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Numerical weather prediction

É Model: highly nonlinear discretized partial differential equations
É Data: heterogeneous mix of ground-, airborne-, satellite-based and

radar data
É 24/7 data assimilation service for optimal weather prediction
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Mathematical aspects of data assimilation

Interacting Particle 
Systems

Coupling of 
Measures

Mean Field Equations
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Assimilation of precipitation data I

Ensemble prediction system with M members:
d

dt
Zi
t

= f (Zi
t
) , Zi0 ∼ π0 , i = 1, . . . ,M .

Source: ECMWF
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Assimilation of precipitation data II

Continuous–in–time assimilation of precipitation data yt:

d

dt
Zi
t

= f (Zi
t
) + α1Qt(Z

i
t
− Zt) + α2Kt(yt − h(Zi

t
))

Additional terms:

É Inflation: α1 > 0, Qt ∈ RNz×Nz spd,

Zt =
1

M

∑

i

Zi
t

É Nudging: α2 > 0, gain matrix Kt ∈ RNz×Ny , forward operator h.
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SDEs & inflation I

Forward SDE
dZ+

t = ft(Z
+
t )dt + γ1/2dW+

t ,

X+
0 ∼ π0, t ∈ [0,T], W+

t standard Brownian motion forward in time.

Generates probability measure P[0,T] over C([0,T],RNz ) with marginal
densities πt, i.e. Zt ∼ πt.

The same measure is generated by backward SDE

dZ−
t

= bt(Z
−
t

)dt + γ1/2dW−
t
,

W−t Brownian motion backward in time, X−T ∼ πT .

It holds that
bt(z) = ft(z)− γ∇z logπt(z) .
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SDEs & inflation II

Fokker-Planck equation for marginals:

∂tπt = −∇z · (πtft) +
γ

2
∆zπt

= −∇z · (πtbt)−
γ

2
∆zπt

= −∇z · (πtut)

with

ut(z) =
1

2
(ft(z) + bt(z)) = ft(z)−

γ

2
∇z logπt(z) .

Replace forward SDE by mean field equation

d

dt
Zt = ft(Zt)−

γ

2
∇z logπt(Zt) , Z0 ∼ π0 .

Remark. Generates path measure Q[0,T] which is different from SDE
measure P[0,T]; only marginals πt agree!
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SDEs & inflation III

Lagrangian interacting particles (Gaussian approximation to πt):
d

dt
Zi
t

= ft(Z
i
t
) +

γ

2
(Pt)

−1(Zi
t
− Zt) ,

Zi0 ∼ π0, i = 1, . . . ,M, empirical covariance matrix

Pt =
1

M− 1

∑

i

(Zi
t
− Zt)(Zi

t
− Zt)T .

Connection to inflation:

Qt = (Pt)
−1, α1 = γ/2 .

É Other approximations of πt, e.g. kernel methods, possible.
É Also used for Bayesian inference:

dXs = ∇x logπ(Xs|y) ds+
p

2dWs

with X0 ∼ π (prior), i.e., replace SDE by the mean-field system
d

ds
Xs = us(Xs) := ∇x log

π(Xs|y)

πs(Xs)
.
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Recap: Assimilation of precipitation data

Continuous–in–time assimilation of precipitation data yt:

d

dt
Zi
t

= f (Zi
t
) + α1Qt(Z

i
t
− Zt) + α2Kt(yt − h(Zi

t
))

É Inflation: α1 > 0, Qt ∈ RNz×Nz spd,

Zt =
1

M

∑

i

Zi
t

É Nudging: α2 > 0, gain matrix Kt ∈ RNz×Ny , forward operator h.
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SDEs & nudging I

Given a likelihood function

L(z[0,T]) := exp

�

−
∫ T

0
Vt(zt)dt

�

.

For example

Vt(z) =
β

2
‖h(z)− yt‖2 .

Bayes theorem (Radon–Nikodym):

dbP[0,T]

dP[0,T]
(z[0,T]) :=

L(z[0,T])

P[0,T][L]
.

The measure bP[0,T] solves the filtering/smoothing problem of SDE
inference.
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SDEs & nudging II

Mean–field formulation:

dbZt =
�

ft(bZt) + Pt∇zψt(bZt)
	

dt +
p

γdWt

with the potential ψt satisfying the elliptic PDE

∇z · (bπtPt∇zψt) = bπt(Vt − Vt)

bZ0 ∼ bπ0 = π0, Vt = bπt[Vt], Pt = cov (bZt).

If bπt Gaussian and h(z) = Hz in Vt, then

∇zψt(z) = βHT

 

yt −
Hz +HZt

2

!

.

Compare to nudging scheme:

α2Kt(yt − Hz) ,

i.e., Kt = PtHT, β = α2, but innovation different.
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Combining nudging and inflation

Ensemble Kalman–Bucy filter (Gaussian approximation to πt):

d

dt
Zi
t

= ft(Z
i
t
) +

γ

2
(Pt)

−1(Zi
t
− Zt) + βKt

 

yt −
h(Zi

t
) + ht

2

!

Zi0 ∼ π0, i = 1, . . . ,M, empirical covariance matrices

Pt =
1

M− 1

∑

i

(Zi
t
− Zt)(Zi

t
− Zt)T ,

Kt =
1

M− 1

∑

i

(Zi
t
− Zt)(h(Zi

t
)− ht)T .

Remark. Feedback particle filter for likelihood with

Vt(z)dt⇒
1

2
‖h(z)‖2dt − h(z)Tdyt

(mean–field equations for Kushner-Zakai-Stratonovitch equation).
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Discrete–time observations I

Discrete–time observations:

ytn = h(Ztn) +R1/2 Ξtn , n = 1, . . . ,N .

Likelihood function:

L(z[0,T]) := exp

�

−
1

2

∑

n

(ytn − h(ztn))TR−1(ytn − h(ztn))

�

.

Bayes:
dbP[0,T]

dP[0,T]
(Z+

[0,T]) :=
L(Z+

[0,T])

P[0,T][L]
.

The measure bP[0,T] solves the filtering/smoothing problem of SDE
inference.
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Discrete–time observations II

For simplicity: single observation, i.e.

N = 1, R = I, t1 = T, L(z) =
1

2
‖yT − h(z)‖2 .

But keep recursive nature of sequential DA in mind!

Four main players:

É last analysis: π0

É forecast based on last analysis: πT
É new analysis at time t = T (Bayes, filtering distribution): bπT
É smoothing distribution at t = 0: bπ0

Standard sequential DA leads to a discontinuous change in
distributions at observation time t = T from πT to bπT .
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Example

Scalar Brownian dynamics under a double well potential (γ = 0.5):
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The forecast and the new analysis at T = 0.5 are nearly singular with
respect to each other.

The relation between the last analysis (π0) and the smoother (bπ0) is
somewhat better. Exploited in optimal proposal density/auxiliary particle
filters.
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Discrete–time observations III

Forward-backward smoother iteration:

É Forward:
dZ+

t = f (Z+
t )dt +

p

γW+
t ,

Z+
0 ∼ π0. Yields πt.

É Backward:

dbZ−
t

= f (bZ−
t

)dt − γ∇z logπt(bZ−t )dt +
p

γW−
t
,

with bZ−T ∼ bπT and
bπT(z) ∝ L(z)πT(z) .

Yields bπt.

Smoother:

dbZ+
t = f (bZ+

t )dt + γ∇z log
bπt

πt
(bZ+

t )dt +
p

γW+
t

bZ+
0 ∼ bπ0, bZ+

T ∼ bπT .
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Example

Scalar Brownian dynamics under a double well potential (γ = 0.5):
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The forward smoother SDE links the smoother measure bπ0 with bπT .

Still requires transforming π0 into bπ0 (but now at t = 0).
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Schrödinger problem of DA I

A different perspective on sequential DA:

Schrödinger problem. Find the measure
eP[0,T] which minimises the Kullback-Leibler
divergence

eP[0,T] = arg inf
Q�P

KL(Q[0,T]||P[0,T])

subject to the constraints

eπ0 = q0 = π0, eπT = qT = bπT .
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The measure eP[0,T] is generated by a controlled SDE

deZ+
t = f (eZ+

t )dt + ut(eZ
+
t )dt +

p

γdW+
t .
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Schrödinger problem of DA II

Find an initial distribution ϕ+
0 and its evolution ϕ+

t under the forward SDE

dZ+
t = f (Z+

t ) dt +
p

γdW+
t

such that the associated backward SDE

dZ−
t

=
�

f (Z−
t

)− γ∇z logϕ+
t (Z−

t
)
�

dt +
p

γdW−
t

with final condition ϕ−T := bπT leads to marginals ϕ−t such that

ϕ−0 = π0 .

Then the control

ut = γ∇z log
ϕ−t

ϕ+
t

solves the Schrödinger problem.

Remark. Just smoothing with respect to a modified initial distribution
ϕ+

0 6= π0!
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Example

Double well potential, all densities are approximated as Gaussian (linear,
time-dependent control term), ten iterations:
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Remarks

É Smoothing:
ϕ+

0 = π0 & ϕ−
T

= bπT ⇒ bπt = ϕ−
t

Schrödinger:

ϕ−0 = π0 & ϕ−
T

= bπT ⇒ ϕ+
t / ut

É Link to Sinkhorn and Robbins & Monro iterations: If

π0(z) =
1

M

M
∑

i=1

δ(z − zi0)

then

ϕ+
0 (z) =

M
∑

i=1

αiδ(z − zi0) ,
M
∑

i=1

αi = 1

leading to a Sinkhorn fixed point iteration in the weights {αi} which
involves taking expectation with respect to bπT .
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Coupling of measures I

We cannot, in general, implement the Schrödinger approach to
sequential DA exactly.
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Coupling of measures II

Available realisations Zi
T
∼ πT with importance weights

wi ∝
bπT

πT
(Zi

T
) .

Instead of resampling, find coupling/transformation

bZT = ∇zψ(ZT) ,

ZT ∼ πT and bZ ∼ bπT .

More abstractly,

bZT(a) =

∫

ZT(a′)δ(a′ − ∇aψ(a))da′ ,

where A is some random reference variable. For example, A = ZT .
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Coupling of measures III

Replace the integral by a sum and formally write

bZ
j
T =

M
∑

i=1

Zi
T
dij

with a′ → i, ZT(a′)→ Zi
T
, a→ j, bZT(a)→ bZ

j
T , δ(a′ − ∇aψ(a))→ dij. Need

M
∑

i=1

dij = 1,
1

M

∑

j

dij = wi .

Select an "optimal" transformation through maximising correlation

V(D) =
1

M

∑

ij

dijZ
i
T
· ZjT =

1

M

∑

j

bZ
j
T · Z

j
T .

In addition, either dij ≥ 0 (Ensemble Transform Particle Filter) or

1

M− 1

M
∑

i=1

(bZi
T
− bz̄T)(bZi

T
− bz̄T)T =

M
∑

i=1

wi(Zi
T
− bz̄T)(Zi

T
− bz̄T)T

(Nonlinear Ensemble Transform Filter).
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Numerical example I

Lorenz-63 model, first component observed infrequently (∆t = 0.12) and
with large measurement noise (R = 8):

Figure: RMSEs for various second-order accurate LETFs compared to the ETPF, the
ESRF, and the SIR PF as a function of the sample size, M.
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Numerical example II

Hybrid filter: P := PESRF(α) PETPF(1− α).

Figure: RMSEs for hybrid ESRF (α = 0) and 2nd-order corrected NETF/ETPF (α = 1)
as a function of the sample size, M.
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Summary

É Continuous–in–time DA naturally leads to various interacting particle
systems.

É Schrödinger problem provides an "optimal" mathematical framework
for sequential DA with discrete–in–time observations.

É Numerical implementation nontrivial; good drift corrections can be
derived using Gaussian approximations or kernel methods.

É Coupling arguments are central to derivation of interacting particle
systems.

É Relevant to rare event simulations, optimal control problems and
derivative–free optimization.
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