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Singular Value Decomposition

For an mxn matrix A of rank r there exists a factorization
(Singular Value Decomposition = SVD) as follows:

A=UzV"

/ [ N

mxm mxn nxn

The columns of U are orthogonal eigenvectors of AAT.

The columns of V are orthogonal eigenvectors of A’A.
Eigenvalues A, ... A; of AAT are the eigenvalues of A’A.

—
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SVD Background

» Singular Value Decomposition

E. Beltrami M. Jordan J. Sylvester  E. Schmidt H. Weyl C. Eckart
(1835 -1900) (1838 -1922) (1814 - 1897) (1814 - 1897) (1885 - 1955) (1902 —1973)
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CALCULATING THE SINGULAR VALUES AND PSEUDO-INVERSE
OF A MATRIX"
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St rarii- 10 sperseraton

SVD is the“Working Horse” of Linear Algebra .
* Once you have it, you have many things: ,_,. ’“*‘% '

* Numerical rank of a matrix

* Low rank approximation

+ Solve least-squares problems
+ Data fitting

* Principal Component Analysis

-8.1409 -8.8247 @.2447 -8.8271
-@.3439 -@.4263 -d.0838 a.4822
-8.3470 -g.8278 -8. 2087 -g. 7930
-3. 73081 d.3786 @.4857 d.3680

- Digital Signal Processing

- Image processing o LR
. Infopmaﬂon I"e'l'l"iEVGl SVD — Example: Users-to-Movies ”:_H_mﬁ e s

-@.53745 @.a371 @.8165

+ Latent Semantic Indexing ~ "7"F" exemeietemiofovies

% .
- S . . .
. C 1' h = T & = = . 14 singular
ryprography o
= M1 10 0] o y ' - . |
Many mo re... 13300 g;; :::_:E ﬁ — Tt Information of word ; Information of sentence |
: N |."|'r o I.fn-h_t..;l;ld Tll_ 3 i 4 4 4 ” “ . “-55 ”ﬂ” ” ; Et
o i 55500070 000 | X 3” 05| X i q; VT
0 0044 0.00 0.60 ' " | &isthe “spread f -
4" : > - J content
Joo0ss| Joo ors ——— oA - 5
i 00022 |oo0030] [058 058058 000 0.00] a |
o | 0.00 0.00 0.00 0.71 0.71 | ‘

Left singluar Sipaular Right singular

Target matrix : . _
vacior matnx ') malnx vector matnx




The “Classical” Algorithm

Derivation of the SVD can be broken down into two major
computational steps :

1. Reduce the initial matrix to bidiagonal form using Householder
transformations (a direct and stable process)

2. Diagonalize the resulting matrix using QR algorithm (an /terative
process)

3. If the singular vectors desired, back transform U and V.

X X X

X X X X X

X X X X X X X X
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X X X X X X X X

X X X X X X X
Initial Bidiagonal Diagonal

Matrix Form Form



Cost for Computing all Singular Values and Vectors
(This discussion we will be using square matrices)

, @L;J
— m‘f’iw — % Total Cost:
Values: 8/3 n° flops **T’:a | Values: O(n?) flops Values: 8/3 n° flops
V+Vectors: 5n° flops “S| V+Vectors: 12n3 flops V + Vectors: 17n° flops

Full to Bidiagonal Bidiagonal to Diagonal

(Sequence of Householder Transformations) (Uses QR Algorithm)
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Experiments Using Different SVD Implementations

* Look at various SVD algorithms and software implementations on a specific
hardware platform

* Fix the hardware platform
— Intel Sandy Bridge 2.6 GHz, 8 cores per socket| . (=

RAM
— =

* Each Core: 8 Flops per core per cycle | (R — st 08
— 2.6 Geycles/sec * 8 flops / cycle = 20.8 Gflop/s per core xeon €5-2600 |G
CORE1 . CORe.; Qe 1 1
« Socket Peak 166.4 Gflop/s | -

P l1 . Ta
lanes

— Dual Socket - total of 16 cores
* Dual Socket Peak DP 333 Gflop/s

* Use maximum compiler optimization and the best implementation of the
BLAS available, Intel's MKL

— Compiled with icc and using MKL 2015.3.187



EISPACK Version

1970 Golub & Reinsch Algol
Translation into Fortran

Row oriented; No BLAS ' e
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No BLAS, compiler optimization only, Only single core used
Row oriented; Very little data reuse.
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LAPACK Version b R EA
Blocked Partitioned Reduction |:%-=2<*x
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Using Divide & Conquer Algorithm
LAPACK Version

J. Cuppen (Num Math 1980), Gu & Eisenstat (SIAM J. Matrix Anal. Appl., 1993)
(1993: Algorithmic Improvement)

‘Reduction to bidiagonal form (using the previous approach), then
Divide bidiagonal in half (rank-1 change), and do it recursively
Recurse down to n # 25, then use QR algorithm to fine singular values
«Combine subproblems by solving secular equation
‘Reduces flops from ~17n3 to ~9n3 and uses Level 3 BLAS

Much less work in accumulation of U & Vfrom subproblems.
Algorithmic improvements
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Commodity Processors ...

Over provisioned for floating point operations
Today it's all about data movement

Memory Access Latencies in Clock Cycles

api ! Xeon £5-2600 - 167 cycles to move a word from memory to a register
Lk 1 1 In 167 cycles single core: 1336 DP Flops, socket: >10K Flops
Up to 4 chamnels Main memory 167
gt dceies L3 Cache Full Random access IS 38
:nr::}::"r“ H.ﬁ ———y L3 Cache In Page Random access I 18

!!!!!!

Bl ol Dl Bl ol

L3 Cache sequential access M 14

EaCh Cor'e: 8 Flops per' core / Cycle L2 Cache Full Random access I 11

L2 Cache In Page Random access [ 11

(Old processor, newer 32 f/c)
L2 Cache sequential access 1 11

L1 Cache In Full Random access B 4

Each Core Peak DP 20.8 Gflop/s i cocheinreee raniom s wa N€€d Cache Friendly Algorithms
Each Socket Peak 166.4 Gflop/s o cache sequential access w4 M@trix Multiply and Data Reuse

0 50 100 150 200



& 2-stage Bidiagonalization
. (GroBer & Lang, Parallel Computing, 1999)

B=UZXV,T
1. Reduction to bidiagonal form (2-stage) 2.
a. Reduce to band (matrix multiple driven) A b 2
b. Band to bidiagonal (bulge chasing, L j
"cache friendly") e 1o
2. But adds additional transformations: C

Us, Vb, doubling work in computing singular A=ucv' C=U,BV,’

vectors A ,

U=l ullu |lu, V|=V Vb|V2

a

15



2.5

* __And Many More Algonithms ...

 Bisection | T "
= Strength when computing subset of singular
vectors

» Jacobi & Blocked Jacobi

1o}

speedup over D&C

= Simplicity, Easy parallelization and Potentially "o
better accuracy for certain classes of matrices .
* Polar Decomposition, QD WH
* QR-based Dynamically Weighted Halley's
i-l-er‘a-l-ion QDWH-SVD is a competitive alternative
2x to 7x more flops but all parallel On very large problems  : > 50,000
2 iterations maximum On'alarge #of nodes.  : N'>33 nodes
Canbeup to 3x faster  Z * O
n 1ow precision aritnmeuac : singie

If fast SYEV available
If vectorization available

: 2-stage (MKL-18.2+)
. AVX-512 (Skylake)




. 40 Years Evolving Software and Algorithms
- Tracking Hardware Developments (Past, Present & Future)

EISPACK (1970’s) Fortran
element-wise operations -

LINPACK (1980’s) Level 1 BLAS e A
vector machines | vector operations s L‘{Jggg% LAPACEK

* LA L-A P-A C-K
LAPACK (1990's) - Level 3 BLAS Al o N
cache hierarchies blocked operations SaAPAE e e EE'EE‘E K i ol
ScaLAPACK (1990’s) PBLAS l l . |
distributed memory message passing E 5 i
MAGMA (2010’s) S Hybrid algorithms Gl s
accelerators —).'%
PLASMA (2010’s) Tiled algorithms +
multicore runtime scheduler
DPLASMA (2010’s) Implicit DAG +
distributed multicore ParSEC distributed scheduler
SLATE (2020’s) Hybrid distributed

hybrid
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— __Hutorical Perspective, 1977 to Tooay

* Hardware improvement

RAM

« EISPACK on Intel SB (1 core) is -—-—-- - | e o
435 x faster them EISPACK on [ o |
IBM 370/195
« Same software, 40 year improvement in .o FHRAn
hardware 1 Uubuu |

 Algorithm improvement
 PLASMA 2-stage reduction and D&C implementation

is another 197 x faster than EISPACK on Intel SB 10 Trlop/s | 6.8 Tflop/s _
* 2-31'093 Is driven bY matrix mul1'|p|y per‘for‘mance 10;;:5;:%: 146 Gflop/s
« D&C is a parallel algorithm uses 16 cores 10 Gflop/s |
- 85,000 faster then IBM 370/195 o Stopls} —
« DPLASMA is 47x faster on 1764 processors Haswell PR FET
cores compared to PLASMA on 16 cores "1077  today  16cores 1764 cores

IBM 370/195 1 core

20
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The Take Away

 Algorithm and software follow architectural changes
are critical for performance

« "Communication avoiding” approach

* Level 3 BLAS, keep data in upper levels of
memory hierarchy

 Blocked algorithm
« 2-stage reduction
 Divide & conquer algorithm
« QDHW Algorithm
* More operations can be faster!
« Operation count # time to solution
» Jacobi

= Basic version is easy, parallel, accurate, but slow
(L1 BLAS)

= Block Jacobi can be competitive
21

PCl express GEN3 x16 16 GB/s 16 GBfs
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