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Orientation

Aim: Approximately sample from sequence of probability
distributions 7., m, Which need to be approximated by some
nLm, form=1,2,..., each given by a Bayesian inversion.

Solution: The multilevel Monte Carlo (MLMC) framework is
extended to the multilevel particle and ensemble Kalman filters
(MLPF and MLENKF).

@ MLMC methods reduce cost to error= O(¢e), can be used
in the case that 1, , can be sampled from directly [GO8].
@ Here it is assumed that 1..,m and 1, » cannot be sampled
from directly.
@ Particle filters are sequential Monte Carlo (SMC)
algorithms which provide consistent approximations of
such distributions [D04].
e EnK fiItlers are SMC algotith(ns yvhich provide % OAK RIDGE
approximations of such distributions [E06]. “National Laboratory
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0 Multilevel Monte Carlo Sampling
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MLMC

Example: expectation for SDE [G08]

Estimation of expectation of solution of intractable stochastic
differential equation (SDE).

dX = f(X)dt + o(X)dW, Xo=xo .

Aim: estimate E(g(XT1)).

We need to

(1) Approximate, e.g. by Euler-Maruyama method with
resolution h:

Xni1 = Xn+ hf(Xp) + \/EU(Xn)fn, &n ~ N(0,1).

(2) Sample {X,(V"Z}f\;, Ny = T/h.
# OAK RIDGE
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MLMC
Single level Monte Carlo

Aim: Approximate 7..(g) := E,.(9) forg: E — R.

Monte Carlo approach
@ Discretize the space = approximate distribution 7;.

@ Sample U{i) ~ n i.i.d., and approximate

N, ‘
n(g) =By (g) = Y = Z (U

@ Mean square error (MSE) E{ Y} — E,__[g(U)]}? splits into

E{Y" — B, [g(U)]}2 +{Ey [9(U)] - Ey [g(U)]}?

variance=O(N, D) bias

i OAK RIDGE
@ Cost to achieve MSE= O(?) is Cost(U{’)) x 72, b SO atory



Multilevel Monte Carlo |

Introduce a hierarchy of discretization levels {n;}L_, and define
Y) = {E, [9(U)] - E,_,[g(U)]}, with n_y := 0.
Observe the telescopic sum

L
Eylg(U)]=)_ Y.

1=0

Each term can be unbiasedly approximated by
1 N . .
V=5 2ot - g(u}
i=1

where g(U")) := 0.

# OAK RIDGE
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MLMC

Multilevel Monte Carlo Il

Multilevel Monte Carlo approach:
@ Samplei.i.d. (U, U_1)®) ~ 7, such that
[a'du_1 ;= mn_1, and approximateL

nL(g) ~ ?L,Mum = Z Y/N' .
=0

@ Mean square error (MSE) given by

E{Ymai — By [9(U)]}2 =
E{ \A/L,Mum —E,, [9( U)]}2 +E,, [9(U)] - E,_ [g( U)]}2 ‘

~~

variance=3"1_o Vi/Ny bias

e Fix bias by choosing L. Minimize cost C = Y, C/N; as a

function of {N/}L_, for fixed variance = Nj o \/W&OAK RIDGE
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MLMC

lllustration of pairwise coupling

Pairwise coupling of trajectories of an SDE:
Xr1+1 = X,;+hf(X,:‘,)+\/EU(X,1 )5”7 fn ~ N(07 1)? n= 07 ceey N1
XDi1 = X+ XD +V2ho (XD)(Santéont1), N=0,...,(N1—=1)/2.

1.

0.6 14 . X{O}
04 4 %'
0.2t / 1.3
0.0 1.2
o2 1.1
0.0 0.2 0.4 ¢ 0.6 0.8 1.0 1 .0 0.2 0.4 ¢ 0.6 0.8 1.0
(a) Weiner process (b) Stochastic process driven by
Wy = VhY ! & W2 = WJ,. Weiner process. ¥ OAK RIDGE
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MLMC

Multilevel vs. Single level

Assume h; = 2~/ and there are «, and 8 > ¢ such that
(i) weak error [E[g(U)) — g(U)]| = O(h).
(i) strong error E|g(U)) — g(U)|? = O(h,ﬁ) =V = (’)(h,/B),
(iii) computational cost for a realization of g(U,) — g(U,_1),
C x hfc.
Both cases require h?* = O(¢) = L « |loge|.

@ Single level cost C = O(e~¢/*~2) : cost per sample is
CL x e ¢/* andfixed V x £2 = N; x 2.

@ Multilevel cost Cyp = O(e72) : N, E—ZKth’B“)/Z, S0
V x e2 and C o e 2K2 for K, = S, hP~92 = o(1)
[G08] — cost of simulating a scalar random variable.

@ Example: Milstein solution of SDE

C=0(c3) vs. CuL=0(c?). ¥ OAK RIDGE
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Filtering

Filtering Problem

Framework:
XI’H—1 ~ Q(Xm ) )

Yn|Xn has density G(yn, Xn)-

Objective: Approximate E(o(Xn)|y1,-- -, Yn), Where y, € R"is a
realization of Yx and ¢ : RY — R.

The joint probability density of state and observations given
initial data Xg ~ ng is

n

11 G, x)Q(x(i-1), xi)mo(%o)-

i=1

Further assume we can only approximate X/, ~ Q‘(Xp,-), at
resolutions indexed by £ = 0,1,2,..., where Q= := Q. g oAk RipGE
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e Particle filter

% OAK RIDGE

- National Laboratory



Particle filter

Q(x,-) : kernel associated to level L with initial condition x.
This will be EuIer-Maruyama discretization of an SDE.

Generate 7, Nim = NL M OgLi ~ TL,m USing

Particle filter algorithm:
Fori=1,...,N., draw U’ ~ yg
Initialize m = 1. Do
(i) Fori=1,...,N., draw U’ ~ QL(US,, -);

(i) For k =1,..., i draw 15K according to multinomial
dlstrlbutlon {Wm}, 1» Where

Wiy = Gm(UL)/ SN Gn((UM).
(i) DL  ybln"

m«— m-+1 ?‘,OAK RIDGE

-National Laboratory
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@ Muttilevel Particle Filter
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Multilevel particle filter

M*([x, y],-) : coupled kernel with marginals Q‘(x, -) and
0271 (yv )
Generate ML = Y7o SN (0

00, := 0, usin
Um,’2 g

~eio — Opei ) & 1L m, With
Um,l1 Um,l2) 77L,m1

Multilevel particle filter algorithm: ‘
For¢=0,1,...,Landi=1,...,N,, draw Ué:q ~ g, and let
0 = O
Initialize m= 1. Do
(i) Fore=0,1,....Landi=1,..., N, draw
(Url;;fﬁ Ufr’rfz) ~ Mé((arl;}i1,1v Uf;’,’;tz), s
(i) For ¢=0,1,...,Land k =1,..., Ny, draw (1%, I5%)

m,1°> 'm,
according to the coupled resampling procedure;
LTk Tk 0,10k Ul,lﬁ”‘

m,1° ~'m,
m+«— m+1

- National Laboratory



Coupled resampling |

, i g i AN
Given {{U.',, U '3 A E o)

m,1°> ~m,

For¢=0,1,...,L define

0,
WZ,i . Gm(Umf1)
71 - 7.
N Ge(U)

and

Gm(Uy)

W, = — .
m,2 N £,
>ty Gm(Uyl,)

# OAK RIDGE
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Coupled resampling Il

Coupled resampling procedure:
a. with probability a, = SN wh' A wh, draw 155

according to

0,0 0,0
Wm71 A Wm,2

¢
Plm1 = 1) = S il
Zj:1 m,1 Wm,2
and let /5% = 55

0k ok
lm,1’lm,2

b. with probability 1 — a4, draw (
according to the probabilities

N,
0 : £, £, 0,0 0.j 0.j 0.j
]P)(lm,1 = ’) = [Wm:1 - mf1 A ijz]/(E :Wm/,1 - Wm/,1 A Wy,
j=1

) independently
m2/'

N,
0 , 0 0 0, 0 0 0
P(lo = 1) = [Wy'a — W'y A WmfZ]/(Z Wiy = Wiy A Wp),
= % OAK RIDGE
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MLPF

Assuming 1-step strong error convergence order 3, weak error
order «, and cost ¢ (for Euler-Maruyama o« = 5 = ( = 1), the
following theorem holds:

Theorem (JKLZ15)

Under suitable regularity assumptions on M and G, for any
o € Bp(RY) N Lip(RY)

L 5/2

E {7l () — im()}] Z

/=1

In particular, for 3/2 > ¢, L and {N;}_, can be chosen such
that MSE= O(c?) for computational cost= O(s~2).

Note that the coupled resampling effectively reduces rate

B—B/2 % OAK RIDGE
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Numerical examples

(] dXt = a(Xt)dt + b(Xt)th,

Xo = Xo,

with X; € R9, t > 0 and { Wt} tejo, 7] @ Brownian motion of
appropriate dimension.

@ Partial observations {y1, . ..

density function G(yx, Xk)-
@ Euler Maruyama discretization with h, = 2~¢. For constant
diffusion 8 = 2, for non-constant diffusion g = 1.

, ¥n} available and Yi| Xy has a

Example a(x) b(x) G(y; x) o(X)
ou O(p — x) o N(x,712) X
GBM X oX N(logx,72) x
Langevin IViogn(x) o N(0,72¢¥)  72e*
NLM

0(p — x) \/ﬁ

E(X’ S) X%QAK RIDGE
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Numerical examples: rate

MLPF

1= pin)

n 200

Geometric Brownian motion

400 —+ 600 —=- 800

1000

Langevin spE

-
Non-linear diffusion spE Ornstein-Uhlenbeck process
-
e
P ~
e
# =
e
s -
e
e
H
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MLPF

Numerical examples: cost

Algorithm — mipr —— pr —= O(e72) —= O(e™)

Geometric Brownian motion Langevin SDE
220 - -
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2! = - + .
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© Non-linear diffusion SpE Ornstein-Uhlenbeck process
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© Ensemble Kalman filter (EnKF)
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Observation

L,n
Uit

. . L
Prediction mi 4

L

( L
K

~L.n

Analysis Uil

with

n
j+1

n
Vit

~ N(0,T) i.i.d.

Ly~Ln
~Q (uj ,o), n=1,.. N,
1 N L,n
= N 2n=1 Uiy,
L,n

1 N, Ln L
= N1 o=t (U3 — M) (U

= CfHT(HCfHT + 1),

1
G(u yi) ox exp(—5 T2 (Hu; — y)P) .

L \T
—miq)’

=(I— K- H)uji’; +;<,-+1ij+”1’, n=1,..,N,

j+1
:_}//—‘,-1 +§j/}r1’ n= 1,...,N.
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EnKF

EnKF converges under weak assumptions

~L
UJL_H ~ QL(“j? ')7
Prediction m}+1 = E[U/-L+1] ,
—L —L =L L =L
Ciy1 = IE[(“jﬂ - mj+1)(uj+1 - mj+1)T] :
r L *L
. ~L
Analysis Uy =(1- Kj+1H) i+ K+1y/+1,
Yisr =Y+

Then for suitable ¢
1N

L, —
N 2 e(ur) — Elp(@)]

n=1

< CN—1 /2
B % OAK RIDGE

p -National Laboratory




MLEnKF
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MLEnKF

MLENnKF [HLT16]

For€_1 ,L,andn=1,... N, draw
(U], uyg) = g M((uo, Up), ). And draw t" ~ Q°(up, ).
In|t|aI|zej =1. Do
(i) Compute the MLMC Kalman gain estimator KM.
(i) Fore=1,...,L,and n=1,..., N,, independently draw

yf’” ~ N(y;,T), and for i = 1,2 compute

Ajgln _ (/— KMLH)UE’H— KMLyj
Setj=j+1.

(i) Fore=1,...,L,and n=1,..., Ny, independently draw
(U, uj{g’) g /W((A“1 1,af " 5).-). And draw
U/p’l ~ Q& 1—1’ ) % OAK RIDGE
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MLEnKF

MLMC Kalman gain

T T . -1
KM = CMEHT(HCMYHT 1)1
with CY'- the positive semi-definite modification of the multilevel

covariance estimate CM", given by

No

ML _ NPRORN S N b N
G = OZU/ O NOZUI' NOZ:“/‘
=

i=1

1 R [ big 6T g £iNT
N, 4 (“/,1(“/,1) — Uia(Uj5) )_

;M ;M T ;M ;N T
0 0 0 v
—N"h uttl 4 [ — E ut E ut .
( ¢ /J) < Ly M) (Nf i 172> (N" i1 j’2> ]

# OAK RIDGE
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MLEnKF

ML . x~L A Ny ) Y A i
5uo,/ := 0, where i, m is the level L limiting measure.
m,2

Theorem (HLT16)

Assume the coefficients of the SDE are globally Lipschitz, the
initial condition is in LP for all p > 2, and 3 > (. Then, for
appropriate o, and for e > 0, one can choose L and {Ng}ézo So
that

|tte) = mmie)| < C

for some C > 0, for a cost of O((log £)?"c~2).

# OAK RIDGE
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MLEnKF

Error of MLENnKF for OU SDE
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Summary

Summary

@ Multilevel particle filter (MLPF) can perform asymptotically
as well as MLMC.

@ Cost-to-c can be asymptotically the same as for a scalar
random variable!

@ MLPF strong error is effectively reduced by coupled
resampling g — (/2.

@ Using approximate coupling on the smoothing distribution,
and importance sampling, strong error can be preserved:
illustrated with particle MCMC in [JKLZ17].

@ MLENKEF has a spurious n-dependent logarithmic penalty
(log€)?" on cost (not present in simulations).

@ MLENKEF for spatial models (PDE) recently introduced

[CHLNT17]. $0AK RIDGE
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Summary

https://sites.google.com/site/kodyjhlaw
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Summary
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Summary

https://sites.google.com/site/kodyjhlaw
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Thank you!
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