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Ginzburg–Landau models

Let Ω ⊂ Rn be a bounded, smooth domain. Here we take n = 2.

For order parameter (or wave function) η ∈ H1(Ω;Ck), we define the
Ginzburg–Landau energy

E (η) =

∫
Ω

{
ekin(∇η) + κ2epot(η)

}
dx

epot(η) is the potential: we assume epot(η) ≥ 0, and epot(η) = 0 on a
manifold Σ ⊂ Ck .

κ is the Ginzburg–Landau parameter (large.)

Expect minimizing η to take values in Σ, while minimizing the
gradient energy.

For topological reasons, this may not be possible, so in the limit
κ→∞ singularities are formed: Vortices!
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The p-wave functional, I
E (η) =

∫
Ω
{ekin(∇η) + epot(η)} dx

Used to describe Sr-Ru superconductors with ferromagnetic “spin triplet”
interactions. [Sigrist, Heeb-Agterberg, Ashby-Kallin]

ekin(η) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−).

η = (η−, η+) ∈ H1(Ω;C2)

Operators Π+ = ∂x + i∂y , Π− = −Π∗+ = ∂x − i∂y .

Anisotropy parameter ν ∈ (−1, 1)

Coefficients determined by Mean-Field limit of microscopic p-wave
model.

ekin(η) ≥ 0 semi-definite quadratic form.

Note: broken charge symmetry η = η !
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The p-wave functional, II

E (η) =
∫

Ω

{
ekin(∇η) + κ2epot(η)

}
dx

ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−)− 1

2
.

Recall, anisotropy parameter ν ∈ (−1, 1)

epot(η) = 0 ⇐⇒ (|η−|, |η+|) = (1, 0) or (0, 1).

Σ = (S1 × 0) ∪ (0× S1), so expect:

I |η−(x)| ' 1 “dominant” component, with quantized degree;
I |η+(x)| ' 0 “admixed” component, with little control on singularities
I (or vice-versa)
I Seek entire solutions on R2 with prescribed degree in “dominant” η−,

to describe the core structure of vortices.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 4 / 1



The p-wave functional, II

E (η) =
∫

Ω

{
ekin(∇η) + κ2epot(η)

}
dx

ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−)− 1

2
.

Recall, anisotropy parameter ν ∈ (−1, 1)

epot(η) = 0 ⇐⇒ (|η−|, |η+|) = (1, 0) or (0, 1).

Σ = (S1 × 0) ∪ (0× S1), so expect:

I |η−(x)| ' 1 “dominant” component, with quantized degree;
I |η+(x)| ' 0 “admixed” component, with little control on singularities
I (or vice-versa)
I Seek entire solutions on R2 with prescribed degree in “dominant” η−,

to describe the core structure of vortices.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 4 / 1



The p-wave functional, II

E (η) =
∫

Ω

{
ekin(∇η) + κ2epot(η)

}
dx

ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−)− 1

2
.

Recall, anisotropy parameter ν ∈ (−1, 1)

epot(η) = 0 ⇐⇒ (|η−|, |η+|) = (1, 0) or (0, 1).

Σ = (S1 × 0) ∪ (0× S1), so expect:

I |η−(x)| ' 1 “dominant” component, with quantized degree;
I |η+(x)| ' 0 “admixed” component, with little control on singularities
I (or vice-versa)
I Seek entire solutions on R2 with prescribed degree in “dominant” η−,

to describe the core structure of vortices.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 4 / 1



The p-wave functional, II

E (η) =
∫

Ω

{
ekin(∇η) + κ2epot(η)

}
dx

ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−)− 1

2
.

Recall, anisotropy parameter ν ∈ (−1, 1)

epot(η) = 0 ⇐⇒ (|η−|, |η+|) = (1, 0) or (0, 1).

Σ = (S1 × 0) ∪ (0× S1), so expect:
I |η−(x)| ' 1 “dominant” component, with quantized degree;
I |η+(x)| ' 0 “admixed” component, with little control on singularities
I (or vice-versa)

I Seek entire solutions on R2 with prescribed degree in “dominant” η−,
to describe the core structure of vortices.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 4 / 1



The p-wave functional, II

E (η) =
∫

Ω

{
ekin(∇η) + κ2epot(η)

}
dx

ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

epot(η) =
1

2
(|η+|2 − 1)2 +

1

2
(|η−|2 − 1)2 + 2|η+|2|η−|2 + ν(η2

+) · (η2
−)− 1

2
.

Recall, anisotropy parameter ν ∈ (−1, 1)

epot(η) = 0 ⇐⇒ (|η−|, |η+|) = (1, 0) or (0, 1).

Σ = (S1 × 0) ∪ (0× S1), so expect:
I |η−(x)| ' 1 “dominant” component, with quantized degree;
I |η+(x)| ' 0 “admixed” component, with little control on singularities
I (or vice-versa)
I Seek entire solutions on R2 with prescribed degree in “dominant” η−,

to describe the core structure of vortices.

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 4 / 1



Euler–Lagrange equations

Recall operators Π+ = ∂x + i∂y , Π− = −Π∗+ = ∂x − i∂y .
Critical points of E satisfy:

2∆η− + [Π2
− + νΠ2

+]η+ = κ2
(
2η−(|η−|2 − 1) + 4η−|η+|2 + 2νη−η

2
+

)
2∆η+ + [Π2

+ + νΠ2
−]η− = κ2

(
2η+(|η+|2 − 1) + 4η+|η−|2 + 2νη+η

2
−
)}

A system of four real-valued semilinear PDE, coupled in 2nd order
terms.

Impose Σ-valued boundary data, either on ∂Ω for Ω ⊂ R2 bounded
domain, or as |x | → ∞ if Ω = R2.

Note: we do not expect half-trivial solutions, η = (η+, 0) or (0, η−) !!
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Euler–Lagrange equations, II

Recall

2∆η− + [Π2
− + νΠ2

+]η+ = κ2
(
2η−(|η−|2 − 1) + 4η−|η+|2 + 2νη−η

2
+

)
2∆η+ + [Π2

+ + νΠ2
−]η− = κ2

(
2η+(|η+|2 − 1) + 4η+|η−|2 + 2νη+η

2
−
)}

The system is elliptic, in the sense of Legendre–Hadamard.
I Write η = (u1, u2, u3, u4), real vector.
I The left-hand side may be written in operator form:

(Lη)α =
2∑

i,j=1

4∑
α,β=1

Aij
αβ∂i∂ju

β

with
∑

i,j,α,β

Aij
αβξiξjτ

ατβ ≥ c |ξ|2|τ |2, ∀ξ ∈ R2, τ ∈ R4.

If solutions exist, they are smooth.
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The Dirichlet Problem

Recall: ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

Let Ω ⊂ R2 bounded domain, g± ∈ H1/2(∂Ω) given, and

W := {η ∈ H1(Ω;C2) : η± = g± on ∂Ω}.

ekin(η) ≥ 0, but NOT coercive;

ekin(η) = 0 ⇐⇒ η ∈ Z := {(c+ + αz , c− − αz̄) : c±, α ∈ C};

Theorem

Assume W ∩ Z = ∅. Then there exists a minimizer of E (η) in W , which is
a smooth solution of the EL system with the given Dirichlet BC.

In particular, in Ω = BR , ∃ solutions with any given degrees n± ∈ Z,

η± = α±e
in±θ on ∂BR ,

provided α− 6= −α+ or one of n± 6= ±1, eg, for Σ-valued BC!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 7 / 1



The Dirichlet Problem

Recall: ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

Let Ω ⊂ R2 bounded domain, g± ∈ H1/2(∂Ω) given, and

W := {η ∈ H1(Ω;C2) : η± = g± on ∂Ω}.

ekin(η) ≥ 0, but NOT coercive;

ekin(η) = 0 ⇐⇒ η ∈ Z := {(c+ + αz , c− − αz̄) : c±, α ∈ C};

Theorem

Assume W ∩ Z = ∅. Then there exists a minimizer of E (η) in W , which is
a smooth solution of the EL system with the given Dirichlet BC.

In particular, in Ω = BR , ∃ solutions with any given degrees n± ∈ Z,

η± = α±e
in±θ on ∂BR ,

provided α− 6= −α+ or one of n± 6= ±1, eg, for Σ-valued BC!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 7 / 1



The Dirichlet Problem

Recall: ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

Let Ω ⊂ R2 bounded domain, g± ∈ H1/2(∂Ω) given, and

W := {η ∈ H1(Ω;C2) : η± = g± on ∂Ω}.

ekin(η) ≥ 0, but NOT coercive;

ekin(η) = 0 ⇐⇒ η ∈ Z := {(c+ + αz , c− − αz̄) : c±, α ∈ C};

Theorem

Assume W ∩ Z = ∅. Then there exists a minimizer of E (η) in W , which is
a smooth solution of the EL system with the given Dirichlet BC.

In particular, in Ω = BR , ∃ solutions with any given degrees n± ∈ Z,

η± = α±e
in±θ on ∂BR ,

provided α− 6= −α+ or one of n± 6= ±1, eg, for Σ-valued BC!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 7 / 1



The Dirichlet Problem

Recall: ekin(η,A) = |∇η+|2 + |∇η−|2 + (Π−η+ · Π+η−) + ν (Π+η+ · Π−η−)

Let Ω ⊂ R2 bounded domain, g± ∈ H1/2(∂Ω) given, and

W := {η ∈ H1(Ω;C2) : η± = g± on ∂Ω}.

ekin(η) ≥ 0, but NOT coercive;

ekin(η) = 0 ⇐⇒ η ∈ Z := {(c+ + αz , c− − αz̄) : c±, α ∈ C};

Theorem

Assume W ∩ Z = ∅. Then there exists a minimizer of E (η) in W , which is
a smooth solution of the EL system with the given Dirichlet BC.

In particular, in Ω = BR , ∃ solutions with any given degrees n± ∈ Z,

η± = α±e
in±θ on ∂BR ,

provided α− 6= −α+ or one of n± 6= ±1, eg, for Σ-valued BC!
Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 7 / 1



Vortex solutions

Are there symmetric vortex solutons, η± = f±(r)e in±θ, in Ω = R2?

Define an S1 action on η±: for ω = e iα ∈ S1,
(ω · η±)(z) = ωn±η(ω−1z)

Calculate the effect on the energy:

E (η)− E (ω · η) =

∫ [
(1− ωn+−n−−2)Π−η+

]
· (Π+η−)

+ ν

∫ [
(1− ωn+−n−+2)Π+η+

]
· (Π−η−)

+ κ2ν

∫ [
(1− ω2(n+−n−))η2

+

]
· (η2
−).

Energy invariant iff ν = 0 and n+ = n− + 2.
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When ν 6= 0, solutions are expected to have square symmetry.

tion the vortex core center of the dominant order parameter is
distorted with marked elongations along the diagonals of the
crystal lattice for n,0 ~and analogously along the axes for
n.0). This behavior is understood recalling the properties
of the Fermi surface. For n,0, the density of states ~DOS! at
the Fermi surface is larger along the axes than along the
diagonals. A larger DOS however implies also a larger ef-
fective mass, which reduces the coherence length and thus
the size of the vortex. Finally, the distribution of the absolute
value of the Bz-field ~see Fig. 3! also shows clear square
deformations aligned with the underlying crystal lattice.
On the other hand, in the unstable (n51) case the ad-

mixed component h1 exhibits a negative phase turn around
the center, and consequently four off-centered zeroes with
positive phase turn are needed to match up this phase e2iu at
small r to the asymptotic phase e3iu at large r. This pattern is
qualitatively well known from analog GL-calculations for s
admixture in dx22y2 high-Tc superconductors.19–23 The

dominant component h2 and the Bz field show similar fea-
tures as in the stable case discussed above.

III. EXTENDED LONDON THEORY

We wish to determine the form of the vortex lattice close
to Hc1 . Instead of solving the Ginzburg-Landau free energy
directly, here we follow an idea recently developed in the
context of dx22y2-wave superconductors with a weak admix-
ing of an s-component.15 We first integrate out the admixed
component, leading to a one-component free energy density.
We assume k@1 and n!1 and use London approximation
to obtain an effective free energy density which depends
only on the field B and which can be minimized with respect
to the geometry of the vortex lattice. Though our results will
be quantitatively inaccurate for the low-k Sr2RuO4 material,
we still expect to obtain a qualitatively correct picture.
The Ginzburg-Landau equation for h1 to first order in

uh1u/uh2u reads

052h112uh2u2h11D2h11
11n

2 ~Dx
22Dy

2!h2

2
12n

2i ~DxDy1DyDx!h2 . ~15!

Within London theory the dominant component h2 has
modulus unity @see Eq. ~18!# and the first three terms lead to
the expression (11D2)h1 . Solving formally for h1 and
substituting this expression into the free energy density, we
obtain the effective one-component Ginzburg-Landau free
energy

f52uh2u21
1
2 uh2u41uDh2u2

2h2*P~D,n!~11D2!21P~D,n!h21B2, ~16!

with

FIG. 2. Contour plot of GL calculations for the absolute values
of the dominant h2 ~a! and the admixed h1 component ~b! for the
parameters k52.5 and n520.3. The contours are 0.99, 0.975, . . .
for ~a! and 0.03, 0.045, . . . ,0.225 for ~b!.

FIG. 3. Contour plot of the absolute value of the uBu field for the
same parameters as in Fig. 2. Notice the strong square deformations
of the vortex core along the diagonals of the crystal lattice. The
contours are 0.03, 0.06, . . . ,0.42.

PRB 59 7079GINZBURG-LANDAU THEORY FOR A p-WAVE Sr2RuO4 . . .

Heeb–Agterberg, Phys Rev B59, 1999
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Vortex solutions, II
So we assume ν = 0, n+ = n− + 2, with ansatz:

η± = f±(r)e in±θ, with f+(r)→ 0, f−(r)→ 1, r →∞.

As in classical G-L, energy of nontrivial entire solutions diverges.

Solve in BR (existence with Σ-valued Dirichlet BC!), and let R →∞.

∆r f− −
n2
−
r2

f− +
1

2

(
∆r f+ +

n−(n− + 2)

r2
f+ + 2

n− + 1

r
f ′+

)
= f−(|f−|2 − 1) + 2f−f

2
+,

∆r f+ −
(n− + 2)2

r2
f+ +

1

2

(
∆r f− +

n−(n− + 2)

r2
f−−2

n− + 1

r
f ′−

)
= f+(|f+|2 − 1) + 2f+f

2
−,

f−(R) = 1, f+(R) = 0.

Crucial estimate via Pohozaev identity; available when
n− = −1, n+ = +1 only.
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Case ν = 0 and n− = −1, n+ = +1

Degrees n− = −1, n+ = +1 are most relevant for the physics (expected
stability) and make the equations much more tractable:

∆r f− −
1

r2
f− +

1

2

(
∆r f+ −

1

r2
f+

)
= f−(|f−|2 − 1) + 2f−f

2
+,

∆r f+ −
1

r2
f+ +

1

2

(
∆r f− −

1

r2
f−

)
= f+(|f+|2 − 1) + 2f+f

2
−,

with f−(r)→ 1, f+(r)→ 0 as r →∞.
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Theorem

There exists a smooth entire equivariant solution
η = (η−, η+) = (f−(r)e−iθ, f+(r)e+iθ) with f−(r)→ 1 and f+(r)→ 0 as
r →∞. Moreover, as r → +∞,

f− = 1− 1

2r2
− 7

4r4
+ O(r−6), f+ = − 1

2r2
− 13

4r4
+ O(r−6). (1)

Uniqueness, and existence for n− 6= −1 are open problems.

For classical G-L, u = f (r)e inθ ⇐⇒ |u|2 = f (r), 0 ≤ f (r) < 1, and
f 2(r) gives a relative density of superconducting electrons.

Asymptotics shows f−(r)→ 1−, 0 ≥ f+(r)→ 0−; is it true that
0 ≤ f−(r) = |η−|, 0 ≥ f+(r) = −|η+| for all r?

If so, then we can show |η−|2 + |η+|2 ≤ 1, as is expected on physical
grounds. But this does not follow from standard variational or
maximum principle arguments.
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Perturbative approach

We introduce a parameter t ∈ [0, 1], to connect our system to G-L. (See
also Han–Lin, Kim–Phillips)
For equivariant solutions η− = f−(r)e−iθ, η+ = f+(r)e iθ, E-L system:

∆r f− −
1

r2
f− +

t

2
(∆r f+ −

1

r2
f+) = f−(f 2

− − 1) + 2f−f
2

+,

∆r f+ −
1

r2
f+ +

t

2
(∆r f− −

1

r2
f−) = f+(f 2

+ − 1) + 2f+f
2
−.

For t = 0, f 0 = (f 0
−(r), f 0

+(r)) = (f GL(r), 0) is a solution.

At t = 0, f 0 is nondegenerate (linearly stable) [Uses Mironescu ’95]

Implicit Function Theorem plus sharp asymptotic estimates yields
result:
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Theorem

There exists t0 such that for all t ∈ (0, t0) there exist smooth bounded
solutions (f t−, f

t
+) such that:

(a) f t−(0) = 0 = f t+(0);

(b) f t−(r)→ 1, f t+(r)→ 0 as r →∞;

(c) 0 < f t−(r) < 1, f t+(r) < 0 for all r ∈ (0,∞);

(d) As r →∞,

f t− = 1− 1

2r2
−5t2 + 9

8r4
+O(r−6), f t+ = t

[
− 1

2r2
− 13

4r4
+ O(r−6)

]
.

We use the sharp asymptotic expansion (d) to guarantee that f±(r) have
fixed sign!
Many, many questions remain open!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 14 / 1



Theorem

There exists t0 such that for all t ∈ (0, t0) there exist smooth bounded
solutions (f t−, f

t
+) such that:

(a) f t−(0) = 0 = f t+(0);

(b) f t−(r)→ 1, f t+(r)→ 0 as r →∞;

(c) 0 < f t−(r) < 1, f t+(r) < 0 for all r ∈ (0,∞);

(d) As r →∞,

f t− = 1− 1

2r2
−5t2 + 9

8r4
+O(r−6), f t+ = t

[
− 1

2r2
− 13

4r4
+ O(r−6)

]
.

We use the sharp asymptotic expansion (d) to guarantee that f±(r) have
fixed sign!

Many, many questions remain open!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 14 / 1



Theorem

There exists t0 such that for all t ∈ (0, t0) there exist smooth bounded
solutions (f t−, f

t
+) such that:

(a) f t−(0) = 0 = f t+(0);

(b) f t−(r)→ 1, f t+(r)→ 0 as r →∞;

(c) 0 < f t−(r) < 1, f t+(r) < 0 for all r ∈ (0,∞);

(d) As r →∞,

f t− = 1− 1

2r2
−5t2 + 9

8r4
+O(r−6), f t+ = t

[
− 1

2r2
− 13

4r4
+ O(r−6)

]
.

We use the sharp asymptotic expansion (d) to guarantee that f±(r) have
fixed sign!
Many, many questions remain open!

Lia Bronsard (McMaster) Vortex structure in p-wave superconductors SIAM Boston 2016 14 / 1


