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Ginzburg—Landau models
@ Let 2 C R” be a bounded, smooth domain. Here we take n = 2.

e For order parameter (or wave function) n € H(Q; C¥), we define the
Ginzburg-Landau energy

E(n) = /Q {exin(V) + K2epor(n) } dx
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e For order parameter (or wave function) n € H(Q; C¥), we define the
Ginzburg-Landau energy

E) = [ {ean(Vn) + repn(n)}

@ e,0¢(7) is the potential: we assume e,o:(77) > 0, and ey0¢(17) = 0 on a
manifold ¥ ¢ C*.
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Ginzburg—-Landau models

@ Let 2 C R” be a bounded, smooth domain. Here we take n = 2.

e For order parameter (or wave function) n € H(Q; C¥), we define the
Ginzburg-Landau energy

E(n) = /Q {exin(V) + K2epor(n) } dx

@ e,0¢(7) is the potential: we assume e,o:(77) > 0, and ey0¢(17) = 0 on a
manifold ¥ ¢ C*.

@ « is the Ginzburg—Landau parameter (large.)

@ Expect minimizing 7 to take values in X, while minimizing the
gradient energy.

@ For topological reasons, this may not be possible, so in the limit
Kk — oo singularities are formed: Vortices!
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The p-wave functional, |
E(n) = fQ {ekin(vn) + epot(n)} dX

Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet’

interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

ekin(n) = [V |? + V-2 + (Mong - Nyns) + v (Myny - Nono)

1 1
epot () = 5 (10 = 1)* + S(In-1* = 1)* + 200y P2 + v (r2) - (12)-
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The p-wave functional, |

E(n) = fQ {ekin(vn) + epot(n)} dX

Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet”
interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

ekin(n) = [V |? + V-2 + (Mong - Nyns) + v (Myny - Nono)

—_

1
epot(n) = 5 (In+1* = 1% + S(In-1* = 1)* + 20ny P2 + v(r2) - (12)-

o n=(n_,ny) € H(Q;C?)

@ Operators [, = 0, + 10, [ = —I1" = 0, —i0,.
@ Anisotropy parameter v € (—1,1)
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The p-wave functional, |
E(n) = fQ {ekin(vn) + epot(n)} dX

Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet”
interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

ekin(n) = [V |? + V-2 + (Mong - Nyns) + v (Myny - Nono)

1
= S P = 1%+ S = 1) + 20 Pl 2 + v(n2) - (n2).

—

epot (1)

o 1= (n-,1+) € H'(Q; C?)
@ Operators [, = 0, + 10, [ = —I1" = 0, —i0,.
@ Anisotropy parameter v € (—1,1)

o Coefficients determined by Mean-Field limit of microscopic p-wave
model.
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The p-wave functional, |
E(n) = fQ {ekin(vn) + epot(n)} dX

Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet”
interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

exin(n) = |V |? + V- >+ (Nony - Nons) + v (Myny - Non-)

1
epot(n) = 5 (In+1* = 1% + S(In-1* = 1)* + 20ny P2 + v(r2) - (12)-

—_

o n=(n-,n+) € H(Q;C?)

@ Operators [, = 0, + 10, [ = —I1" = 0, —i0,.

@ Anisotropy parameter v € (—1,1)

o Coefficients determined by Mean-Field limit of microscopic p-wave
model.

@ exin(n) > 0 semi-definite quadratic form.
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The p-wave functional, |
E(n) = fQ {ekin(vn) + epot(n)} dX
Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet”

interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

exin(n) = |V |? + V- >+ (Nony - Nons) + v (Myny - Non-)

1 1
epot(n) = 5 (In+1* = 1% + S(In-1* = 1)* + 20ny P2 + v(r2) - (12)-
o n=(n-,14) € H(Q; C?)
@ Operators [, = 0, + 10, [ = —I1" = 0, —i0,.
@ Anisotropy parameter v € (—1,1)
o Coefficients determined by Mean-Field limit of microscopic p-wave

model.

ekin(n) > 0 semi-definite quadratic form.
@ Note: broken charge symmetry 1 < 7 |
SIAM Boston 2016 3 /1



The p-wave functional, Il

E(n) = Jqo {€xin(Vn) + K2 epor(n) } dx

exin(1, A) = [V | + |V [? + (Mong - NMyns) + v (Many - Nons)

1

1 1
epot(1) = (1142 = 1% + S (-2 = 172 + 20 Pl + v(n3) - () — 5,

@ Recall, anisotropy parameter v € (—1,1)
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The p-wave functional, Il

E(n) = Jqo {€xin(Vn) + K2 epor(n) } dx

exin(1, A) = [V | + |V [? + (Mong - NMyns) + v (Many - Nons)
1 1
epot(n) = §(|7I+|2 -1+ §(|77—|2 — 12+ 24 Pn-? + v(n7) - (

1
n?) —

5.

@ Recall, anisotropy parameter v € (—1,1)
® epot(n) =0

—

(In-1;[n+1) = (1,0) or (0,1).
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The p-wave functional, Il

E(n) = Jqo {€xin(Vn) + K2 epor(n) } dx

exin(1, A) = [V | + |V [? + (Mong - NMyns) + v (Many - Nons)
1 1
epot(n) = §(|7I+|2 -1+ §(|77—|2 — 12+ 24 Pn-? + v(n7) - (

1
n?) —

5.

@ Recall, anisotropy parameter v € (—1,1)
® epot(n) =0

—

(In-1, In+]) = (1,0) or (0,1).
o ¥ = (St x0)U(0xS!), so expect:
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The p-wave functional, Il

E(n) = fQ {ekin(vn) + H2epot(7])} dx

ekin(1, A) = [V | + |V |? + (Nong - NMyns) + v (Myng - Non-)
1

1 1
epot(1) = (1142 = 1% + S (-2 = 172 + 20 Pl + v(n3) - () — 5,

@ Recall, anisotropy parameter v € (—1,1)
® epot(n) =0 <= (In-[;[n+]) = (1,0) or (0,1).
o ¥ = (St x0)U(0xS!), so expect:
» |n—(x)] ~1 “dominant” component, with quantized degree;

> |n4(x)| = 0 “admixed” component, with little control on singularities
» (or vice-versa)
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The p-wave functional, Il

E(n) = fQ {ekin(vn) + H2epot(7])} dx

ekin(1, A) = [V | + |V |? + (Nong - NMyns) + v (Myng - Non-)
1

1 1
epot(1) = (1142 = 1% + S (-2 = 172 + 20 Pl + v(n3) - () — 5,

@ Recall, anisotropy parameter v € (—1,1)

® epor(n) =0 <= (In-|,[n¢]) = (1,0) or (0,1).

o ¥ = (S!x0)U(0 xS, so expect:

[n—(x)] =~ 1 “dominant” component, with quantized degree;

[n+(x)] ~ 0 "admixed” component, with little control on singularities
(or vice-versa)

Seek entire solutions on R? with prescribed degree in “dominant” 7_,
to describe the core structure of vortices.

vV vy VvYy
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Euler—Lagrange equations

Recall operators I, = 0, + 0y, [N = 1 = 0, —id,.
Critical points of E satisfy:

200 + M2 + vy = &2 (2n-(In-* = 1) + 4n-|ny |* + 2071_13)
2001 + [N + v = &2 o (In [ = 1) + dng|n-* + 207,72
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Critical points of E satisfy:

200 + M2 + vy = &2 (2n-(In-* = 1) + 4n-|ny |* + 2071_13)
2001 + [N + v = &2 o (In [ = 1) + dng|n-* + 207,72

@ A system of four real-valued semilinear PDE, coupled in 2nd order
terms.
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Euler—Lagrange equations

Recall operators I, = 0, + 0y, [N = 1 = 0, —id,.
Critical points of E satisfy:

200 + M2 + vy = &2 (2n-(In-* = 1) + 4n-|ny |* + 2071_13)
2001 + [N + v = &2 o (In [ = 1) + dng|n-* + 207,72

@ A system of four real-valued semilinear PDE, coupled in 2nd order
terms.

o Impose Y-valued boundary data, either on 99 for Q C R? bounded
domain, or as |x| — oo if Q = R2.
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Euler—Lagrange equations

Recall operators I, = 0, + 0y, [N = 1 = 0, —id,.
Critical points of E satisfy:

28n_ + [M + vMiny = &% (2n—(In=> — 1) + 4n_|ns|> + 2vm_n3)
2001 + [N + v = &2 o (In [ = 1) + dng|n-* + 207,72

@ A system of four real-valued semilinear PDE, coupled in 2nd order
terms.

o Impose Y-valued boundary data, either on 99 for Q C R? bounded
domain, or as |x| — oo if Q = R2.

o Note: we do not expect half-trivial solutions, 7 = (14, 0) or (0,7—) !!
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Euler—Lagrange equations, Il
Recall

20n_ + [M + vMny = &% (2n-(In-> = 1) + 4n_|ns|> + 2vm_n3)
208n4 + M3 + v In- = k% (204 (In+ > = 1) + 404> + 2vm 07

@ The system is elliptic, in the sense of Legendre-Hadamard.

» Write ) = (u1, U, us, us), real vector.
» The left-hand side may be written in operator form:

(LN)a = Z Z A(ma oju”

ij=1a,/=1
with Y AT &GP > cleP|rP, Ve e R? T e RY.

ijsa,pB

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016

}

6/1



Euler—Lagrange equations, Il
Recall

20n_ + [M + vMny = &% (2n-(In-> = 1) + 4n_|ns|> + 2vm_n3)
208n4 + M3 + v In- = k% (204 (In+ > = 1) + 404> + 2vm 07

@ The system is elliptic, in the sense of Legendre-Hadamard.

» Write ) = (u1, U, us, us), real vector.
» The left-hand side may be written in operator form:

(LN)a = Z Z A(ma oju”

ij=1a,/=1
with Y AT &GP > cleP|rP, Ve e R? T e RY.

ijsa,pB

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016

}

6/1



Euler—Lagrange equations, Il

Recall
20n_ + [M + vMny = &% (2n-(In-> = 1) + 4n_|ns|> + 2vm_n3)
208n4 + M3 + v In- = k% (204 (In+ > = 1) + 404> + 2vm 07

@ The system is elliptic, in the sense of Legendre-Hadamard.

» Write ) = (u1, U, us, us), real vector.
» The left-hand side may be written in operator form:

(LN)a = Z Z A(H(f)au

ij=1a,/=1
with Y AT &GP > cleP|rP, Ve e R? T e RY.
ij,o,B

o If solutions exist, they are smooth.
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The Dirichlet Problem

Recall: exin(1, A) = [V | + Vi[> + (N_ny - Nyn ) + v (Myny -Non)

Let Q C R? bounded domain, gi € HY/?(9Q) given, and
W :={n e HY(Q;C?): ni =g+ on OQ}.
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The Dirichlet Problem
Recall: exin(1, A) = [V | + Vi[> + (N_ny - Nyn ) + v (Myny -Non)
Let Q C R? bounded domain, gi € HY/?(9Q) given, and

W :={n e HY(Q;C?): ni =g+ on OQ}.

@ ein(n) > 0, but NOT coercive;
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Let Q C R? bounded domain, gi € HY/?(9Q) given, and
W :={n e HY(Q;C?): ni =g+ on OQ}.

@ ein(n) > 0, but NOT coercive;
° ein(n)=0 <= neZ:={(cy +az,c. —az): c,acC}
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The Dirichlet Problem
Recall: exin(1, A) = [V | + Vi[> + (N_ny - Nyn ) + v (Myny -Non)

Let Q C R? bounded domain, gi € HY/?(9Q) given, and
W :={n e HY(Q;C?): ni =g+ on OQ}.

@ ein(n) > 0, but NOT coercive;
° ein(n)=0 <= neZ:={(cy +az,c. —az): c,acC}

Theorem

Assume W N Z = (). Then there exists a minimizer of E(n) in W, which is
a smooth solution of the EL system with the given Dirichlet BC.

In particular, in Q = Bg, 3 solutions with any given degrees ni € Z,
Nt = are™? on OBg,

provided a— # —a or one of ny # +1, eg, for >-valued BC!
SIAM Boston 2016 7 /1



Vortex solutions

Are there symmetric vortex solutons, 4 = fi(r)e =%, in Q = R2?
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Vortex solutions
Are there symmetric vortex solutons, 4 = fi(r)e =%, in Q = R2?

o Define an St action on ny: for w = e/ € S1,
(w-n1)(2) = wn(wz)
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Vortex solutions

Are there symmetric vortex solutons, 4 = fi(r)e =%, in Q = R2?

o Define an St action on ny: for w = e/ € S1,
(w-n1)(2) = wn(wz)
@ Calculate the effect on the energy:

E(n) — E(w ) = / (1 - o™ ™ 2)_pa] - (My)
v [ = om D] (M)

ey [[a=weor g ] ),
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Vortex solutions

Are there symmetric vortex solutons, 4 = fi(r)e =%, in Q = R2?

o Define an St action on ny: for w = e/ € S1,
(w-n1)(2) = wn(wz)
@ Calculate the effect on the energy:

E() ~ E(w ) = [ [0- e "N ] (M)
v [ = om D] (M)
+ IizV/ [(1 - wz(“*”‘))ni] (72).

@ Energy invariant iff v =0 and np. = n_ + 2.
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When v # 0, solutions are expected to have square symmetry.

a

FIG. 2. Contour plot of GL caleulations for the absolute values
of the dominant 7 (4) and the admixed 7., component (b) for the
parameters x=2.5 and ¥=—0.3. The contours are 099, 0975, ...
for (a) and 0.03, 0,045, ... 0.225 for (b).

Heeb—Agterberg, Phys Rev B59, 1999
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Vortex solutions, 1l

So we assume v = 0, ny = n_ + 2, with ansatz:

ne = fr(r)e™f with £ (r) =0, f_(r) = 1, r = c0.
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Vortex solutions, 1l
So we assume v = 0, n. = n_ + 2, with ansatz:
Nt = fr(r)e™? with f (r) =0, f_(r) = 1, r — 0.

@ As in classical G-L, energy of nontrivial entire solutions diverges.
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Vortex solutions, 1l
So we assume v = 0, n. = n_ + 2, with ansatz:
Nt = fr(r)e™? with f (r) =0, f_(r) = 1, r — 0.
@ As in classical G-L, energy of nontrivial entire solutions diverges.

@ Solve in Br (existence with >-valued Dirichlet BC!), and let R — oo.

2
Af — —f +1(A fop = E2) o0 “f’)

r2

= (|f-]? = 1)+ 2f_f2,

A,ﬂr—wf 41 (A fonlnor2), 2”“#)

r2 r
= f(If ]2 = 1) + 26,72,
f(R)=1, f,(R)=0.
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Vortex solutions, 1l
So we assume v = 0, n. = n_ + 2, with ansatz:
Nt = fr(r)e™? with f (r) =0, f_(r) = 1, r — 0.
@ As in classical G-L, energy of nontrivial entire solutions diverges.

@ Solve in Br (existence with >-valued Dirichlet BC!), and let R — oo.

n? 1 (n_+2 1
A - 43 (A fo + (”r2+ )f++2” i f’>
= (|f-]? = 1)+ 2f_f2,

N e jz)erl(Af ponet2)e 2”“#)

r2 r
= f(If ]2 = 1) + 26,72,
f(R)=1, f,(R)=0.

@ Crucial estimate via Pohozaev identity; available when
_=—1,ny =41 only.
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Casev=0and n_.=-1,n, =+1

Degrees n_ = —1,ny = +1 are most relevant for the physics (expected
stability) and make the equations much more tractable:

1 1 1
Af— S +3 <A,f+ - r2f+> = (|| — 1) +2f_f2
1 1 1 5 5
Arfy = Sf+ 5 (A — Sf ) = A (If = 1) + 2, £2,

with _(r) = 1, fi(r) — 0 as r — .
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Theorem
There exists a smooth entire equivariant solution
n=m_,ns)=(f_(r)e ", f.(r)et®) with f_(r) — 1 and f.(r) — 0 as
r — 0. Moreover, as r — +o0,

1 7
22 4%

_ 1 13 _
f_ =1- + O(r 6), f_|_ = _ﬁ — m + O(r 6). (1)
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Theorem
There exists a smooth entire equivariant solution
n=m_,ns)=(f_(r)e ", f.(r)et®) with f_(r) — 1 and f.(r) — 0 as
r — 0. Moreover, as r — +o0,

1 7
22 4%

_ 1 13 _
f_ =1- + O(r 6), f_|_ = _ﬁ — m + O(r 6). (1)

v

@ Uniqueness, and existence for n_ # —1 are open problems.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 12/1



Theorem
There exists a smooth entire equivariant solution
n=m_,ns)=(f_(r)e ", f.(r)et®) with f_(r) — 1 and f.(r) — 0 as
r — oo. Moreover, as r — —+o0,

1 7
22 4%

_ 1 13 _
f_ =1- + O(r 6), f_|_ = _ﬁ — m + O(r 6). (1)

v

@ Uniqueness, and existence for n_ # —1 are open problems.
o For classical G-L, u= f(r)e™ <= |u?2=f(r),0<f(r) <1, and
f2(r) gives a relative density of superconducting electrons.
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Theorem
There exists a smooth entire equivariant solution
n=m_,ns)=(f_(r)e ", f.(r)et®) with f_(r) — 1 and f.(r) — 0 as
r — oo. Moreover, as r — —+o0,

1 7
22 4%

1 13
2r2  4rt

f=1- +O(r %),  fi=-— +0(r 9. (1)

v

@ Uniqueness, and existence for n_ # —1 are open problems.
o For classical G-L, u= f(r)e™ <= |u?2=f(r),0<f(r) <1, and
f2(r) gives a relative density of superconducting electrons.

e Asymptotics shows f_(r) — 17, 0 > f;.(r) — 07; is it true that
0<f(r)=|n=|, 0> fi(r) =—[n4]| forall r?
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Theorem

There exists a smooth entire equivariant solution
n=m_,ns)=(f_(r)e ", f.(r)et®) with f_(r) — 1 and f.(r) — 0 as
r — 0. Moreover, as r — +0o0,

1 7 1 13
f'_ = 1 _ - —6 f = - — — —6 o 1
2r2 44 +0(r™), al 2r2  4r4 o ))
@ Uniqueness, and existence for n_ # —1 are open problems.

e For classical G-L, u = f(r)e™ <= |u> =f(r), 0 < f(r) <1, and
f2(r) gives a relative density of superconducting electrons.
Asymptotics shows f_(r) — 17, 0 > f;.(r) — 07; is it true that

0< 7 (r)=|n-|, 0> f(r) =—|n4| forall r?

If so, then we can show [n_|? + |4 |> < 1, as is expected on physical
grounds. But this does not follow from standard variational or
maximum principle arguments.
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Perturbative approach

We introduce a parameter t € [0, 1], to connect our system to G-L. (See

also Han-Lin, Kim-Phillips)

For equivariant solutions n_ = f_(r)e™, n, = f(r)e’, E-L system:
A = S5f 4 (A = ) = £ (2= 1) + 2 12,
Arf+ - ﬁﬂ, + 2(A,—f, — r72f7) == f+(f+ - 1) + 2f+f_.
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Perturbative approach

We introduce a parameter t € [0, 1], to connect our system to G-L. (See
also Han—-Lin, Kim—Phillips)

For equivariant solutions n_ = f_(r)e™, n, = f(r)e’, E-L system:

Drf = St (A = f) = £(f2 = 1) +27f2,
t 1

1 2 2
Arf+ - ﬁf+ + 2(A,«f, — r72f7) == f+(f+ - 1) + 2f+f_.

o For t =0, 0= (fO(r), f2(r)) = (f°(r),0) is a solution.
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Perturbative approach

We introduce a parameter t € [0, 1], to connect our system to G-L. (See
also Han—-Lin, Kim—Phillips)

For equivariant solutions n_ = f_(r)e™, n, = f(r)e’, E-L system:

Drf = St (A = f) = £(f2 = 1) +27f2,
t 1

1 2 2
Arf+ - ﬁf+ + 2(Arf, — ﬁff) == f+(f+ - 1) —|— 2f+f_.
o For t =0, 0= (fO(r), f2(r)) = (f°(r),0) is a solution.
o At t =0, f% is nondegenerate (linearly stable) [Uses Mironescu '95]
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Perturbative approach

We introduce a parameter t € [0, 1], to connect our system to G-L. (See
also Han-Lin, Kim-Phillips)
For equivariant solutions n_ = f_(r)e™, n, = f(r)e’, E-L system:
A — =+ f(Arﬂ - —f+) = f_(f2—1) +2f_f],
f

1

A fy — f+ + - (A fo— ) =f(ff — 1)+ 2f 2,
r

o For t =0, 0= (fO(r), f2(r)) = (f°(r),0) is a solution.
o At t =0, f% is nondegenerate (linearly stable) [Uses Mironescu '95]

@ Implicit Function Theorem plus sharp asymptotic estimates yields
result:
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Theorem

There exists ty such that for all t € (0, ty) there exist smooth bounded
solutions (f*, fL) such that:

(a) £(0) =0 = £1(0);

(b) ff(r) =1, fi(r) =0 asr — oo,

(c) 0< fi(r) <1, fi(r) <0 for all r € (0, 00);

(d) Asr — oo,

1 5t249

1 13
—6
22 g TOUT)

ft=1-
- 2r2  4r4

fi=t|—=— +0(r 9.
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Theorem

There exists ty such that for all t € (0, ty) there exist smooth bounded
solutions (f*, fL) such that:

(2) ££(0) = 0= F£(0);

(b) ff(r) =1, fi(r) =0 asr — oo,
(c) 0< fi(r) <1, fi(r) <0 for all r € (0, 00);
(d) Asr — oo,
1 5t249 1 13
ft N P —6 ft e —6
- 2r2 8r +0(r™), B 2r2  4r4 ) -

We use the sharp asymptotic expansion (d) to guarantee that f(r) have
fixed sign!
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Theorem

There exists ty such that for all t € (0, ty) there exist smooth bounded
solutions (f*, fL) such that:

(2) ££(0) = 0= F£(0);

(b) ff(r) =1, fi(r) =0 asr — oo,
(c) 0< fi(r) <1, fi(r) <0 for all r € (0, 00);
(d) Asr — oo,
1 5t2+9 1 13
ft =fl——— —6 ft — |- —6
- 2r2 8r4 +0(™), N 2r2 44 +0(r™)]

We use the sharp asymptotic expansion (d) to guarantee that f(r) have
fixed sign!
Many, many questions remain open!
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