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Continuous problem




Continuous problem The model problem

Navier—Stokes/Darcy—Forchheimer coupled problem
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Continuous problem The model problem

Navier-Stokes: stress og, velocity ug, pressure ps
os =2pe(ug) —psl in Qg, —divog+ p(Vug)ug =fs in Qg,

divuag =0 in Qg, us=0 on Ig.
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Continuous problem The model problem

Navier-Stokes: stress og, velocity ug, pressure ps
os =2pe(ug) —psl in Qg, —divog+ p(Vug)ug =fs in Qg,

divuag =0 in Qg, us=0 on Ig.

Darcy-Forchheimer: velocity up, pressure pp

F . .
ﬁI<_1U]:) + —|up|lup +Vpp =fp in Qp, divup =g¢gp in Qp,
p P

up-n=0 on Ip.
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F . .
&K_luD + —|up|lup +Vpp =fp in Qp, divup =g¢gp in Qp,
p P

up-n=0 on Ip.

us-n=up-n on X

aqp

VvVt Kkt

osn + (ug-t)t=—ppn on X.
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os =2pe(ug) —psl in Qg, —divog+ p(Vug)ug =fs in Qg,

divuag =0 in Qg, us=0 on Ig.
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F . .
ﬁI<_1U]:) + —|up|lup +Vpp =fp in Qp, divup =g¢gp in Qp,
p P

up-n=0 on Ip.

us-n=up-n on X

aqp

VvVt -kt

osn + (ug-t)t=—ppn on X.

viscosity i, density p

e Forchheimer number F

Kel>®(Qp), w-Kl(x)w>Cklw|? VxeQp VwecR"?
fs € L2(Qs), fp € L3/2(Qp) and gp € L2(p)
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Continuous problem Variational formulation

Variational formulation: Navier-Stokes equations

2#(e(us)7e(vs))s+< 2a us-t,vs~t> B

Vt- Kkt b
— (ps,divvs)s + (vs -n, Ny = (f,vs)s Vvs € Hi (9s)
(gs,divug)s =0 Vgs € L(Qs)

us € Hll"s (QS)7 ps € LQ(QS)a A= pDIE
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Variational formulation: Darcy—Forchheimer equations

F .
% (K_luDva)D+; (luplup, vp)p — (pp, divvp)p — (VD -1, \)5; = (fb, vD)D VVD € HzJ




Continuous problem Variational formulation

Variational formulation: Darcy—Forchheimer equations

_ F .
% (K luD’VD)D+; (lup|up, vp)p — (Pp, divvp)p — (VD -0, Ay, = (fb, vD)D  VVD € HzJ

o H3(div;Qp) = {vD € L3(Qp) : divvp € LZ(QD)}

: 1
VDl (v sy = (VDI (e + v Vi [13 )72
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Continuous problem Variational formulation

Variational formulation: Darcy—Forchheimer equations

I _ F .
- (K luD’VD)D+; (lup|up, vp)p — (Pp, divvp)p — (VD - 1, A)5, = (fp, vD)D VD € HzJ

o H3(div;Qp) := {vD € L3(Qp) : divvp € LQ(QD)}

3 : 3 1/3
VDl v sy = (VDI (e + v Vi [13 )

e vp-n:H3(div;Qp) - W-1/3:3(00p)

(VD 1, 8) g, = /Q vp - VA, (€) + /Q Fo L@ divvp V&€ WHE3/2(90p)

D
e 7, ' right inverse of yo : W13/2(Qp) — W1/3:3/2(9Qp)

o W13/2(Qp) is continuously embedded into L2(Qp)
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Continuous problem Variational formulation

Variational formulation: Darcy—Forchheimer equations

_ F .
% (K luD’VD)D+; (lup|up, vp)p — (Pp, divvp)p — (VD -0, Ay, = (fb, vD)D  VVD € HzJ

o H3(div;Qp) := {vD € L3(Qp) : divvp € LZ(QD)}

: 1
VDl (v sy = (VDI (e + v Vi [13 )72

e vp -n: H3(div;Qp) - W=1/33(80p)

(vD - 1,€) g, = /Q vp - VA, H(€) + /Q Fo L@ divvp V&€ WHE3/2(90p)
D D
e 7, ' right inverse of yo : W13/2(Qp) — W1/3:3/2(9Qp)

e W1:3/2(Qp) is continuously embedded into L2(Qp)

up € Hz, pp € L2(Qp), X:=ppls € WI/33/2(%)

H; = {vp € H*(div;2p): vp-n=0 on Tp}
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Mo F g
- (K 1uD7VD)D+; (luplup, vp)p = (Pp, divvp)p —(vD -0, A)y; = (fp, vp)p  Vvp € Hp

(us - m—up - -n,§y =0 VEE€ W1/3'3/2(Z)

(gp,divup)p = (9p,9p)p  ¥ap € L?(Qp)




Continuous problem Variational formulation

IR

_ F .
(K luD,VD)D—F; (|uD|uD,VD)D—(pD,d1VVD)D—<VD - n, )\)Z = (fp,vp)p Vvp € Ha

v

(us-n—up -n,éy =0 Ve WY33/2(x)

(gp,divup)p = (9p,9p)p Yap € L?(Qp)

1 in Q,,

P:=PSXsS+PDX with = B
DAD X {0 in 0\,

e u:=(ug,up) € H:= H%‘S(QS) x Ho

e (n,A) € Q:=L2(Q) x WL/3:3/2(x)
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IR

_ F .
(K luD,VD)D—F; (|uD|uD,VD)D—(pD,d1VVD)D—<VD - n, )\)Z = (fp,vp)p Vvp € Ha

v

(us-n—up -n,éy =0 Ve WY33/2(x)

(gp,divup)p = (9p,9p)p Yap € L?(Qp)

1 in Q,,

P:=PSXsS+PDX with = B
DAD X {0 in 0\,

e u:=(ug,up) € H:= H%‘S(QS) x Ho

e (n,A) € Q:=L2(Q) x WL/3:3/2(x)

S. Caucao A conforming ixed finite element method for the Navier-Stokes/Darcy—Forchheimer coupled problem 7/25



Continuous problem Variational formulation

Find (u, (p,\)) € H x Q, such that
[a(us)(a), v] + [b(v), (p, A)]
[b(u), (¢,¢)]

[f, v] Vv :=(vs,vp) € H,
g, (2,9 V(a,6€Q

[a(ws)(u), v] := [As(us), vs] + [Bs(ws)(us), vs] + [Ap(up), vp]

[As(us), vs] :

[Bs(ws)(us), vs] :

2u(e(us) e(vs)) + { s -t v ~t>2,

p((Vus)ws, vs),

[Ap(up),vp] = % (K™ 'up,vp) + % (lup|up,vp),
[b(v),(q,8)] := —(divvs,q) — (divvp,q) + (vs -n —vp - n,§)y.
[f,v] := (fs,vs) + (fb,vp) and [g,(q,¢)] := —(9p, )
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Continuous problem Variational formulation

Stability properties

[[As (us), vs]|
|[Bs(ws)(us),vs]| < pC8llwsllaslluslliosllvslios

Ib(v), (.9l < Colvlluli(a.é)la

INA

Caglluslli,osllvsiiies

N

l4p (up) = Ap(vD) ez, < Laap {Ilup = volis, + Ilup = volis, (Ilup e + Ivolis, ) } J

[As(vs),vs] > 2uas]lvsli o, Vvs € Hp (Qs) J
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Continuous problem Variational formulation

Stability properties

[[As (us), vs]|

INA

Caglluslli,osllvslliog

IN

pCEllwslly,og llusllyoq Vsl os
[b(v), (0,9 < Colviul(a,élq

|[Bs(ws)(us), vs]|

[As(vs),vs] > 2uas]lvsli o, Vvs € Hp (Qs)

[AD(UD -I—tD) — AD(VD + tD),uD — VD]
F
> %CKHUD = VD“%,QD + - (Jlup + tp|(up + tp) — |[vp + tp|(vp + tp), up — vp)p

> apllup — vpll§s(q,) VupsvD,tp € L¥(Qp)

l4p (up) = Ap (vD) ez, < Laap {llup = vollr; + llup = volis, (Il e, + Ivoles ) } J

@ R. GLOWINSKI AND A. MARROCO, Sur I'approximation, par éléments finis d’ordre un, et la
résolution, par pénalisation-dualité, d’une classe de problemes de Dirichlet non linéaires.
Rev. Francaise Automat. Informat. Recherche Opérationnelle Sér. Rouge Anal. Numér. 9
(1975), no. R-2, 41-76.
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Analysis of the continuous problem

)




Analysis of the continuous problem A fixed-point approach

A fixed-point approach

@ M. DISCACCIATI AND R. OYARZUA, A conforming mixed finite element method for the
Navier—Stokes/Darcy coupled problem. Numer. Math. 135 (2017), no. 2, 571-606.

@ S. CAUCAO, G.N. GATICA, R. OYARZUA, AND |. SEBESTOVA, A fully-mixed finite element
method for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. J. Numer.
Math. 25 (2017), no. 2, 55-88.

@ B. SCHEURER, Existence et approximation de points selles pour certains problemes non
linéaires. RAIRO Anal. Numér. 11 (1977), no. 4, 369—400.

Define T : H_(Qs) — Hy (Q),

T(Ws) =ug Vwg€ Hll"s (Qs)

[a(ws)(u),v] + [b(v), (p, )] = [f,V] Vv eH,
[b(u), (4,8)] = [8(209] Y(8eQ.
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Analysis of the continuous problem A fixed-point approach

Well-definiteness of T

Theorem
Let X1, X2 and Y be separable and reflexive Banach spaces, being X; and X5 uniformly convex,
set X = X1 x Xa. Assume that
2
. pi—2
(@) () =a@)llxr <7 > {Ilus—vsllx +llus=vslx, (sl +llogllxg )™} Vv e X
j=1
(i) [a(u+t) — a(v +1),u —v] > oz{||u1 — 1B+ fluz — v2 |32 } Vu,v € Ker(b),t € X
[b(v), q]
llvllx
Then, for each (f,g) € X’ x Y’ there exists a unique (u,p) € X x Y such that
[a(u), v] + [b(v), ] [f,v] VveX,
[b(w), q] lg,d] VgeY.

(iii) sup >Blelly Yqev

Moreover,
l(w, D) xxy < CM(f,9)

M(f,9) = max {N'(f, )P T, N (f,0) 72 T, N'(f, 9), N (£, ) -1, N'(f, 9) P17 }
N(f,9) = I1Fllxr + s + gl + gl + la(0)lLx
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v = (vg,vp) € Ker(b) implies
divvg=0 in Qg and divvp=0 in Qp

Let wg € HILS (Q2s) such that divwg = 0 in 25 and

2uag
pCLCZ

Then, for each t € H, the nonlinear operator a(wg)( - + t) is strictly monotone on Ker(b).

o [a(ws)(u+t) —a(ws)(v+t),u—v] > 2uas|us - vs| o

[ws - nllo,s <

+ apllup — oI, + [Bs(ws)(us — vs), us — vs]

)y C2 C2 :
o |[Bs(ws)(ug — vs),ug — vg]| < % ws - nllo,s [lus — vs|If o
poe
o [a(ws)(u+t) —a(ws)(v+t),u—v] > {2uas — —o—|lws -nllo,s pllus = vs|li g

e “I)HUI) — VD ;1_,




Analysis of the continuous problem A fixed-point approach

v = (vs,vp) € Ker(b) implies

divvg =0 in Qg and divvp =0 in Qp

Lemma
Let wg € Hlls (Qs) such that divwg = 0 in Qg and

2uas
pCRCE

Then, for each t € H, the nonlinear operator a(wgs)( - + t) is strictly monotone on Ker(b).

[ws - nllo,s <

Sketch of the proof
o [a(ws)(u+t) —a(ws)(v+t),u—v] > 2uaslus — vsl[f o
+ apllup — vpllf, + [Bs(ws)(us — vs), us — vg]

pC?rCs? 2
o |[Bs(ws)(us — vg),us — vs]| < o IWs nllos llus — vslli o
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Analysis of the continuous problem A fixed-point approach

v = (vs,vp) € Ker(b) implies
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2uas
pCRCE

Then, for each t € H, the nonlinear operator a(wgs)( - + t) is strictly monotone on Ker(b).
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Sketch of the proof
o [a(ws)(u+t) —a(ws)(v+t),u—v] > 2uaslus — vsl[f o
+ apllup — vpllf, + [Bs(ws)(us — vs), us — vg]

pctzrcs? 2
o |[Bs(ws)(us — vg),us — vs]| < o IWs nllos llus — vslli o

pct2r052 2
o [a(ws)(utt) —a(ws)(v+t),u—v] 2 | 2pes — ——[lws nllo,= pllus —vsllii o5

+ ap|lup — VDH%Q
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-~ Assofteconinousproblem  Afsedpointapproach
Lemma
S(a,€) = sup L@ 5 g1 ol V(a6) € Q.

veH [Ivile
v#0

o ¢€L(Q),Ize HY(Q): divz=—¢q in Q@ and |zll1,0 <cldloe

o V:= (‘A/b\A/D) Ve = Z‘SZK-* & {SD} = GS n = </\D n on XY and HGHH < (?HZHl_Q

. b(Vv), (¢,¢) llqll3 ¢
o S(g,¢) > I )A ol =02 > cillqllo,e
IV]le IV]|e

o S5(q,6) = c2ll€ll1/3,3/2;2 — calldllo, @

Cl C2 -
1111 /3,3/2;5
1+ c3

o S(q,8) >
(&




-~ Assofteconinousproblem  Afsedpointapproach
Lemma
S(a,€) = sup L@ 5 g1 ol V(a6) € Q.

veH [Ivile
v#0

e g€lI(N),IzcHL(Q): divza=—¢ in Q and |z]1,0 < ddlo.n

o V:i=(Vs,9p), Vx=12|g,, *€{S,D}=Vs-n=vp-nonS and [v|u < clzliq

b)), (¢,9)]] _ lallfq .

e S(q,8) = = - > cilgllo,e
Ve [Vl

\Y

o S(q,8) = c2lléll1/3,3/2;x — e3llallo,o

- c2
o S(q,8) > B H l1/3,3/2:
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c1 Cs
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c1 +c3
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-~ Assofteconinousproblem  Afsedpointapproach
Lemma
S(a,€) = sup L@ 5 g1 ol V(a6) € Q.

veH [Ivile
v#0

g€L3(Q),3z € HYQ): diva=—q in Q and |zliq < cllalon

o V:i=(Vs,9p), Vx=12|g,, *€{S,D}=Vs-n=vp-nonS and [v|u < clzliq

b(@), (4, 6
o Sgo> PO@O Jdba, 4 o
Ml [l

o S(q,8) > c2ll€lli/3,3/2;2 — esllallo,o

o S(q,6) >




Analysis of the continuous problem A fixed-point approach

Theorem
Let wg € H}S (Qs) such that divwg = 0 in Qg and

2uas
pCECE’

and let fg € L2(Qg), fp € L3/2(Qp) and gp € L2(Qp). Then, T is well-defined. Moreover,

[ws -nllo,s <

IT(ws)ll1,05 = llusll1,os < [[(u, (p, M) lHxq < cx M(fs, fb, gp)

M(fs, fp, gp) := max {N(fSafD’gD)1/2:N(fS’fD’QD)uN(f87fD79D)2}

N(fs, fp, 9p) = [Ifsllo,s + Ifpllps/2(qpy + llgpllo,ap + lgplif op
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Solvability analysis of the fixed-point equation |




Analysis of the continuous problem Solvability analysis of the fixed-point equation

Lemma
Let W be the closed ball defined by

W = {VS (S H%S(Qs) : divvg =0 in Qg and HVSHl’QS < CTM(fs,fD,gD)}

and assume that the data satisfy

2pas
M(fs, fp,gp) £ ——=—-
( ) cT p C?rCSQ

Then,

- pCs = = =
T (ws) — T(Ws)ll1,05 < EHT(WS)HLQS [ws — WsllLagag) Vws, Ws € W.

Sketch of the proof
o [a(ws)(u) - a(Ws)(@),v] + [b(v), (p — 5,2 — N)]
[b(u—n),(q,)] = 0

Il
=}
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Analysis of the continuous problem Solvability analysis of the fixed-point equation

Lemma
Let W be the closed ball defined by
W = {VS (S H%S(Qs) : diVVS =0 in QS and HVSHl’QS < CTM(fs,fD,gD)}

and assume that the data satisfy

2pas

M(fs, fp, < ————.
( S, ID gD) = CTngrCSQ

Then,

- pCs = = =
'T(ws) — T(Ws)|l1,05 < EHT(WS)HLQS [ws — WsllLagag) Vws, Ws € W.

Sketch of the proof
o [a(ws)(u) - a(Ws)(@),v] + [b(v), (p — 5,2 — N)]
[b(u - ﬁ)’ (q7 5)] = 0

Il
o

e [a(ws)(u) —a(ws)(u),u—-u] =0
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Analysis of the continuous problem Solvability analysis of the fixed-point equation
Lemma
Let W be the closed ball defined by
1 . .
W = {VS (S HFS (Qs) : leVS =0 in QS and HVSHl’QS S CTM(fs,fD,gD)}

and assume that the data satisfy

2pas

M(fs, fp, < 2
(S D gD)_ CTngrCSQ

Then,

[T(ws) — T(Ws)ll1,0s < THT(WS)Hl as [ws = WsllLaag) Yws, ws € W.

Sketch of the proof
o [a(ws)(u) - a(Ws)(@),v] + [b(v), (p — 5,2 — N)]
[b(u - ﬁ)’ (‘L 5)} = 0

o [a(ws)(w) — a(Ws)(@),u— i =0

Il
o

o pasllus —Usllf o, < [a(ws)(u) — a(ws)(@),u - 1] = [Bs(Ws — ws)(Us), us — Us]

< pCsllws — WsllLa(ag) Bsll1,0q [lus — Tsll1oq
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Analysis of the continuous problem Solvability analysis of the fixed-point equation

The main result

Theorem

Let fs € L2(Qg), fp € L3/2(Qp) and gp € L2(Qp). Assume,

2uas
M(fs,fp,9p) £ ———
e pC3.C2

M(fs, fp, gp) := max {N(fS’fD’gD)l/Q:N(fSafDagD)’N(f57fD7gD)2}
N(fs, o, 9p) = lIfsllo,es + IfpllLs/2(qp) + l9pllo,en + llgpllf o -

Then the continuous problem admits a solution (u, (p, \)) € H x Q. In addition, assuming
M(fs, fp, gp) <,

pas . 1 2
P 5= min{ —, ——— ».
crp Cc%’ cz2ci,

Then the solution is unique. In any case,

[I(u, (p, ) laxq < ex M(fs, fp, gp).

where
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The mixed finite element scheme

)




The mixed finite element scheme Discrete setting

Discrete spaces

BR(T) := [P1(T)]* & SPan{nznsm,mn:snmn1n2n3}-
RTo(T) := span{(l,O), (0, 1), (ml,xg)}.

Hyrg(2s) = {veHL (@s): vir €BR(T), VTeTS}

H), 1, (2p) {v €Hy: v|r €RTo(T), VTe€ ’I’hD}

Luo(®) = {a€13(@: drePo(T), VT €T}
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The mixed finite element scheme Discrete setting

Discrete spaces

BR(T) := [P1(T)]* ® Span{nznsm,m%nz,n1n2n3}-

RTo(T) := span{(1,o), (0, 1), (xl,m)}.

Hrg(Qs) = {veHL (%): vir €BR®T), VTeT}
Hyr,(9p) = {veHz: vlr eRTo(T), ¥TeTP}
Lno(Q) = {q €L3(Q): qlr €P(T), VT € 7’h}

AR(S) = {gh:EaR: €nle € Po(e) Vedgeeezh}.

[T W'=/27(e) coincides with W~1/P-»(5), without extra conditions when 1 < p < 2.
e€Xy,

@ P. GRISVARD, Elliptic Problems in Nonsmooth Domains. Monographs and Studies in
Mathematics, 24. Pitman (Advanced Publishing Program), Boston, MA, 1985.
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The mixed finite element scheme Discrete setting

Discrete Navier—Stokes/Darcy—Forchheimer coupled problem

Find (uh, (ph, )\h)) € Hy, x Qp, such that
[an (ug, ) (un), vi] + [b(ve), (Pr, An)]l = [f, V4] V'vh = (Vs,h; VD) € Hp,

[b(un), (an, &n)] (g, (qn,€n)] Y (qn,&n) € Qn-

lan(ws,n)(up), va] == [As(us,p), vs,n] + [BE(wWs 1) (us,n), vs,a] + [AD(up, ), vD,hl

P, ..
[B&(ws,n)(us 1), vs,n] == p((Vus,n)Ws,h, vs,n)s + E(dlv WS hUS h, VS, h)S

p
[BE(Ws,1)(Vs,h), Vsl = > /Z(WS,h ‘n)[vsal? >0 Vwsp,vsn € Hyrg (Qs)

(B (ws,n)(us, ), Vs,ul| < Cacllws ullv,asllus,nll1 05 Vs nll,as
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The mixed finite element scheme Discrete setting

The main result

Theorem

Let W, be the compact convex subset of Hj, . (Qs) defined by

Wy, = {Vs,h €Hj, g (2s): vsnlies <er M(f37fD79D)}-
Assume that the data fs, fp, and gp satisfy
M(fs, fp, gp) <7,
where

. 2uas 1 1
= = min N .
erp C2(2+2)’ C2C3
Then, there exists a unique (uy, (pn, An)) € Hy x Qy,, which satisfies ug , € W), and

[[(an, (pr, An))lHxQ < e M(fs, fp, gp)-
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Cea estimate

Let fs € L2(Qs), fp € L3/2(Qp) and gp € L2(2p), such that
1 ~
M(fs, fp, gp) < 5 min {r,7}.

Then,
[I(u, (2, ) = (up, (Pr; An))llHxQ

1

i—1
< C max — .
_Cie{2,3}{<vh€H (||u villa + [[u Vh”H) o §)EQ 1wy A) — (Qh,ﬁh)”Q) }




The mixed finite element scheme A priori error estimate

Rate of convergence

Theorem
Assume that:

us € H?(Qg), up € W3(Qp), divup € H'(Qp), pe HY(Q), and X e Wh3/2(m).

Then,
[I(a, (p, N) = (un, (Prs An)) lHxQ

< ChY/? max {(uslz,ns + |lupll1,3;0p + [ldivupl1,0p
i€{2,3}

_1
1—1
+ l[usll3 as + lupli? s0p + lldivup(if o + lIplli o + ||>\||1,g;g) }

I = €nllysarzm < elle = nlliad 3 el s zs
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The mixed finite element scheme A priori error estimate

Rate of convergence

Theorem
Assume that:

us € H?(Qg), up € W3(Qp), divup € H'(Qp), pe HY(Q), and X e Wh3/2(m).

Then,
[I(a, (p, N) = (un, (Prs An)) lHxQ

< Ch'? ma u, u . di
< 2B llusll2,oq + llupll1,3;0p + [[divupll1,op

_1
1—1
+ l[usll3 as + lupli? s0p + lldivup(if o + lIplli o + ||>\||1,g;g) }

1€ —Enlliyaz/2;s < cll§ — Ehlli;/lz/;;)“5”17/33/2;2 < Cn?3 l€ll1,3/2;5
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Numerical test




Numerical test

2D helmet-shaped domain

Q:=QsUXUQp, where Qp:=(-1,1)x (-0.5,0), X:=(-1,1) x {0}

p=1 p=1, a=1, K=I, and F=10

[ —sin(2nz1) cos(2mz2) .
us(21,22) = ( cos(27mz1) sin(27x2) Tl (s,

un(er,22) = (Snres) cnes) ) 9,

px(z1,x2) = sin(mwzy) exp(z2) +po in Q., withx € {S,D}.

e

A

[“s,n]z

27 o148 0239 10 0.0014 0.906 181 27 25 -0.867 0792 25
(o], O v, — e Db, e—n

S. Caucao A conforming ixed finite element method for the Navier—Stokes/Darcy—Forchheimer coupled problem

22/25



Numerical test

N hs e(us) | r(us) [ e(ps) | r(ps)
1007 | 0.188 | 1.0274 - 0.5355 -
3790 | 0.109 | 0.5114 | 1.275 | 0.2156 | 1.664

14014 | 0.048 | 0.2472 | 0.890 | 0.0978 | 0.967
55428 | 0.025 | 0.1243 | 1.074 | 0.0483 | 1.103
214828 | 0.014 | 0.0620 | 1.129 | 0.0237 | 1.156
883963 | 0.008 | 0.0307 | 1.217 | 0.0123 | 1.139

N hp e(up) [ r(up) [ e(pp) | r(pp) hs e()) r(A) | iter
1007 | 0.200 | 1.2760 - 0.1105 - 0.125 | 0.1930 -
3790 | 0.095 | 0.6135 0.984 0.0385 | 1.417 | 0.063 | 0.0704 | 1.455

14014 | 0.049 | 0.3115 1.037 | 0.0150 | 1.438 | 0.031 | 0.0296 | 1.253
55428 | 0.026 | 0.1566 1.081 0.0067 | 1.282 | 0.016 | 0.0141 1.064
214828 | 0.015 | 0.0784 1.184 0.0033 1.222 | 0.008 | 0.0070 | 1.022
883963 | 0.007 | 0.0393 | 0.982 | 0.0016 | 0.995 | 0.004 | 0.0035 | 1.009

© O OO

Table: Errors and rates of convergence for the conforming BR — RTg — Pg — Pg scheme (F = 10)
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Numerical test

F | h=0.2001 | h=0.1088 | h=0.0494 | h =0.0262 | h =0.0146 | h = 0.0077
0 4 4 4 4 4 4
1 5 5 5 6 6 6
10 7 8 9 9 9 9
100 8 9 10 10 11 11

Table: Convergence behavior of our iterative method with respect to the Forchheimer number F
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Thanks for your attention!!!
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