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Background



Elliptic Inverse Problem. Dashti, Stuart

MATHEMATICAL MODEL DATA
—V - ("®Vp(x)) =f in D, i =p) +m;, % €D.
p =h on OD.

Uncertainty in input u € H.
Treat it as random.
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Goal

Bayesian Inverse Problem

g involves an FPDE.
Formulation, well-posedness?



Setting



Basic Framework

Ly:=—V - (A(x)V.),s € (0,1).

Lyp =f, in D,
Oap =0, on OD.

Set-up: Uncertainty on A and s. f known.

Aim: Learn A(x) and s from partial and noisy observations of p

y=0({p)+neR", n~NOT).



Why Fractional Order Bayesian Inverse Problems?

e Order uncertainty e.g. in viscoelastic materials (Zayernouri).

e Integer order PDE < fractional order in boundary.



Bayesian Formulation

Lip =f, in D,

Forward Map u := (s,A) — p {8 0 oD
wp =Y, on )

Data y=O0(p)+n=:G(u)+n.

NON-SMOOTH CASE

e feLZ (D). (Right-hand side)

e X:=(0,1) x L>®(D). (Prior space)
SMOOTH CASE

e f €L (D) for some p > 2. (Right-hand side)

o X:= (%, 1] N CcY(D). (Prior space)
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Main results

Theorem 1
If m1(X) = 1, the BIP is well formulated:

dp”, o 1 L 2
() = S exp( =5y = G-

Theorem 2

There is C = C(r) such that, for all yy,y, € R™ with |y;|, [y2| < r,

DHeu(/‘yla/‘yz) < C|yl - y2|'

11



Two Comments

12



Fractional Laplacian

Orthonormal basis of eigenfunctions of Ly, 1 € H., (D),
Eigenvalues 0 < A\ < Ay < ... Forp(x) = >2, prthi(x),

3p() == 3 Nipi(v).

k=1

[e.9]

Domain of L: functions p € L2 (D) with

avg

(oo}
Ipll7s =D Xipi < oo
k=1
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Extension Problem. Caffarelli, Silvestre

Leta:=1 — 2s,

B(x) = (Ag‘) (1’) € RUFDX(@+),

We denote by P, 4 : D x (0,00) — R the solution to

V- (£*BVP;,4) =0, in D x (0, 00),
8APS,A =0, on 0D x [0, oo)7
PS7A(X’ O) :ps7A(x), on D.

Weak form: for ¢ € H' (D x (0, 00), £%d€dx)

//OO<BVPS,A,V¢>§“d§dx:cs/Lf‘pmqﬁ(x, 0)dx.
D Jo D

)
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Current Directions

e Numerical aspects: work in progress with C. Glusa (Brown).
e Numerical methods for FPDEs via extension problem.

e Scalable MCMC algorithms: extended pCN.
e Other Laplacians.

e Variable order forward maps, priors, and noise models.

E N. Garcia Trillos, D. Sanz-Alonso, The Bayesian formulation and
well-posedness of fractional elliptic inverse problems.
Inverse Problems, 2017.
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