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Overview
• Goal:	
  Gain	
  insights	
  into	
  the	
  how	
  circadian	
  
rhythms	
  respond	
  to	
  long	
  distance	
  travel	
  

• Approach:	
  Model	
  synchronization	
  of	
  circadian	
  
oscillators	
  using	
  the	
  forced	
  Kuramoto	
  model;	
  
apply	
  dimension	
  reduction	
  techniques	
  for	
  
tractability	
  

• Applications	
  and	
  extensions:	
  Devise	
  better	
  
strategies	
  for	
  combating	
  jet-­‐lag;	
  guide	
  the	
  
formulation	
  of	
  more	
  accurate	
  models.

3

Lu,	
  Klein-­‐Cardeña,	
  Lee,	
  Antonsen,	
  Girvan,	
  and	
  Ott.	
  "Resynchronization	
  of	
  circadian	
  
oscillators	
  and	
  the	
  east-­‐west	
  asymmetry	
  of	
  jet-­‐lag."	
  Chaos	
  (2016).



Background:	
  Suprachiasmatic	
  Nucleus
• Region	
  of	
  hypothalamus	
  know	
  to	
  regulate	
  
circadian	
  rhythms	
  	
  

• Consists	
  of	
  ~104	
  neuronal	
  pacemaker	
  cells	
  
• Synchronization	
  of	
  these	
  cells	
  is	
  important	
  for	
  
maintenance	
  of	
  healthy	
  circadian	
  rhythms

4from	
  Wikipedia



Synchronization	
  with	
  no	
  external	
  drive
• Each	
   of	
   ~104	
   neurons	
   oscillates	
   in	
   a	
   synchronized	
  way	
  with	
  
period	
  ~24	
  hours.	
  	
  
• Oscillations	
   reflect	
   changes	
   in	
   expression	
   levels	
   of	
   mPre1	
  
protein	
  or	
  firing	
  rate	
  	
  
• Synchronization	
  happens	
  even	
  without	
  external	
  drive.

Yamaguchi,	
  et	
  al.	
  Science	
  2003	
  

SCN	
  of	
  Mice



Kuramoto model for SCN with no drive
The classic Kuramoto model with all-to-all coupling:

Here ϑi is the phase of oscillator i and ωi is its frequency, which is 
distributed according to some pdf.

3. Coupled phase oscillator models on complex networks

The need to understand synchronization, mainly in the context of biological neural networks, promoted
the first studies of synchronization of coupled oscillators considering a network of interactions between them.
In the late 80’s, Strogatz and Mirollo [25] and later Niebur et al. [26] studied the collective synchronization
of phase non-linear oscillators with random intrinsic frequencies under a variety of coupling schemes in 2D
lattices. Beyond the differences with the actual conception of a complex network, the topologies studied
in [26] can be thought of as a first approach to reveal how the complexity of the connectivity affects
synchronization. The authors used a square lattice as a geometrical reference to construct three different
connectivity schemes: four nearest neighbors, Gaussian connectivity truncated at 2σ, and finally a random
sparse connectivity. These results showed that random long-range connections lead to a more rapid and
robust phase locking between oscillators than nearest-neighbor coupling or locally dense connection schemes.
This observation is at the root of the recent findings about synchronization in complex networks of oscillators.
In the current section we review the results obtained so far on three different kinds of oscillatory ensembles:
limit cycle oscillators (Kuramoto), pulse-coupled models, and finally coupled map systems. We reserve
for Sect. 4 those works that use the MSF formalism. Many other works whose major contribution is the
understanding of synchronization phenomena in specific scenarios are discussed in the Applications section.

3.1. Phase oscillators

3.1.1. The Kuramoto model
The pioneering work by Winfree [6] spurred the field of collective synchronization and called for math-

ematical approaches to tackle the problem. One of these approaches, as already stated, considers a system
made up of a huge population of weakly-coupled, nearly identical, interacting limit-cycle oscillators, where
each oscillator exerts a phase dependent influence on the others and changes its rhythm according to a
sensitivity function [27, 28].

Even if these simplifications seem to be very crude, the phenomenology of the problem can be captured.
Namely, the population of oscillators exhibits the dynamic analog to an equilibrium phase transition. When
the natural frequencies of the oscillators are too diverse compared to the strength of the coupling, they
are unable to synchronize and the system behaves incoherently. However, if the coupling is strong enough,
all oscillators freeze into synchrony. The transition from one regime to the other takes place at a certain
threshold. At this point some elements lock their relative phase and a cluster of synchronized nodes develops.
This constitutes the onset of synchronization. Beyond this value, the population of oscillators is split into
a partially synchronized state made up of oscillators locked in phase and a group of nodes whose natural
frequencies are too different as to be part of the coherent cluster. Finally, after further increasing the
coupling, more and more elements get entrained around the mean phase of the collective rhythm generated
by the whole population and the system settles in the completely synchronized state.

Kuramoto [29, 30] worked out a mathematically tractable model to describe this phenomenology. He
recognized that the most suitable case for analytical treatment should be the mean field approach. He
proposed an all-to-all purely sinusoidal coupling, and then the governing equations for each of the oscillators
in the system are:

θ̇i = ωi +
K

N

N
∑

j=1

sin (θj − θi) (i = 1, ..., N) , (3)

where the factor 1/N is incorporated to ensure a good behavior of the model in the thermodynamic limit,
N → ∞, ωi stands for the natural frequency of oscillator i, and K is the coupling constant. The frequencies
ωi are distributed according to some function g(ω), that is usually assumed to be unimodal and symmetric
about its mean frequency Ω. Admittedly, due to the rotational symmetry in the model, we can use a rotating
frame and redefine ωi → ωi + Ω for all i and set Ω = 0, so that the ωi’s denote deviations from the mean
frequency.
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‣ If the frequency spread is 
too large compared to 
coupling strength K ➞ 
incoherence

‣ Onset of synchronization 
takes at critical value of K, 
which depends on the 
distribution of frequencies

Complex order parameter:

Kc

r 

K

Incoherence 

Synchronization 

1≈r 0≈r



Synchronized	
  and	
  Entrained

• Neurons	
  in	
  SCN	
  are	
  not	
  only	
  synchronized	
  but	
  also	
  
entrained	
  to	
  the	
  24	
  hr/day	
  external	
  day-­‐night	
  cycle	
  	
  
•We	
  need	
  a	
  model	
  with	
  external	
  driving	
  force	
  (e.g.,	
  
light,	
  meals,	
  your	
  alarm	
  clock,	
  etc.)



Modeling	
  recovery	
  from	
  jet-­‐lag

• Jet-­‐lag,	
  also	
  called	
  desynchronosis,	
  results	
  from	
  
disruption	
  of	
  the	
  body's	
  circadian	
  rhythms	
  due	
  
to	
  rapid	
  long-­‐distance	
  travel	
  

• People	
  report	
  more	
  severe	
  jet-­‐lag	
  after	
  
traveling	
  eastward	
  than	
  westward.	
  

• We	
  use	
  the	
  Kuramoto	
  model	
  with	
  external	
  
drive	
  to	
  study	
  recovery	
  from	
  jet-­‐lag



Forced	
  Kuramoto	
  Model
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Studying	
  Jet-­‐lag	
  with	
  the	
  Forced	
  Kuramoto	
  Model

natural	
  
frequency

coupling	
  from	
  
other	
  neurons
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  external	
  
driving	
  @	
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  p
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W:	
  p<0 E:	
  p>0
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p:	
  phase	
  value	
  of	
  time-­‐zone

Approximation	
  for	
  high-­‐speed	
  travel:



Modeling	
  Jet-­‐lag

natural	
  
frequency

coupling	
  from	
  
other	
  neurons

24hr	
  periodic	
  external	
  
driving	
  @	
  time-­‐zone	
  p

Order	
  parameter	
  z:

Discontinuous	
  change	
  of	
  order	
  
parameter	
  due	
  to	
  fast	
  travel:



Dimension	
  Reduction	
  Technique:  
Ott-­‐Antonsen	
  Ansatz

• Take	
  the	
  continuum	
  limit,	
  N	
  ➞	
  ∞	
  
• System	
  described	
  by	
  time-­‐dependent	
  distribution	
  of	
  

oscillator	
  phases	
  and	
  frequencies,	
  f(𝜃,𝜔,t)	
  
• Ott-­‐Antonson	
  ansatz	
  postulates	
  a	
  particular	
  form	
  of	
  

f(𝜃,𝜔,t)	
  which	
  allows	
  us	
  to	
  write	
  down	
  a	
  differential	
  
equation	
  for	
  the	
  order	
  parameter:



Three	
  Types	
  of	
  Re-­‐entrainment	
  Diagrams

• Type	
  A:	
  Only	
  one	
  fixed	
  point	
  (stable)	
  
• Type	
  B:	
  An	
  attracting	
  limit	
  cycle	
  
• Type	
  C:	
  Three	
  fixed	
  points	
  (one	
  stable,	
  one	
  
unstable,	
  and	
  one	
  saddle)	
  

By	
  dividing	
  the	
  whole	
  equation	
  by	
  Δ,	
  only	
  three	
  
parameters:	
  K/Δ,	
  F/Δ,	
  and	
  Ω/Δ,	
  affect	
  the	
  phase	
  diagram.



Type	
  A	
  Dynamics

Entrained	
  state	
  z*



Type	
  B	
  Dynamics

No	
  entrained	
  state

A-­‐>B	
  Hopf	
  bifurcation



Type	
  C	
  Dynamics

Entrained	
  state	
  z*



Visualizing	
  relaxation	
  to	
  the	
  fixed	
  point	
  for	
  slightly	
  different	
  parameter	
  sets

Eastward	
  travel	
  over	
  9	
  time-­‐zones	
  
corresponds	
  to	
  the	
  border	
  of	
  the	
  
phase	
  advancing/delaying	
  recoveries.

East-­‐West	
  Asymmetry	
  of	
  Jet-­‐lag

Start	
  at	
  fixed	
  point	
  for	
  pre-­‐travel	
  time-­‐zone;	
  end	
  at	
  new	
  time-­‐zone	
  fixed	
  point

Type	
  C Type	
  A



Estimating	
  model	
  parameters
• Oscillators	
  should	
  be	
  able	
  to	
  synchronize	
  even	
  
when	
  F=0	
  (based	
  on	
  experimental	
  studies	
  of	
  
individuals	
  without	
  external	
  drive)	
  

• Experiments	
  suggest	
  that	
  the	
  period	
  of	
  
individual	
  circadian	
  oscillators	
  is	
  slightly	
  longer	
  
than	
  24	
  hours	
  (around	
  24.5	
  hours)	
  

• Studies	
  suggest	
  that	
  phase	
  readjustments	
  are	
  
about	
  1	
  hour/day	
  for	
  eastward	
  travel	
  and	
  1.5	
  
hours/day	
  for	
  westward	
  travel
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Recovery	
  Curves	
  for	
  Typical	
  Individual

Slightly	
  longer	
  than	
  24	
  hour	
  natural	
  period	
  leads	
  to	
  large	
  asymmetries	
  in	
  
recovery	
  times	
  for	
  eastward	
  vs.	
  westward	
  travel.	
  Model	
  helps	
  explain	
  the	
  
dynamics	
  of	
  this	
  effect.

Severity	
  of	
  jet-­‐lag	
  vs	
  time



Parameter	
  Dependence

Eastward	
  worse	
  than	
  westward	
  
because	
  natural	
  period	
  is	
  slight	
  
longer	
  than	
  24	
  hours	
  (Ω>0).

Advice:	
  Try	
  to	
  increase	
  F	
  (e.g,	
  
get	
  sunshine,	
  limit	
  artificial	
  light	
  
at	
  night,	
  use	
  alarm	
  clocks	
  
thoughtfully)



Closing	
  Thoughts
• Summary:	
  Analyzing	
  the	
  forced	
  Kuramoto	
  model	
  gives	
  us	
  insights	
  
into	
  nonlinear	
  dynamics	
  of	
  jet-­‐lag	
  recovery.	
  Natural	
  period	
  
slightly	
  >	
  24	
  hours	
  ➞	
  Large	
  East-­‐West	
  asymmetry	
  of	
  jet-­‐lag	
  

• Advantages	
  of	
  our	
  approach:	
  	
  
‣ Captures	
  the	
  microscopic	
  dynamics	
  of	
  interacting	
  pacemaker	
  
cells	
  

‣ Reducible	
  to	
  a	
  low-­‐dimensional	
  macroscopic	
  description	
  
‣ Provides	
  a	
  dynamical	
  understanding	
  of	
  the	
  East-­‐West	
  
asymmetry	
  of	
  jet-­‐lag	
  

• Future	
  directions:	
  	
  
‣ More	
  realistic	
  phase	
  oscillator	
  descriptions	
  
‣ Incorporating	
  heterogeneous	
  connectivity	
  patterns	
  
‣ Better	
  estimates	
  of	
  model	
  parameters
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