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Interactions among math, 
physics, chemistry and biology 



Voice on Cell



Which kind of 
physical/chemical processes 
can be described by 
stochastic processes?

• Mesoscopic scale (time and space)

• Single-molecule and single-cell 
(subcellular) dynamics

• Trajectory perspective



Single-molecule experiments 

Lu, et al. Science (1998)

Single-molecule enzyme kinetics

E. Neher and B. Sakman
Nobel Prize in 1991 

Single Ion channel



Single-cell dynamics (in vivo)

Eldar, A. and Elowitz, M. Nature (2010)

Choi, et al. Science (2008)



Central Dogma

Copy numbers in a single cell

Bacteria Eukaryotic cells

DNA 1  or 2 ~2

mRNA A few 1 - 103

Protein 1 - 104 1 - 106

Not enough attention has 
been paid to this fact.



Regulation of gene expression

An example of gene circuit 
with positive feedback: 

Lac operon



Bimodal distributions in biology: 
multiple phenotypic states

Choi, et al., Science (2008) To, T. and Maheshri, N. Science  (2010) 

Ferrell, J. and Machleder, E. Science (1998)



Two-state model with 
positive feedback


1k

n max

large
The analytical results introduced here can be applied to 

any self-regulating module of a single gene, while the 

methodology is valid for a much more general context.



Mean-field deterministic model 
with positive feedback
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Interconversion of different 
phenotypic states

Choi, et al., Science (2008) Gupta, et al., Cell (2011) 

How to quantify the transition rates 
between different phenotypic states, 
provided their existence?



Three time scales and three 
different scenarios
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 )i(  )iii(  )ii( Ao, et al. (2004); 
Huang, et al. (2010);… 

When stochastic gene-state switching is extremely rapid

 )ii(  )i(  )iii(
Qian, et al. (2009); 
Wolynes, et al. (2005);…

When stochastic gene-state switching is extremely slow

When the time scales of (ii) and (iii) are comparable
Assaf, et al. (2011); 
Li, et al. (2014)

 )i(  )ii( Wolynes, et al. (2005);
Ge, et al. (2015)

When stochastic gene-state switching is relatively slow

 )iii(

 )i(  )ii(  )iii(



Eldar, A. and Elowitz, M. Nature (2010) Cai, et al. Science (2006)

Golding et al. Cell (2005) Suter, et al. Science (2011)

Bursty dynamics and relatively 
slow gene-state switching



A single-molecule fluctuating-
rate model is derived

Ge, H., Qian, H. and Xie, X.S., PRL (2015)
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Bifurcation diagram for simple example
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Rescaled dynamics

Continuous Mean-field limit Fluctuating-rate model
(Piecewise deterministic Markov process)
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Ge, H., Qian, H. and Xie, X.S., PRL (2015)

Stochastic dynamics of 
fluctuating-rate model
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Nonequilibrium landscape 
function emerges

Dynamics in the mean field limit model
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Ge, H., Qian, H. and Xie, X.S., PRL (2015)

As gene-state switching 
is much faster than the 

cell cycle

Quantify the relative stability 
of stable fixed points

෩Φ = Φ ∕ 𝑓

𝑑𝑥

𝑑𝑡
= 𝑔 𝑥 − 𝛾𝑥

෩Φ



Rate formulae associated 
with the landscape function

Wolynes, et al. PNAS (2005)

Gene-state switching is extremely slow

k linearly depend on gene-state switching rates

Gene-state switching is relatively slow

Barrier crossing

Ge, H., Qian, H. and Xie, X.S., PRL (2015)

maxn

maxn

maxn
maxn

maxn

𝑘 ≈ 𝑘0𝑒−∆Φ
‡



Compared to previous rate 
formulae for bursty dynamics

Eldar, A. and Elowitz, M. Nature (2010) Cai, et al. Science (2006)

Burst size

Walczak,et al.,PNAS (2005);Choi, et al.,JMB (2010);Ge,H.,Qian,H.and Xie, X.S.,PRL (2015)
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Rigorous analysis: 
quasi potential in LDP

Local: The Donsker-Varadhan large 
deviation theory for Markov process

Global: The Freidlin-Wentzell large deviation 
theory for random perturbed dynamic system

+

LDT of Fluctuating-rate model (Switching ODE)

See Chapter 7 in Freidlin and Wentzell: Random Perturbations of Dynamical Systems (2nd Ed). Springer 1984

Faggionato A. et al.: Non-equilibrium thermodynamics of piecewise deterministic Markov processes, JSP (2009)



Fluctuating-rate model 
for Lac operon

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)

Stochastic variable 

for the state of operon

Inspired by Choi, et al. Science (2008)

Not widely present in 

previous models, but 

absolutely necessary here

Positive feedback (PF) 
+ multiple gene states



Single-molecule fluctuation 
broadens bistability with PF

Diagram for deterministic 

bistability

Broadened bistability: emergence 

of stochastsic bistability

Mean-field model Steady-state hysteresis 

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)



Stochastic bistability without 
PF is impossible

Slow gene-state switching is 
necessary for stochastic bistability;
But has to be extremely slow in the 
absence of positive feedback!

 : the ratio of operon-state switching rates with respect to the wild-type cells

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)



Stochastic bistability with PF: 
stabilizing the induced state

Without feedback With feedback

With the help of PF, gene-state switching 
does not have to be extremely slow!

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)



Slow operon-state switching: 
stabilizing the uninduced state

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)

𝝎 = 𝟐𝟎



Transition rates distinguishing 
two categories of bistability
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Deterministic bistabilityStochastic bistability

ijk
increases and 
finally saturates

Increasing the gene-state switching rates

Ge, H., Wu, P.P., Qian, H. and Xie, X.S.: Plos Comp Biol (2018)



Summary

 Stochastic processes become more and more popular to 

model the mesoscopic biophysical dynamics, especially in 

single-cell biology. 

We proposed a single-molecule fluctuating-rate model in 

an intermediate scenario, which is significantly simpler 

than the full Chemcal-Master-Equation description. Also 

we derived an associated saddle-crossing rate formula for 

the phenotype. 

We apply the fluctuating-rate model to Lac operon 

system, showing why and how the stochastic gene-state 

switching broads the parameter region for bistability.
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