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Motivation

Periodic orbits are ubiquitous in dynamical systems theory
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Motivation

YNI model of SA Node cells in rabbit heart
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Standard phase reduction

x=F(x), xecR",
v(t)  A)=(t+T)
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Standard phase reduction

x = F(x), x e R",
W) A(t)=A(t+T)
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Standard phase reduction

x = F(x), x e R",
W) A(t)=A(t+T)
001y, 0 €[0,2m),

ﬁ
It 1oy

Definition

An Isochron is a set of initial conditions that asymptotically converge to a periodic
orbit together at the same phase.
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Standard phase reduction

X = (X), x € R", = ::\——————
) (@) =A(t+T)

e
0, 0 € [0,27), : )

d 0 80 60 40 20 v [ 20 “ L]
b = w
dt

e )

Definition

An Isochron is a set of initial conditions that asymptotically converge to a periodic
orbit together at the same phase.
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Standard phase reduction
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Standard phase reduction

x = F(x)+ U(t)

Z—e =w+ g@ U(t)
t Xy(t)
2(9)
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Standard phase reduction

1 -
x = F(x)+ U(t) Z(@)
Z—e =w+ g@ U(t) 057
t XIn(t)
2(0) or
1 -0.5 '
tandard Phase Reduction 0 ) 4 5
0=w+ Z(0)U(t) 0

First component of PRC for YNI model
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Standard phase reduction

1 -
x = F(x)+ U(t) Z(@)
Z—e =w+ g@ U(t) 057
t XIn(t)
2(0) or
1 -0.5 '
tandard Phase Reduction 0 ) 4 5
0=w+ Z(0)U(t) 0

First component of PRC for YNI model
o Experimentally feasible

@ No information about transversal dynamics
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Augmented phase reduction

Isostables

Stable fixed point

For a system with a stable fixed point, an
Isostable is a set of points in phase space
that approach the fixed point together.
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Augmented phase reduction

Isostables

Stable fixed point

For a system with a stable fixed point, an
Isostable is a set of points in phase space
that approach the fixed point together. ; ’

S~

Stable periodic orbit

For a system with a stable periodic orbit,
an Isostable is a set of points in phase .
space that converge to the periodic orbit .
together but at different phases. ) o] > 1] > 0

- =

-
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Augmented phase reduction

[ P:To—To; x — P(x) ]
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ented phase reduction

[ P:To—To; x — P(x) ]
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Augmented phase reduction

x = F(x)+ U(t)

dij ;i
= kj; U(t
dt it ox ~+(t) (t)
———r
Z;(9)
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Augmented phase reduction

x = F(x)+ U(t) 0.2
di; ;i Z(0)
= kj; U(t
p it 5o o (1) 0.1
———
7,(0) 0
-0.1
Augmented Phase Reduction! 02 ‘
. 0 2 4 6
0=w+ Z(0)U(t) 0
¢.i = kiyi + Z;i(0) U(t) First component of IRC for YNI model

'D. Wilson, J. Moehlis, Physical Review E 94, (5) (2016)
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Optimal timing control

x = F(x)+ U(t)

Control objective

Change the period of an oscillator using minimum energy input while minimizing the
oscillator’s transversal distance to the uncontrolled periodic trajectory.

Bharat Monga, Jeff Moehlis (UCSB) Control using Augmented Phase Reduction DS17 10 / 23



Optimal timing control

x = F(x)+ U(t)

Control objective

Change the period of an oscillator using minimum energy input while minimizing the
oscillator’s transversal distance to the uncontrolled periodic trajectory.

Assumption 1: Only one of k; ~ 0.
Assumption 2: Only one degree of actuation: U(t) = [u(t), O,...,0]".
Augmented phase reduction becomes

0=w+ Z(0)u

b =k + Z(O)u
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Optimal timing control

With augmented phase reduction

/0T1 [au2 + BY? + M1 (9 —w— 2(9)u> + X2 <1/J — ki) — I(G)uﬂ dt
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Optimal timing control

With augmented phase reduction

/On [0 + gy + 2 (0 —w = 2(8)u) + 2 (4 — kp — T(6)u)] ot

Euler-Lagrange equations

6 =w+Z(0)u Boundary conditions
Y = kyp + Z(0)u (0)=0 O(T1)=2n
A= — (MZ(6) + XT'(0)) u $(0)=0  (T1)=0
A2 =203 — kX Solve the 2 point BVP using
- A Z(0) + NZ(0) Newton iteration
2¢y

V.
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Optimal timing control

Algorithm A (based on augmented phase reduction)

T
{ / Euler-Lagrange equations J
0

[MOZOOOIO) o o] T o0<t<T

2a

[0, 0,...,0]" t>Th

{x(t) - /Ot [F(x) + U8)] dt}
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Optimal timing control

With standard phase reduction?

/OTl [ozu2 + A1 (9 —w— Z(H)u)] dt

Euler-Lagrange equations

Boundary conditions

0=w+2(0
=wr2(0)u 00)=0  O(T1) =2r
A =-MZ'(0)u
A1 Z(0) Solve the 2 point BVP using
~ o Newton iteration

2J. Moehlis, E. Shea-Brown, H. Rabitz, JCND, 1 (4) 395 (2006) 358367
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Optimal timing control

Algorithm S (based on standard phase reduction)

T
{ / Euler-Lagrange equations }
0

M(B)Z(8(1)) T
U(t) AW 0,0 0<t<T

[0, 0,...,0]" t>Th

{x(t) - /Ot [F(x) + Ut)] dt}
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Controlling cardiac pacemaker cells

! It I ¢

APD; DI; APD;,;  Dlyy, APD, DI; APDy; Dl

Basic Cycle Length  Basic Cycle Length Basic Cycle Length Basic Cycle Length

@ Action Potential Duration (APD)

e Diastolic Interval (DI)

@ Basic Cycle Length (BCL)

@ Period doubling bifurcation: 1:1 rhythm — 2:2 rhythm (Alternans)
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Controlling cardiac pacemaker cells

In the simplest model:

e restitution curve: APD; ; = f(DI;)
@ BCL curve: APD; + DI; = BCL

. thm

S Unstable 12 1Y
2 /{e itution curve
3 aAPD; |- — -k -
(=) 4
© Stable 2:2 rhythm
=
ju
5 APDjyq) — — = f5 N
- ! N,
K] ! I Lo
2 ! .
2 ! !

! !

| |

DI; Dlyq

Diastolic Interval
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Controlling cardiac pacemaker cells

In the simplest model:
e restitution curve: APD;; = f(DI;)
@ BCL curve: APD; + DI; = BCL

E thm c A rhythm
S Unstab\e 1:1 fhy S5 Unstﬂb\e 11 vyt
© /resmutioﬂ curve © restitution CUNYe
I\
2 APD; |- — - 4 3 APD; |-
© Stable 2:2 rhythm ® APD® | ——°
=) — =
c c
LS APD | — — — S APD — ]
o 2 3N 2 3
a I % = I
c - . 00 S - N
8 | | e 2 [
= ! ! |
O | | Q [ &,
! | < o
= ! | L e
| | (| _
DI; Dl DI; DI"
Diastolic Interval Diastolic Interval

Control objective: Stabilize the unstable 1:1 rhythm by changing the BCL for 1
period
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YNI model of node cells in rabbit heart
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Controlling circadian oscillators

12:00
21.00 midnight o
@ Suprachiasmatic nucleus (SCN) maintains s Deepest sieep

19.00

circadian rhythm Highest body
temperature 04:00

Lowest body

@ Asynchrony with the external day and night gt oo . . temperature
I e Circadian

cycle can lead to several physiological disorders , 06:00

g Rhyth :

. 17.00 y ms 06.45

@ how do we remove this asynchrony? Greatestcardio- Sharpest blood
vascular efficiency v pressure rise
. . and muscle strength SN
o Using drugs (e.g. Melantonin) - O 0730

Melatonin
Secretion stops

@ exposure to a timed light stimulus ot

reaction time

14.30 10.00
Best 12:00 Highest
coordination alertness
noon

Bharat Monga, Jeff Moehlis (UCSB) Control using Augmented Phase Reduction DS17 18 / 23



Controlling circadian oscillators

12:00

21.00 midnight
Melatonin

@ Suprachiasmatic nucleus (SCN) maintains sccretion stats

19.00

circadian I’hyth m Highest body

temperature

02:00
Deepest sleep

04:00
Lowest body

@ Asynchrony with the external day and night e o g ; temperature
oI ek Circadian
cycle can lead to several physiological disorders 500 06:00
. 17.00 Rllythms 06.45
@ how do we remove this asynchrony? Greatestcardio- Sharpest blood
vascular efficiency . pressure rise
. . and muscle strength .
o Using drugs (e.g. Me!antom.n) . O o0
@ exposure to a timed light stimulus e . e
14, 10.(
Best 12:00 Highest
coordination alertness
noon

@ Imagine someone going on a vacation from New York city to London
@ The new day and night cycle would be 5 hours behind his circadian rhythm

@ Reduce circadian rhythm period by 20%(=2 5 hrs)!
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C lling circadian oscillators

2.32 40 10
3 Dimensional N g <o -
Gene Regulation Model 0.44 N _28 g O
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Controlling neurons

@ Essential and parkinsonian tremor affect millions of
people worldwide

@ Pathological neural synchronization in the thalamus
and STN brain region

@ Deep brain stimulation: high frequency high energy
pulsatile waveform

@ Stimulation hypothesized to desynchronize the neurons

@ Can we do this in a more optimal way?
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Controlling neurons

@ Essential and parkinsonian tremor affect millions of
people worldwide

@ Pathological neural synchronization in the thalamus
and STN brain region

@ Deep brain stimulation: high frequency high energy
pulsatile waveform

@ Stimulation hypothesized to desynchronize the neurons

@ Can we do this in a more optimal way?

e Start at a single neuron level
e Goal: Change the period for one oscillation
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Controlling neurons

3 Dimensional 2 o2 o2
Thalamic Neuron Model T1s @ % 0 \/ g5 0 TN
Oo—li+1p) 05 o7 60 _0'20 5 _0'20 5
= B + u(t), h v 0 0
y = Yint —¥) /7y <107 30
R =3
05 20 1o
T, =04T . 0 60 y 0 10 20 0 t2
k = —0.0226 107

DS17 21 /23
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Controlling Hopf normal form

X = ax — by + (x* + y?)(cx — dy) + u(t),
y = bx +ay + (x* + y*)(dx + cy).
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Controlling Hopf normal form

X = ax — by + (x* + y*)(ex — dy) + u(t),
y = bx +ay + (x* + y*)(dx + cy).

0

o'vr

-0.5

Alg. S
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Conclusion

Standard phase reduction PN Augmented phase reduction
(Algorithm S) (Algorithm A)

e Optimal timing control algorithm has potential to
o eliminate cardiac alternans

e aid in treating jet lag

o help with motor symptoms of essential and parkinsonian tremor
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