u>0.5] 1 alv,n| and erry[v, ¢, 7]

[A posteriori error estimate for E]: Let x € BV (Q,{0,1})
be the minimizer of the binary Mumford-Shah functional obtained from
E'. Then for all v € V = L?(Q) and ¢ € Q = Hy(div, ) we have

HX - X[v>%]HL1(Q) < neié%,f%) {errx[v,q,n] = ( [v,n] + 2err 2o, q})}
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A posteriori error estimates for the binary model -

Theorem [A posteriori error estimate for E]: Let x € BV (£,{0,1})
be the minimizer of the binary Mumford—Shah functional obtained from
E™ Then forallveV = L*Q) and g € Q = Hy(div, Q) we have

X = X 1ll 11 ) < o {errlv,q.n] = (alv,n] + Fenlv.a]) } -

Proof: [u>3]Av>3]Ci-n<v<i+n]ullu—vl >0

[ R e

+

N—= N

o
2
n

w minimizer of E'® veY
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A posteriori error estimates for the binary model -

Theorem [A posteriori error estimate for E]: Let x € BV (Q,{0,1})

be the minimizer of the binary Mumford—Shah functional obtained from
E™ Then forallveV = L*Q) and g € Q = Hy(div, Q) we have

X = X 1ll 11 ) < o {errlv,q.n] = (alv,n] + Fenlv.a]) } -

Proof: [u>3]Av>3]Ci-n<v<i+n]ullu—vl >0
Using the estimate for |ju — ’UH%Z(Q), we get
Cu-el>a) < [ b oPde < hendlu.d).
{Ju=v|>n} !

The above holds for any 7 € (0, %) so also for inf .
ne(0,%)

12



Two discretizations and primal-dual algorithm

 adaptive simplicial mesh
VY space of piecewise constant finite element functions on .7
V}IL space of continuous and affine finite element functions on .7

[A]1]
[ClElS]
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V}IL space of continuous and affine finite element functions on .7

L2 4 vy, — 01 1021
Gplop] = | 2 == dw, Fulan] = 15
(o] /Q O1,n + 02p 7 Falal B lan]

Gilon] = /Q B0up + (1 — 0o de,  Fyla] = /Q To(lgnl) de,

for 0, = Ih(%(ci —ug)?) for i = 1,2, T, Lagrange interpolation
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Two discretizations and primal-dual algorithm -

 adaptive simplicial mesh
VY space of piecewise constant finite element functions on .7
V}IL space of continuous and affine finite element functions on .7

L2 4 vy, — 01 1021
Gplop] = | 2 == dw, Fulan] = 15
(o] /Q O1,n + 02p 7 Falal B lan]

Grlvp] = /Qv,zﬂlﬁ—}- (1 —vh)2927hdx, Frlan) = /QIh(|QhDd»’U7

for 0, = Ih(%(ci —ug)?) for i = 1,2, T, Lagrange interpolation

(FE) discretization V;, = V} with L%-scalar product and Qj, = (V})?
with lumped mass scalar product,
—Ay : Vy — Qp, implicitly defined via (cf. [Bartels '14])

/Ih(—A}“Lvh ~qp)dz = / v P divg, dz Vg, € Qp,vp € Vg
Q Q

P, : L2(Q2) — Vy, denotes L2-projection
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Two discretizations and primal-dual algorithm -

 adaptive simplicial mesh
VY space of piecewise constant finite element functions on .7
V}IL space of continuous and affine finite element functions on .7

1v2+vh—91h92h
Gplop] = | 22 DR Ax, Fulgn] = I, lan]
1 (V] /Q Gin T O z, Fplgn] = Ig,[an]

Grlvp] = /QU}%HIJL +(1- Uh)292,h dz, Fylgn] = / lgn| da ,
Q

for 0; ), = Ih(%(ci —ug)?) for i = 1,2, T, Lagrange interpolation

(FE') discretization Vs, = V! and Qj, = (V})? with L?-scalar product
Ap 0 On — Vp, given by

/Ih(Athvh,) dz = —/ qn - Vopdr Vg, € Qp,vn €V
Q Q

= *szh = Vo
To evaluate err? an L2-projection of the dual solution is performed
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The primal-dual algorithm

Primal-dual algorithm

while [|uf ™! — k|| >THRESHOLD do
pzﬂ (Id + 00Fy,) " (py; — oAy ag);
k'H = (Id+ 70G},)~ (uh + ’rAhpk'H),
ﬂfﬂ _ 2ul~c+1 _ uz
end

(A1}
[ClElS]

[Chambolle, Pock '11]
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The primal-dual algorithm

Primal-dual algorithm [Chambolle, Pock

while [|uf ™! — k|| >THRESHOLD do
pzﬂ (Id + 00Fy,) " (py; — oAy ag);
up ™ = (Id + 70G;) 7 (uf + TARpI )
ﬂﬁ“ = Quffl — UZ
end

m The resolvent (Id + c0F},)~! for Fj, is well known.

(A1}
[ClElS]

1]
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The primal-dual algorithm A

Primal-dual algorithm [Chambolle, Pock '11]
while [|u}*! — uf||o > THRESHOLD do
pptt = (Id + 00F,) " (pf — oA uf);
k‘H = (Id + 70G3) L (uf + TAhpk‘H),
ﬂi“ = 2u];i'H — u’,’j
end
m The resolvent (Id + c0F},)~! for Fj, is well known.

m The resolvent (Id + 790G} )~ for
Ghlon] = /Qvfﬁl,h + (1 = vp)%0 dz

can be computed in a straightforwardly, but involves mass matrices.
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The primal-dual algorithm

Primal-dual algorithm [Chambolle, Pock '11]

while [|u}*! — uf||o > THRESHOLD do
pptt = (Id + 00F,) " (pf — oA uf);
k‘H = (Id + 70G3) L (uf + TAhpk‘H),
ﬂi“ = 2u];;'H — u’,’j
end
m The resolvent (Id + c0F},)~! for Fj, is well known.

m The resolvent (Id + 790G} )~ for

Ghlon] = /QU}QLal,h + (1 = vp)%0 dz

can be computed in a straightforwardly, but involves mass matrices.

m The operator norm of A can be estimated as follows
m |[Ay]|? < 48(3 +2v2)h . for (FE') and n = 2
m [[An]|? < 96(3 +2v2)h, 2 for (FE)

14



Numerical results - “Flower”

X[up>0.5]

[A]1]
[ClElS]
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Numerical results - “Flower” (cont.) oo
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Numerical results -

Up

“Cameraman”

Up,

[A]1]
[ClElS]

X[up>0.5]

Image source: MATLAB

17



Numerical results - “Cameraman” g.

Up X[uh >0.5}

IAl ! A -
mesh after 5", 10%" iteration
Image source: MATLAB



Numerical results - “Cameraman” (cont.) oo
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Numerical results - “Gaussians” using (FE’)

Up Up,

X[up>0.5]

[A]1]
[ClElS]
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Numerical results - “Gaussians” using (FE’)

Uuo Up, X[up>0.5]
(pn)! (pn)?

[A]1]
[ClElS]
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Numerical results - “Gaussians” using (FE’) oos
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A posteriori error estimates for the binary Mumford—Shah model

m Natural error quantity: area of the non-properly segmented region

m Key ingredients:

m Uniformly convex, unonstrained relaxation of the original problem
m Repin’s theorem for a posteriori error estimation of the relaxation
m Cut out argument to estimate the area mismatch

Estimate can be used for adaptive mesh refinement
Two different adaptive primal-dual finite element schemes

Numerical experiments show qualitative and quantitative properties

Transfer the approach to more general computer vision problems

Develop/use minimization algorithms that are tailored to the
adaptive structure
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