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Introduction

e We look for the solution x of a linear ill-posed problem Az = b,
A € L(X,Y) compact, X,Y Hilbert spaces.
e only noisy data b° = b + € is available:

(deterministic) ||e|| = ||b—b°|| < 5, 5 > 0
(stochastic) E(||e]|) = f(n) < oo, f(n) = 0asn—0

e Recall Tikhonov regularization:

) . 112 2
! = min||Ax — b -I—[.L il ,

where z is typically obtained via
(A*A + uI):vz — A"D.

Tikhonov regularization is known to be oversmoothing due to A*.
The idea of Fractional Tikhonov methods is to lessen this
influence.
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Introduction

e Hochstenbach, Reichel (2011): use a weighted residual
e similar concept in Louis (1989) and Mathé-Tautenhahn (2011)

) . o2 2
= min || Az — b
z, = min |Az — bl + pllzllx

with [[yllw = [W2y|ly, W = (44*)@ D2, 0<a< 1.

One obtains :z:f‘ via

(A*A)@TD/2 L uNx = (A*A)@D/2 4
or equivalently
(A*A+p(A*A4) 77 )zs = A%
which corresponds to
X

) . 112
Ty = min [|Az — b7 + pf| Bz

with B*B = (A*A)l_Ta a.k.a. generalized Tikhonov regularization.
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Introduction

The second approach is due to Klann and Ramlau (2008). Find IL‘Z
as solution of

(A*A + pl)%z = (A*A)* 1A,

for 0 < @ < 1. There is no (known) associated minimization
problem.

For &« = 1 both approaches coincide with Tikhonov regularization.
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Introduction

Let us compare the filter functions:

m [ikhonov regularization:

2
Fp(a)

:02+u

m fractional Tikhonov after Hoechstenbach-Reichel, later
referred to as method (1.7)-(1.8):

0.a+l

F#(O') = oo+l + p

m fractional Tikhonov after Klann-Ramlau, later referred to as

method (1.10):
g X~
Fulo) = (02 +u)
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Convergence Theory

The following Theorems can be extended to all regularizing filters!

with
sup 0—1|Fy,a(0)| < Cﬂ_B (1)
O<o<o
sup |1 — Fp,a(a)law < Cy~ /-"ﬂy‘- (2)
0<o<oy

Assume z' = ATb fulfils, with ¥ > 0 and constant p,
1/2

z! € range((A*A)"/?) and |zl == | Y 07 % (=, un)|? <p
n>1

'A filter F, . is said to be regularizing, if sup,, |Fy o(0n)o, | = c(p) < oo,
lim, ;0 Fl.,o = 1 point wise in 0, and |F, «(0on)| < c for all p and o,
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Convergence Theory

A-priori parameter choice

Assume E(||b — 8°||) = f(n) < .

mForall -1<a<1and 0<v < a-+1 the fractional Tikhonov
method (1.7)-(1.8) of Hoechstenbach and Reichel fulfills

. v 1 f( n) (a+1)/(v+1)
EHmf—xflllx <cflnp)vr+yipv+T with pu= C( p )

m For a € (1/2,1], the fractional Tikhonov method (1.10) of
Klann and Ramlau fulfills

f( n) ) 1/2(v+1)

v 1
Bl -allx Sef)Fpl wih p= C( )

for all 0 < v < 2. The result can be extended to 0 < a < %
with presmoothing of the data.
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Convergence Theory

Numerical experiment:

Tikhonov regularization for the inverse heat equation

v = [ tz—j/f exp( 1 ) o(t) dt

with Gaussian noise y — y° ~ N(0,72I,,) and various values of v

e ———————————————————
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Convergence Theory
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Convergence Theory
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Convergence Theory
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Convergence Theory
For the rest of the talk we consider the discrepancy principle, i.e.,

for ||b —b°|| < § find p s.t.

|Az), — || =76, T>1

m For all exponents a@ > 0 and 0 < v < «, the fractional
Tikhonov method (1.7)-(1.8) of Hoechstenbach and Reichel
fulfills

R ” :
”'Tt il xz”X S cov+l pu+1

the regularization parameter i determined by the discrepancy
principle

m For all exponents a € (1/2,1] and 0 < v < 1, the fractional
Tikhonov method of (1.10) of Klann and Ramlau fulfills

l=f — 2]l x < ¢ 57T pre

with the regularization parameter p given by the discrepancy
principle
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Convergence Theory

We want to lift the results to the equation
|Azy, — 0|l = TE(|lb—8°]l),  T>1 (3)

given one realization of b°, i becomes a random variable!
Let us alter (3) slightly:

E(||Azy, —8|l) = TE(|[p - 8°l), T >1 (4)

Then p is not a stochastic quantity anymore and for all Filter
methods it holds

1

Ellz" — z[lx < cE(||e][)7Tp

In practice, approximate E( IAwf‘ — b%||) with several
measurements, E(||Az, — ¥|) ~ & 3l ”Aa;z _ o
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Convergence Theory

Numerical experiment

standard Tikhonov regularization for the inverse heat equation with
Gaussian noise b — b® ~ N (0, nQIn), pi—1

convergence rate, v=1
L} L Ls LA LEA

T T T T T rrrry
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Convergence Theory

Numerical experiment

v =0.25
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Convergence Theory

Back to (3), we need another alteration

|28 — || = 7 EClel) (5)

with 7(n) > 1 Vn, 7(n) — oo and 7(n)E(||¢||) — O for n — 0.
Then under the previous assumptions

P (llat — zhllx > c(r(mE(el))*/ @+ pt/¢+D)
< P(|[ell > T(mE(|ell))

In general

E(lel) _ 1
rE([)  m(mm

If additional we enforce ||a:z| < (4 and |xi(t)| < (Cs, C1,C5 < 00,
then

P ([lell > T(mE(|e]]) <

E||xf—xz|x—>0 as 1n—0
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Convergence Theory

Numerical verification:
Landweber iteration for the inverse heat equation with Gaussian
noise b — b° ~ N'(0,7°L,), v =1

2 Wr‘.v:l
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Convergence Theory

nu = 0.25
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fractional vs. standard Tikhonov regularization

Initial question of the research: How to choose a optimally?
Still not known, but we have the following results:

m with the discrepancy principle, it is % <0

m [ he reconstruction error is

z! — xf; = Z (1 — F, a(00)) (x, up)un

on>0
1
+ Z F,,,a(on)a(—e.vn)un.
On>0
m the sign of dF"Jg(a) = —d%(l — F, o(0)) changes at some

og > 0.

m We identified 2 cases where fractional Tikhonov outperforms
standard Tikhonov regularization:

a) the problem is severely ill-posed, i.e., the singular values of A
decrease rapidly to zero, and
b) the error in b’ is concentrated to low frequencies.
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fractional vs. standard Tikhonov regularization

We consider two test problems:

1) a severely ill-posed Fredholm integral equation of the first
kind given by

1
bi(s) = [A1z](s) = /0 Vs +t2z(t)dt, 0<s<1, (6)

with error-free data by (s) = 3 ((1 + s2)3/2 — s3) and solution

a:‘; (£) = t, introduced by Fox and Goodwin
2) a mildly ill-posed Volterra integral equation of the first kind

bo(s) = [Asz](s) = /08 z(t)dt, 0<s<1, (7)

with error-free data

hwﬁz{ﬂ 0<5<0.5,

s—1 05<«<s8<1,

and solution
—1 0<t<L0.5,

teey
Talt) —
2(8) 1 05<t<l1.
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fractional vs. standard Tikhonov regularization

Let us have a look at some reconstructions:

Comparizon of solutions for the Fox—Goodwin problem
T T T T T T 1] ) I
= = = golution with (1.7)—{1.8), a=02_n(0.2) i
0.9H == =olution with (1.10). a=0.55. u(0.55) g
----- solution with (1.4), (1) -’

Wi true .
08 - =]

Figure: Comparison of solutions for the Fox—Goodwin problem (6), 5%
Gaussian noise, “optimal” a, 7 = 1.1.
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fractional vs. standard Tikhonov regularization

Comparison of solutions for the imtagration problem

) L L ] L )

pp— .7;-(1 B). 05, 1(0.5)
— solution with (1.10), x=0.7, u(0.7)
solution with (1.4), u(1)

-15 | | | l 1 | 1 1 |

Figure: Comparison of solutions for the integration problem (7) with 5%
Gaussian noise, “optimal” a, 7 = 1.1.
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fractional vs. standard Tikhonov regularization

mmmumm.mmnm“oﬂ

T
= = —whita noise

(C'na) g “Aa)

Figure: Low frequency noise vs. Gaussian noise
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fractional vs. standard Tikhonov regularization

Comparizon of solutions for low frequency noiss
15 T T T T T T T T T
== golution with (1.7)—{1.8), a=0, u{0)
w—solution with (1.10), =02, u(0.2)
1+ | ® = =solution with (1.4), u(1)
ta true

05

Figure: Comparison of solutions for the integration problem with
low-frequency noise, “optimal” a, 7 = 1.1.
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fractional vs. standard Tikhonov regularization

We now want to investigate the role of 7 of the discrepancy
principle.

Denote with :i'“(‘r)d the solution obtained with standard Tikhonov
regularization. We are interested in the comparison of fractional
Tikhonov regularization with the standard method. We define

DN Tkl NSO Vot
re(7) = r and re(7) = -
| = =!| |2 = =]
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fractional vs. standard Tikhonov regularization

relative reconstruction errors and optimal fractional parameters versus tau
1 T T T T T T T T T

===y’ for the method (1.10)
== =" jor the method (1.7)1.8)
w1 for the method (1.10)
e 13 fOF the method (1.7)—{1.8)

------------------------------------------ o m e e eeno o
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Figure: Relative errors and optimal fractional parameters a* as functions
of 7 for the Fox—Goodwin problem with 5% Gaussian white noise.
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fractional vs. standard Tikhonov regularization

-

= = = fractonal method (1.10)
w— fractional method (1.7)-(1.8)| |
rmim zolution with (1.4)

1 1.05 11 1.15 12 125 13 135 14 145 15

Figure: Regularization parameter under the previous setting.
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fractional vs. standard Tikhonov regularization

relative reconstruction arrors and optimal frachonal parametars versus tau
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02 == =g" with method (1.7)-(18)|

— g for method (1.10)
01 s 1@ fOr mathod (1.7)-{1.8) b

0 | 1 | | ! | | 1 1

1 105 11 1.15 12 125 13 135 14 145 15

Figure: Relative errors and optimal fractional parameters a* as functions
of 7 for the integration problem 5% Gaussian white noise.

D. Gerth TU Chemnitz 31/34




fractional vs. standard Tikhonov regularization

A slightly changed experiment: we compare fractional Tikhonov
methods and varying values of 7 with standard Tikhonov
regularization and 7 = 1.

Relative reconstruction error o Tikhonov regulanzation in standard form with ©=1

12 I I I I T T T T P P
= = =method (1.7)(18), Fox-Goodwinproblem| = _ _Lae==="7
wee method (1.7)—{1.8), integration problem ’___,--—
k- = ==method (1.10), Fox-Goodwin problem | _ _.=""
10 hod (1.10), X Low
>
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sr' "’. -
L
’ -y
&= s g B P
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. R
e e
6 & e e S
& L emee®
2
. o~
'3 —n®
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4+ . - —
r ‘-'
’ "
'
* -
.
2-0.' —
.I
> e —
1 P -
0 1 1 1 1 1 1 1 1 1
1 1.05 1.1 1.15 12 125 13 135 14 145 15
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fractional vs. standard Tikhonov regularization

_oSen Wi (1 &)

BN Wah (T ')

schuion wis (1 )1 %

noise. | he relative reconstruction error to Tikhonov solution in standard

Figure: Solutions for a 2D deconvolution problem with low frequency
form are re = 0.36 and re

0.48, respectively.
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