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The binary Mumford–Shah model

u0 O ⊂ Ω

Binary Mumford–Shah model θ1, θ2 ∈ L1(Ω)

E[O] =

∫
O
θ1 dx+

∫
Ω\O

θ2 dx+ Per[O]

θi = 1
ν (ci − u0)2 (i = 1, 2) for weight parameter ν > 0

c1 = (
∫

Ω χdx)−1
∫

Ω χu0 dx, c2 = (
∫

Ω 1− χdx)−1
∫

Ω(1− χ)u0 dx
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The binary Mumford–Shah model (cont.)

E[χ, c1, c2] =

∫
Ω
θ1χ+ θ2(1− χ) dx+ |Dχ|(Ω)

minimize E over the set χ ∈ BV (Ω, {0, 1}) (c1, c2 fixed)

Goal: derive functional a posteriori error estimates for

‖χ− χh‖L1(Ω)

Major problems:

optimization over a non convex set

no uniform convexity of E

Strategy:

use a suitable uniformly convex relaxation

error estimate for the relaxation based on the duality gap

thresholding of the relaxed solution and cut out argument
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Convex relaxation and thresholding - CEN

Idea Relax range of χ to [0, 1] [Nikolova, Esedoḡlu, Chan ’06]

ECEN[u] =

∫
Ω
uθ1 dx +

∫
Ω

(1− u) θ2 dx +|Du|(Ω).
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4 BV (Ω, [0, 1]) convex

8 ECEN convex, but not uniformly convex in u
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Convex relaxation and thresholding - UC

Uniformly convex approach

Erel[u] =

∫
Ω
u2θ1 dx +

∫
Ω

(1− u)2 θ2 dx +|Du|(Ω)

Theorem [Chambolle/Darbon ’08][B. SSVM ’09]

Let θ1, θ2 ∈ L1(Ω), θ1, θ2 ≥ 0 a. e.. Then,

Erel has a unique minimizer on BV (Ω).

u = argmin
v∈BV (Ω)

Erel[v] ⇒ χ[u>0.5] ∈ argmin
χ∈BV (Ω,{0,1})

E[χ] .

Moreover, u(x) ∈ [0, 1] for a.e. x ∈ Ω.

4 BV (Ω) convex (even unconstrained)

4 EUC uniformly convex in u
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Convex relaxation and thresholding - UC (cont.)

Proof sketch: [Chambolle/Darbon ’09]

Erel[min{max{0, v}, 1}] ≤ Erel[v] for any v ∈ BV (Ω).

Ψ(x, t) := t2θ1(x) + (1− t)2θ2(x), CΨ :=
∫

Ω Ψ(x, 0) dx.∫
Ω

Ψ(x, u) dx =

∫
Ω

Ψ(x, 0) dx+

∫ 1

0

∫
Ω
∂tΨ(x, s)χ[u>s] dxds

h1 ≤ h2 a. e., χi ∈ argmin
χ∈BV (Ω,{0,1})

∫
Ω hiχdx+ |Dχ|(Ω)⇒ χ1 ≥ χ2

χs ∈ argmin
χ∈BV (Ω,{0,1})

{
Erel
s [χ] :=

∫
Ω ∂sΨ(x, s)χdx+ |Dχ|(Ω)

}
Ψ(x, ·) strictly convex ⇒ ∂tΨ(x, ·) is strictly increasing
⇒ χs1 ≥ χs2 a. e. for s1 ≤ s2.
graph reconstruction u∗(x) = sup{s |χs(x) = 1} is well-defined

⇒ Erel[u] = CΨ +

∫ 1

0
Erel
s

[
χ[u>s]

]
ds ≥ CΨ +

∫ 1

0
Erel
s [χs] ds

= Erel[u∗] ≥ Erel[u]
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Predual functional

The dual of BV (Ω) is difficult to handle.

⇒ Use predual of Erel.

Starting point: Drel[q] = F [q] +G[Λq] [Hintermüller/Kunisch ’04]

F [q] = IB1
[q] =

{
0 if |q| ≤ 1 a.e.

+∞ else

G[v] =

∫
Ω

1
4v

2 + vθ2 − θ1θ2

θ1 + θ2
dx

Drel is the predual functional of Erel, i. e. (Drel)∗ = Erel.

Λ ∈ L(Q,V), Q = HN (div,Ω) and V = L2(Ω)

H(div,Ω) = {q ∈ L2(Ω,Rn) : div q ∈ L2(Ω)} and
HN (div,Ω) = H(div,Ω) ∩ {q · ν = 0 on ∂Ω}
Λ = div, Λ∗ = −∇ holds in the sense

〈Λ∗v, q〉 = (v,div q)L2(Ω) ∀v ∈ V, q ∈ Q

6
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Predual functional (cont.)

From general theory one knows

(Drel)∗[v] = F ∗[−Λ∗v] +G∗[v].

The Fenchel conjugates can be computed as follows:

F ∗[−Λ∗v] = sup
q∈Q

(〈−Λ∗v, q〉 − F [q]) = sup
q∈Q

(
−
∫

Ω
v div q dx− IB1

[q]

)
= sup

q∈Q,‖q‖∞≤1

∫
Ω
v div q dx = |Dv|(Ω)

G∗[v] = sup
w∈L2(Ω)

(
(v, w)L2(Ω) −G[w]

)
=

∫
Ω
v2θ1 + (1− v)2θ2 dx

where last supremum is attained for w = 2v(θ1 + θ2)− 2θ2. Thus,

(Drel)∗[v] = F ∗[−Λ∗v] +G∗[v] = Erel[v].

F [q] = IB1
[q], G[v] =

∫
Ω

1
4v

2 + vθ2 − θ1θ2

θ1 + θ2
dx
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Predual functional (cont.)

Central insight: Minimizers p of Drel and u of (Drel)∗ fulfill

Drel[p] = −(Drel)∗[u]

Can be seen by formally exchanging inf and sup:

Drel[p] = inf
q∈HN (div,Ω)

(F [q] +G[Λq])

= inf
q∈HN (div,Ω)

(F [q] +G∗∗[Λq])

= inf
q∈HN (div,Ω)

sup
v∈L2(Ω)

(F [q] + 〈v,Λq〉 −G∗[v])

= sup
v∈L2(Ω)

(
− sup
q∈HN (div,Ω)

(〈−Λ∗v, q〉 − F [q])−G∗[v]

)
= sup
v∈L2(Ω)

(−F ∗[−Λ∗v]−G∗[v])

= sup
v∈L2(Ω)

(−(Drel)∗[v]) = − inf
v∈L2(Ω)

(Drel)∗[v] = −(Drel)∗[u] .
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Functional a posteriori error estimates for Erel

Two measures of uniform convexity for J : X → R

J
[
x1+x2

2

]
+ ΦJ(x2 − x1) ≤ 1

2(J [x1] + J [x2]) for all x1, x2 ∈ X

〈x′, x2 − x1〉+ ΨJ(x2 − x1) ≤ J [x2]− J [x1] for all x′ ∈ ∂J [x1]

Theorem [Repin ’00]: Let u ∈ argminṽ∈V E
rel[ṽ] and q ∈ Q,

v ∈ V ′ = V = L2(Ω). Then,

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u)) + ΨErel

(
v−u

2

)
≤ 1

2(Erel[v] +Drel[q]) .
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rel[ṽ] and q ∈ Q,

v ∈ V ′ = V = L2(Ω). Then,

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u)) + ΨErel

(
v−u

2

)
≤ 1

2(Erel[v] +Drel[q]) .

9



Repin theorem - Proof sketch

The convexity property of ΦG∗ and ΦF ∗ gives:

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u))

≤ 1
2 (F ∗[−Λ∗v] +G∗[v] + F ∗[−Λ∗u] +G∗[u])

−
(
F ∗
[
−Λ∗ u+v

2

]
+G∗

[
u+v

2

])

= 1
2(Erel[v] + Erel[u])− Erel[u+v

2 ]

Since u is a minimizer of Erel and thus 0 ∈ ∂Erel[u], we get

ΨErel

(
v−u

2

)
= ΨErel

(
u+v

2 − u
)
≤ Erel[u+v

2 ]− Erel[u].

Adding both inequalities gives

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u)) + ΨErel

(
v−u

2

)
≤ 1

2(Erel[v]− Erel[u]).

The claim follows using the weak complementarity principle

Erel[u] ≥ −Drel[q].
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Functional a posteriori error estimates for Erel

Theorem [Repin ’00]: Let u ∈ argminṽ∈V E
rel[ṽ] and q ∈ Q,

v ∈ V ′ = V = L2(Ω). Then,

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u)) + ΨErel

(
v−u

2

)
≤ 1

2(Erel[v] +Drel[q]) .

In our case, one gets

ΦF ∗ ≡ 0, ΦG∗(v) =
1

4

∫
Ω
v2(θ1 + θ2) dx, ΨErel(v) =

∫
Ω
v2(θ1 + θ2) dx.

Using 1
2ν (c1 − c2)2 ≤ θ1 + θ2 this leads to:

Theorem [A posteriori error estimate for Erel]: Let u ∈ V be the
minimizer of Erel. Then, for any v ∈ V and q ∈ Q it holds that

‖u− v‖2L2(Ω) ≤ err2
u[v, q] :=

2ν

(c1 − c2)2

(
Erel[v] +Drel[q]

)

=
2ν

(c1 − c2)2

∫
Ω
v2θ1 + (1− v)2θ2 + |∇v|+

1
4

(div q)2+div qθ2−θ1θ2
θ1+θ2

dx .
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rel[ṽ] and q ∈ Q,

v ∈ V ′ = V = L2(Ω). Then,

ΦG∗(v − u) + ΦF ∗(−Λ∗(v − u)) + ΨErel

(
v−u

2

)
≤ 1

2(Erel[v] +Drel[q]) .

In our case, one gets

ΦF ∗ ≡ 0, ΦG∗(v) =
1

4

∫
Ω
v2(θ1 + θ2) dx, ΨErel(v) =

∫
Ω
v2(θ1 + θ2) dx.

Using 1
2ν (c1 − c2)2 ≤ θ1 + θ2 this leads to:

Theorem [A posteriori error estimate for Erel]: Let u ∈ V be the
minimizer of Erel. Then, for any v ∈ V and q ∈ Q it holds that

‖u− v‖2L2(Ω) ≤ err2
u[v, q] :=

2ν

(c1 − c2)2

(
Erel[v] +Drel[q]

)

=
2ν

(c1 − c2)2

∫
Ω
v2θ1 + (1− v)2θ2 + |∇v|+

1
4

(div q)2+div qθ2−θ1θ2
θ1+θ2

dx .

11



Functional a posteriori error estimates for Erel

Theorem [Repin ’00]: Let u ∈ argminṽ∈V E
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A posteriori error estimates for the binary model

Key observation: solutions of Erel are characterized by steep profiles
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Theorem [A posteriori error estimate for E]: Let χ ∈ BV (Ω, {0, 1})
be the minimizer of the binary Mumford–Shah functional obtained from
Erel. Then for all v ∈ V = L2(Ω) and q ∈ Q = HN (div,Ω) we have∥∥χ− χ[v> 1

2
]

∥∥
L1(Ω)

≤ inf
η∈(0, 1

2
)

{
errχ[v, q, η] =

(
a[v, η] + 1

η2
err2

u[v, q]
)}

.
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η∈(0, 1

2
)

{
errχ[v, q, η] =

(
a[v, η] + 1

η2
err2

u[v, q]
)}

.

Proof:
[
u > 1

2

]
∆
[
v > 1

2

]
⊆
[

1
2 − η ≤ v ≤

1
2 + η

]
∪ [|u− v| > η]

1
21

2 − η

1
2 + η

1

u minimizer of Erel v ∈ V
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Proof:
[
u > 1

2

]
∆
[
v > 1

2

]
⊆
[

1
2 − η ≤ v ≤

1
2 + η

]
∪ [|u− v| > η]

Using the estimate for ‖u− v‖2L2(Ω), we get

Ln([|u− v| > η]) ≤
∫
{|u−v|>η}

1
η2
|u− v|2 dx ≤ 1

η2
err2

u[v, q] .

The above holds for any η ∈ (0, 1
2), so also for inf

η∈(0, 1
2

)
.
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Two discretizations and primal-dual algorithm

T adaptive simplicial mesh
V0
h space of piecewise constant finite element functions on T
V1
h space of continuous and affine finite element functions on T

Gh[vh] =

∫
Ω

1
4v

2
h + vh − θ1,hθ2,h

θ1,h + θ2,h
dx , Fh[qh] = IB̄1

[qh] ,

G∗h[vh] =

∫
Ω
v2
hθ1,h + (1− vh)2θ2,h dx , ,

for θi,h = Ih( 1
ν (ci − u0)2) for i = 1, 2, Ih Lagrange interpolation
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for θi,h = Ih( 1
ν (ci − u0)2) for i = 1, 2, Ih Lagrange interpolation

(FE) discretization Vh = V1
h with L2-scalar product and Qh = (V1

h)2

with lumped mass scalar product,
−Λ∗h : Vh → Qh implicitly defined via (cf. [Bartels ’14])∫

Ω
Ih(−Λ∗hvh · qh) dx =

∫
Ω
vhPh div qh dx ∀qh ∈ Qh, vh ∈ Vh

Ph : L2(Ω)→ Vh denotes L2-projection
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∫
Ω
|qh|dx ,

for θi,h = Ih( 1
ν (ci − u0)2) for i = 1, 2, Ih Lagrange interpolation

(FE’) discretization Vh = V1
h and Qh = (V0

h)2 with L2-scalar product
Λh : Qh → Vh given by∫

Ω
Ih(Λhqhvh) dx = −

∫
Ω
qh · ∇vh dx ∀qh ∈ Qh, vh ∈ Vh

⇒ −Λ∗hvh = ∇vh
To evaluate err2

u an L2-projection of the dual solution is performed
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The primal-dual algorithm

Primal-dual algorithm [Chambolle, Pock ’11]

while ‖uk+1
h − ukh‖∞ >THRESHOLD do

pk+1
h = (Id + σ∂Fh)−1(pkh − σΛ∗hū

k
h);

uk+1
h = (Id + τ∂G∗h)−1(ukh + τΛhp

k+1
h );

ūk+1
h = 2uk+1

h − ukh;

end

The resolvent (Id + σ∂Fh)−1 for Fh is well known.

The resolvent (Id + τ∂G∗h)−1 for

G∗h[vh] =

∫
Ω
v2
hθ1,h + (1− vh)2θ2,h dx

can be computed in a straightforwardly, but involves mass matrices.

The operator norm of Λ can be estimated as follows
‖Λh‖2 ≤ 48(3 + 2

√
2)h−2

min for (FE’) and n = 2

‖Λh‖2 ≤ 96(3 + 2
√

2)h−2
min for (FE)
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Numerical results - “Flower”

u0 uh χ[uh>0.5]

mesh after 2nd, 5th, 10th iteration
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Numerical results - “Flower” (cont.)
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err2
u estimator for ‖u− uh‖2L2(Ω) ((FE) (black), (FE’) (red))

errχ estimator for ‖χ− χ[uh>0.5]‖L1(Ω) ((FE) (orange), (FE’) (blue))
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Numerical results - “Cameraman”

u0 uh χ[uh>0.5]

mesh after 5th, 10th iteration

Image source: MATLAB
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Numerical results - “Cameraman” (cont.)
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Numerical results - “Gaussians” using (FE’)

u0 uh χ[uh>0.5]

(ph)1 (ph)2 0 1
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Numerical results - “Gaussians” using (FE’)
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Conclusion and outlook

Summary

A posteriori error estimates for the binary Mumford–Shah model

Natural error quantity: area of the non-properly segmented region

Key ingredients:

Uniformly convex, unonstrained relaxation of the original problem
Repin’s theorem for a posteriori error estimation of the relaxation
Cut out argument to estimate the area mismatch

Estimate can be used for adaptive mesh refinement

Two different adaptive primal-dual finite element schemes

Numerical experiments show qualitative and quantitative properties

Outlook

Transfer the approach to more general computer vision problems

Develop/use minimization algorithms that are tailored to the
adaptive structure
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Transfer the approach to more general computer vision problems

Develop/use minimization algorithms that are tailored to the
adaptive structure
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