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Question

» Given a graph (¢ = (V. E. w) what is the importance of
every edge ¢ € £ ?
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Talk outline

» Examples of edge importance measures
» Spanning-edge centrality and efficient computation

» A framework for computing electrical measures of
centrality

» Comparison and usefulness of different measures

« Broader vision and future work
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Betweenness centrality

» ([Freeman '70]): Betweenness centrality of edge e: The
fraction of all-pairs shortest paths that pass through e

» Running time O(nm + n~ log n) [Brandes '01]
« n: number of nodes, m: number of edges

» Speedups via sampling

« [Bader et al. '07, Brandes&Pich ‘07, Geisberger et al. '08, Riondato &
Kornaropoulos "14]
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Betweenness centrality and small
perturbations

- -
# =
® ‘1.
=
L L]
-
-
-
=
& -

BOSTON

LUINIVERSITY



Spanning-edge centrality

« ([Teixeira et al. '13]) Edge importance in phylogenetic
studies

«» Given G = (V.E), the StC of edge ¢ € E is the fraction
of spanning trees in which & participates in

» Computation by matrix-tree theorem: O (mn* <)

« Connections with information propagation
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Effective resistance

» Foreveryedge ¢ € E

R(e) = STC(e)
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Effective resistances
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Computing Effective Resistances
(TreeC) [Spielman and Srivastava '08]

Input: ¢ = (V, E).
Output: R(e) for every ¢ = {u.v} € E
Z = ||. L = Laplacian of &
(Construct random projection matrix ) of size k x m
Compute ¥ = QB
fori=1...Ado
Approximate z, by solving: Lz, = Y (:.1)
fi: Z2=1Z:2)
return R (e) = ||Z(:, u) — Z(:, r}||j
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Computing Effective Resistances
(TreeC) [Spielman and Srivastava '08]

Input: ¢ = (V, E).
Output: R(e) for every ¢ = {u.v} € E
Z = ||. L = Laplacian of &

Compute ¥ = QB
fori=1,..kdo

(Construct random projection matrix ) of size k x m

e el b -

Approximate z, by solving: Lz, = Y (:.1)

«——[Koutis et al. '11]

fi: Z=1Z: 2
return R (e) = ||Z2(:, u) - Zf_u*'JHi

h.l

———————
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Computing Effective Resistances
(T reeC) [Spielman and Srivastava '08]

Input: ( = (V, E).
Output: R(e) for everv e = {u. v} £ E
- Z = ||, L = Laplacian of ¢
(Construct random projection matrix ¢ of size k < m
Compute ¥ = QB
fori1=1...kdo

Approximate z, by solving: Lz, = ﬂi-”}‘*[KDUtiS et al. '11]

(i: Z=12:z{)

= e o b

7. return R (e) = || Z(:,u) = Z(:,v)|3

j (-

+ Running time: O (nf luy_'.;"E n log

™

» Accuracy: (1 £ ¢)°

e
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Speedups (Fast-TreeC)

Input: (G = (V. E).
Output: R(e) for every ¢ = {u. v} € E
[. = Laplacian of (s
fori=1...k do
Construct a vector g of size | x mn
Compute y = B
Approximate = by solving: Lz =y i
return R (e) = R(e) + ||z(u) — 2(v)|3
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Speedups (Fast-TreeC)

Input: G = (V. E).
Output: R(e¢) for every ¢ = {u. v} € E

1: L = Laplacian of (s

Z2feri=1...8dn parallel
3 Construct a vector g of size 1 x m

}: Compute y = ¢B

B Approxiu; -solving: Lz =y

6: return ft(e) = R(e) + ||z(u) = :{f}llj

T
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Spanning-tree centrality: experiments
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2-core speedup

» If G=(V,E) is a connected graph and C.(G) = (V' .E') is its
2-core, then for every edge ¢ € L

STC (e,C2(G)) = STC (e, )

» Also for every edge ¢ € E \ E

STC(e) = 1
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2-cores of real data

#Nodes in the 2-Come

#Edges in the 2-Core
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2-core speedup in practice

16 hours
8 hours Fast=-Teweli (s
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15 mins

5 mins

Runtime

1 min
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Electrical interpretation of StC




Electrical measures of edge importance:
a general framework




Current flow centrality (CfC)

+ ([Brandes & Fleischer '05]): Given G=(V.E) the current
flow centrality of edge ¢ is the average (s.t)-flow of e,

when considering all distinct pairs (s.1)

CFrC e ={u,v}) = (’]*) Z for(w, v)
2/ s

« where /st(u. ) isthe flow that passes through edge
e={u,v} when voltage 1 is applied to endpoints s and |
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b-Current flow centrality (b-CfC)

« Given G=(V,E) the current flow centrality of edge e is the
average (s,t)-flow of e, when considering all distinct b-
tuples of nodes(s.52.....: Sh)

, . ]
b—CrC (e ={u.v}) = — Far sa (W, V)
| || ”ZHI |

» where /st(1. v') is the flow that passes through edge
e={u,v} when current 1A exits from every pole(s;.52.....: Sb)
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Current-flow centrality computation

« For fixed (s.t) pair solve
Lig=1 [Koutis et al. "11]

» with b(s) = 1. b(t) = —1 otherwise b(z) = 0
e set Jstlu,v)=le(u)—r(v)|

+ approximate CrC (¢ = {u.v})
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Current-flow centrality computation

« For fixed (s,t) pair solve

Lix=1D [Koutis et al. "11]

o with b(s) = 1, b(t) = —1 otherwise b(z) = 0

e set J[fst(u,v)=|r(u)—x(v)|

» approximate CrC (e = {u.v}) =

1
‘E Z Jst(u,v)

s.LYES,

How many samples are enough?

——————
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Running time till convergence

Dataset Fast-FlowC algorithm Exact
(b=1) (b=25H) (b=20) algorithmn
GrQc 2.1 mins 1.3 mins 1.3 mins 20 mins
Oregon-1 3.3 mins 1.9 mins 1.4 mins th d0mins
Epinions 12h 23mins 5h 26mins 3h n/a
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Information Propagation

Independent-cascade model
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Information Propagation

independent-cascade model
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Information Propagation

Independent-cascade model
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Information Propagation

independent-cascade model
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Information Propagation

independent-cascade model




Edge importance and information propagation
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Resilience to noise

» y-axis: average relative change in 7or
the edge-importance scores.
: 1 =
A (7. 0F) = 1= : R :
vgRC EE fV‘_L elChange(r)
| (4 | £ JT
RelChange(r, (7, (') = ——= )
e
- ik
« x-axis: percentage of noisy edges e
added .
« dataset. Hepth graph : ; = e
(collaboration) Eilyrs ackded
i W ;H*.I- 1wl

BOSTON




Resilience to noise

« y-axis: Jaccard similarity between
the top-10% scoring edges in the

onginal and noisy graph
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Long-term goal and vision

» Design edge importance measures that are intuitive,
noise-resilient and efficiently computable
« Optimization + Regularization

» Edge-importance measures for data-mining tasks
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Thanks!
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