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Orientation

Aim: Approximate expectations with respect to a target
probability distribution 7., which needs to be approximated by
some 7)., and the un-normalized target can only be evaluated
up to a non-negative unbiased estimator.

Solution: Apply an approximate coupling strategy so that the
multilevel Monte Carlo (MLMC) method can be used within a
pseudo-marginal algorithm [B02, AR08, ADH10].

@ MLMC methods reduce cost to error= O(=) [GO8];

@ Recently this methodology has been applied to inverse

UQ, mostly i% cases where n; can be evaluated up to a
normalizing constant [HSS13, DKST15, HTL16, BJLTZ17].

@ Here it is assumed that we cannot,

@ however we can construct a non-negative and unbiased
estimator of the un-normalized target +; [JKLZ18]. R
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Orientation

Aim: Approximate expectations with respect to a target
probability distribution 7., which needs to be approximated by
some 1, and the un-normalized target can only be evaluated
up to a non-negative unbiased estimator.

Solution: Apply an approximate coupling strategy so that the
multilevel Monte Carlo (MLMC) method can be used within a
pseudo-marginal algorithm [B02, AR08, ADH10].

@ MLMC methods reduce cost to error= O(=) [GO8];

@ Recently this methodology has been applied to inverse

UQ, mostly in cases where 1; can be evaluated up to a
normalizing constant [HSS13, DKST15, HTL16, BJLTZ17].

@ Here it is assumed that we cannot,

@ however we can construct a non-negative and unbiased
estimator of the un-normalized target +; [JKLZ18]. R




Example: expectation for SDE [GO08]

Estimation of expectation of solution of intractable stochastic
differential equation (SDE).

dX = f(X)dt + o(X)dW, Xo=Xo .

Aim: estimate E(g(X7)).
We need to

(1) Approximate, e.g. by Euler-Maruyama method with
resolution A:

i
Xpi1 = Xn + hf(Xn) + Vho(Xn)en, En~ N(0,1).

(2) Sample {X\ }N,, Ny = T/h.




Assumptions

(A1) VyeT,3C>0suchthatV xS, ¢ € 0,
C<gx.y)<C.
AndY y €T, gy(x.y) is globally Lipschitzon S x ©.

(A2) YO< k<n qge{1.2}, 33 > 0suchthatVv
o € Bp(© x S* 1) nLip(© x S¥1)3 C > 0

3-q
(/9 g2k +2 #l0) - ’:(ﬂﬂun(dy)“”(dzﬂ) H Qs nw(Zp 1.de)) = C(hr) o
| p=1

(A3) Suppose thatv n> 0,3 < (0,1) and v € P(W) such that
for each w € W, o € Bp(W) N Lip(W), h. b’

/w oW )K(w, o) > € [ (v)u(ow)

W
K is n-reversible, that is, i
[,cgn(dw)K(w.A) = [ _,n(dw)K(w,B) forany.A B W.




Main result

Theorem (JKLZ18)

Assume (A1-3). Then¥ n> 0,3 3 > 0 such thatV
2 € Bp(© x S™ 1) N Lip(© x S™1) 3 C > 0 such that




(A4) 3+,a,C > 0 such that the cost to simulate E" is controlled by
C(E") < CN,h; ", and the bias is controlled by

En,, (£(0. Xo:n)) — En,((0, Xo-n))| < Ch .

Corollary

Assume (A1-4). ¥ n > 0 and ¢ € Bp(© x S™ )N Lip(© x S™) 3
C > 0 such that¥ ¢ > 0 one can choose (L. {N;}}_,) so

E \ZE”’ ) — En, (2(8, Xo. ))|2 < Ce&,

L =0

with a total cost (pgr time step)

€2, i B>,
COST < C{ €2|log(e)|, if B =1,
f_(2+;ﬁi). if B<~.




Langevin SDE

1

dX; = ET log ?T(X;)C“ . 2 erWr. Xg = X0

Y| X ~ N(0,7° exp Xi) .
0 ~G(1,1),
o~ G(1,0.5).

@ 7(x) denote the probability density function of a Student’s
t-distributioniwith ¢ degrees of freedom.

@ x5 =0.

@ 1,000 observations simulated with# = 10, o = 1, and
2 =1.
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Langevin SDE

1
dX; = EV log ‘:T(X;)dt i UdW;. XU = Xo

Yi| X ~ N(0, 7% exp Xi) .
6 ~G(1,1),
o~ G(1,0.5).

@ 7(x) denote the probability density function of a Student’s
t-distributioniwith ¢ degrees of freedom.

@ xp =0.

@ 1.000 observations simulated with# = 10, o = 1, and
e =1.




Algorithm =+ ML-PMCMC = PMCMC

Ornstein- Uhlenbech process Ornstein- Uhlenbech process
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Figure: Cost vs. MSE for the 2 parameters for each of the 2 SDEs
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Model | Parameter | ML-PMCMC | PMCMC
OuU 6 -1.022 —-1.463

o —-1.065 —1.522

Langevin 6 —-1.060 -1.508
o -1.023 —1.481

Table: Estimated rates of convergence of MSE with respect to cost for
various parameters, fitted to the curves.
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Summary

@ New approximate coupling strategy can be used to apply
MLMC to PMCMC for static parameter estimation
[JKLZ18.1].

@ Same strategy can be employed for multi-index MCMC
[JKLZ18.ii].

@ In progress: SMC? [JLX18+]
I
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