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In this talk, you WON’'T see

proofs
“optimality”

You WILL see

matmuls

10X speedup

comparisons
software release
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3D brain fMRI

Source: http:/ /sites.cardiff.ac.uk/events/files /formidable/3d-brain-render.jpg



Inverse Covariance Matrix (Z-1)(ICM)

encodes relationships accounting for other variables
(distinguishes direct vs indirect association)
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Sparse ICM Estimation

p
* Takes n observations of p features (n< p) variables features
* Forms S = X*X. n{ X
() Estimates S-_Z (poor man’s z-l). observations (Observed data)
— Defines an objective function and
finds the optimal matrix. S
. XT (sample
* Enforces sparsity. covariance)
— Saves time. (rank-deficient)

— Improves stability.

* Most implementations cannot handle > 20k variables.

« BigQUIC [Hsieh et al. 2013]

— Up to 1M variables, but chain graph (degree = 3).
— Shared memory.
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CONCORD-ISTA
 CONCORD objective function h

Q) = 7 [~ log det O + (D)

() estimated sparse inverse of S () : diagonal elements
() x : off-diagonal elements

* Proximal gradient method | -
— Smooth: Gradient descent —)1 /

: 7
— Non-smooth: Soft-thresholding /|
(ISTA: Iterative Soft-Thresholding Algorithm) ) _

SA(Q2) = sign(2) max{|Q2] — A, 0}

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation [Oh et al. 2014] {




CONCORD-ISTA

Input: Observation X"*P, penalty AP*P,

Input: Penalty )\, convergence e (constants).

Output: Estimated sparse ICM (QP*P
1: S+ XTX/n // Forms pxp sample covariance matrix.

2: Qo + IP*XP // Initial guess.
3: hg < —logdet(20)p + %tr(QOSQO) + )‘”QOH%‘ // Objective function.
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CONCORD-ISTA

Input: Observation X"*P, penalty AP*P,

Input: Penalty )\, convergence e (constants).

Output: Estimated sparse ICM (QP*P
1: S+ XTX/n // Forms pxp sample covariance matrix.

2: Qg « IPXP // Initial guess.
3: hg « —log det(QO)D + %tr(QOSQO) + )‘”Q0”]2F‘ // Objective function.
4: repeat k< 0,1,2,...

5: G + —((Qk)p)_l + %(SQ;{, + QS) + 220 // Gradient.

A B A

10:
11: until max|Qg 1 — Q| < €
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CONCORD-ISTA

Input: Observation X"*P, penalty AP*P,

Input: Penalty )\, convergence e (constants).

Output: Estimated sparse ICM (QP*P
1: S «— XTX/’n, // Forms pxp sample covariance matrix.
2: Qg « IPXP // Initial guess.
3: hg < —logdet(20)p + %tr(QOSQO) + )‘”QOH%“ // Objective function.
4: repeat k< 0,1,2,...
5 G+ — ((Qk) )_ l(SQk + QkS) + 20 // Gradient.
6 repeat 7 < 1, 55 4, .. // Line-searches for appropriate step size.
7 Qg1+ Sra(Q — 7G) // Computes new Q.
8 hk+1 +— —log det(ﬂk+1)p + % tI‘(Qk_|_1SQk_|_1) + >\||Qk—|—1||%“
9 q < hi +tr((Qet1 — )" G) + 52 [t — e ll7

10: until A1 < ¢ // Until descent condition satisfied.

11: until max|Qg 1 — Q| < €
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O N E recurring matmul

2
S = XTX/r P
fork =0, 1, .. X100 —————
Transpose W
fort =1, 0.5, ... X10 XT S Q W
W =015

TWO recurring matmuls

QS > Q(XTX) > (QXT)X

X100 np? flops
fork=0,1, . X100 X! ol
/ =YX
Transpose Z
fort =1, 0.5, .. X10 Y| Z
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Parallelizing

XT S () Y
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Parallelizing

1D X
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Parallelizing

1D X
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Parallelizing

[ 5. VAN = - (‘
N))
1D X 1D 1D
Xt ) 2 W
2D’s bandwidth >1D’s
if matrix is very sparse. 0
[Koanantakool et al. 2016] 2D 1D
Example: 0
4 processors 0
Moved data is shaded

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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Parallel Algorithm Cost Model

Image courtesy of: James Demmel

* P distributed, homogenous processors -
connected through network

* Per-processor costs along critical path

\

time = sfflops - tg, + ) Computation
#messages - tressage T c o
#WOFdS 3 A ommunication

* Assume tg,, t t..q are machine-specific constants.

message!?

* Minimize #messages and #words

Communication Avoidance for Algorithms with Sparse All-to-all Interactions
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1D

Matmul

P =8 procs
c=1 copy

N[OOI~ |WIN|R|O
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1D

Matmul

P =8 procs
c=1 copy

N[O |WIN|F]|O
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1D

Matmul

P =8 procs
c=1 copy

N[OOI |WIN|R O

o

|G| |WIN|IF|IO|N
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1D

Matmul

P =8 procs
c=1 copy

N[OOI |WIN|R O

|G| |WIN|IF|IO|N

4[5
5]6
6|7
1D
message size nnz(A)/P
#messages P
#words nnz(A)
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1.5D

Matmul

P =8 procs
c=2 copy

01

23

45

67

P =8 procs
c=1 copy

0 0

1

2

3

A : ; C

5 5

6 6

7 7

7 0 7

0 0

1

A i i C

4 4|5

5 56

6 6|7

1D
message size nnz(A)/P

#messages P

#words nnz(A)
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M

1.5D
atmul

P =8 procs
c=2 copy

01)07

23)21

45)43

(
(
(
(

67)65

P =8 procs
c=1 copy

0 0

1

2

3

A : ; C

5 5

6 6

7 7

7 0 7

0 0

1

A i i C

4 4|5

5 56

6 6|7

1D
message size nnz(A)/P

#messages P

#words nnz(A)
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1.5D

Matmul

P =8 procs
c=2 copy

(01)07

(23)21

(45)43

(67)65

P =8 procs
c=1 copy

0 0

1

2

3

A : ; C

5 5

6 6

7 7

7 0 7

0 0

1

A i i C

4 4|5

5 56

6 6|7

1D
message size nnz(A)/P

#messages P

#words nnz(A)
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1.5D
Matmul |o|2[4]6
P =8 procs L1357
c=2 copy
(01)07 0 7
(23)21 1|2
(45)43 3|4
(67)65 6
43 0(3[4]7
65 11256
07 013 (4|7
21 1/2|5|6

P =8 procs
c=1 copy

0 0

1

2

3

A : ; C

5 5

6 6

7 7

7 0 7

0 0

1

A i i C

4 4|5

5 56

6 6|7

1D
message size nnz(A)/P

#messages P

#words nnz(A)
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Matmul g, |5/slalsl6l7 B Matmul [o|2|4]|6
1(3|5|7
P=8& procs P =8 procs
c=1 copy c=2 copy
g 0 01)07 ||o0 7
2
23)21 ||1]2
A ; 3 C A (45) 43 314
5 5
5 = (67)65 6
-
0 8 ! 43 0|13 |4]|7
1
65 11256
A ; ' C A
; e 07 0| 3|4|7
5 5|6
: oL 21 12|56
1D 1.5D
message size nnz(A)/P c - nnz(A)/P
#messages P P/c?
#words nnz(A) nnz(A)/c

25



1D 1.5D
Matmul g, |5/slalsl6l7 B Matmul [o12]4|6|p
1(3|5|7
P=8& procs P =8 procs
c=1 copy c=2 copy
. L (01)07 0 7
2
2 (23)21 ||1]2 C
A g an C A (45)43 314
° 2 (67)65 6
: . ! 43 0[3|4]|7
1
65 1{2|5]|6
2 C
A : . C A 07 0(3(4]|7
5
2 > g - 21 1{2|5]|6
1D 1.5D 1.5D (cp, cg)
message size nnz(A)/P c - nnz(A)/P cy - nnz(A)/P
#messages P P/c? P/(cacg)
#words nnz(A) nnz(A)/c nnz(A)/cg 26



Summary

ONE

#flops varies with p and %nnz, 1 g WT
independent to n.

R’ - \ 4
Green: once.
Red: every inner iteration. (@) G
\ \WY
=
XT X
ZT
€2 v #flops varies with p and n,
not so much with %nnz.
T Y Z G
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Performance
Results

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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Experimental Setup

+ C++
* MPI/OpenMP
* 12 threads/proc

Generate observations

e MKL for local

matmuls
HP-CONCORD

Ia

Same #nnz?

* Edison@NERSC
* Cray XC30
e 12-core Intel
lvy Bridge®©2.4GHz

2 sockets/node
YES

Find best

replication factor

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation

Generate solution graph

A: penalty

{ chain graph

random graph

X n
(observed data) }samples

Y

p features

NO:
Binary
search
for A

29



Replication effects

Total running time (seconds). Chain graph (3 nnz/row),
TWO, 256 nodes (P=512), n=100 samples, p=40k features

c: X', X

c 1 2 4 8 16 32 64 128 256 512

-9.69 8.73 7.34 7.09 7.01 717 656 7 5.01

—_—

2 935 575 578 71 542 542 578 513 3.9

4 528 394 342 508 444 439 43 3.86

8 4.08 3.45 419 4.08 3.65

16 4 355 3.83 3.77 XT

Good - Bad

32 4 6.06 343 3.38 3.26

64 6.13 4.77 4.7 442

128 7.8 6.59 5.87 Q

256 10.97 9.47

T Y

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation

ZT
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Replication effects

Total running time (seconds). Chain graph (3 nnz/row),
TWO, 256 nodes (P=512), n=100 samples, p=40k features

8

CQ 16
32 4 6.06
64 6.13 4.77
128 7.8 6.59

256 10.97 9.47

c: X', X
4 8 16 32
8.73 7.34 7.09 7.01
578 7.1

542 542

3.42 5.08 4.44 4.39
4.08
3.77
3.43 3.38 3.26

4.7 4.42

5.87

64 128 256 512
717 6.56 7 5.01
5.78 5.13 3.9

43 3.86

3.65

XT

T Y

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation

Good - Bad
X
Al
v
Z G
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Cost breakdown

Cost breakdown (Chain graph, n=100, p=40k, 256 nodes on Edison)

14
______________________________________________________ r' e
12
10 Local computation
= Bookkeeping allreduce
S mZ: local xpose
S 8
§ 5X mZ: alltoallv (xpose)
\:-/ 6 = YX: matmul
E m YX: shift
A OX”"T: allreduce
- mOX"T: matmul
m OX"T: shift
2
= e it
0 B
4-1 16-1 16-8

Replication facors: c,-cy
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Reduced communication costs

Cost breakdown (Chain graph, n=100, p=40k, 256 nodes on Edison)

14
__________________________________________________ 7N
12 XT X
10
=
S 8
g Q 5X mZ: alltoallv (xpose)
v 6
E m YX: shift
A OX"T: allreduce
5 i mOX"T: shift
O . —
4-1 16-1 16-8

Replication facors: c,-cy
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Bonus: cheaper computation

Cost breakdown (Chain graph, n=100, p=40k, 256 nodes on Edison)

14
__________________________________________________ r' e
12 XT X
10
g E—
X bx
(D]
= mYX: matmul
GE) ) I
- Y V4
4
mOX"T: matmul
v
5 I
0
1-1 4-1 16-1 16-8

Replication facors: c,-cy

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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When to use ONE/TWQ?

ONE vs TWO (p=40k)

—+— ONE-chain - % - ONE-random
—*— TWO- cham ‘ TWO-random

0.5

O
\S)
o1

Time per inner iteration (seconds)

0.125 5 | ‘ 5 5
100 200 400 800 1600 3200

n (#observations)

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation

6400

12800
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Comparison with BigQUIC

¢ C++

* OpenMP

* Shared-memory
(single-node run)

* Different complexity

* Second-order method

* Converges in several
Iterations

« Search for penalty A
that gives the right
answer then compare
running time.

Generate solution graph

Generate observations

Same #nnz?

¢ YES

Running time

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation

A: penalty

{ chain graph

random graph

X

(observed data)

n
samples

Y

p features

NO:
Binary
search
for A
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Chain graph vs BigQUIC

Chain graph on Edison (n = 100, 3 nnz/row)

1.04858x10° | e BoquIC | r ! 5 days!
262144 - o S R Nl
65536 | | 5 | 3 ' -
16384 |
4096 |
1024 |
256 |

64 |

Time (seconds)

10k 20k 40k 80k 160k 320k 640k 1280k
p (#features)
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Chain graph vs BigQUIC

Chain graph on Edison (n = 100, 3 nnz/row)

1.04858x10° —— . | |
- —»— BigQUIC : | ; 5 days!
262144 | — g TWO-1* e -
_ wo4 A A i
0936 I o TwO-16 _
—~ 16384 |- TWO-64 . S
B - —e— TWO-256 | ; _
S 4096 — TWO-1024 :
(@) i : : : :
8 1024 | R 2 -
2 256 | |
- 64 s s | ‘ 5
16} A —
4 . . 7 : :

10k 20k 40k 80k 160k 320k 640k 1280k
*TWO-x means TWO on x nodes p (#features)
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Random graph vs BigQUIC

Random graph on Edison (n = 100, 60 nnz/row)

262144 | ; ; ; ! ] —— BigQUIC
: : ! ! 1 %
65536 | | | ‘ — $W8_l
I —a— TWO-16
16384 TWO-64
0 I —e— TWO-256
Q 4096
S . * TWO-x means
2 1024 TWO on x nodes
£ 256
|_ -
64
16
T

10k 20k 40k 80k 160k 320k
p (#features)

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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Random graph vs BigQUIC I

Random graph on Edison (n = p/4, 60 nnz/row)

32768 ) ) —%— BigQUIC
16384 : . —— 8NE_1 *
NE-4
8192 —a— ONE-16
4096 ONE-64
5048 —eo— ONE-256
g 1024 * ONE-x means
c ONE on x nodes
S 512
B 256
)
£ 128
= 64
32 | |
16 ' ‘
10k 20k 40k 80k

p (#features)

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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Real dataset

3D Brain fMRI scan.

Communication-Avoiding Sparse Inverse Covariance Matrix Estimation
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1.2k x 110k: Iterations 0-24

6,144 cores on Edison. 790 inner iterations. 0.095%nz (avg). 0.013%nz (final)

16
2 —1 ——%nonzero
8
m
S
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S
e 4
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£
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Conclusion

* Highly scalable. Enables processing high-dimensional datasets with
arbitrary underlying structure.

2 approaches: ONE wins when %nonzero - #avg inner iter<n/p
e Communication-avoiding: up to 10.18X faster than non-CA.
* Plenty of room for improvement
— Hybrid: switch from TWO to ONE midway.
— Replication factors can change halfway too.
— Communication overlapping
— Account for different flop rates.
— Approximate step size and use s-step trick.
» Software releases:
— https://people.eecs.berkeley.edu/~penpornk /spdm3
— https://people.eecs.berkeley.edu/~penpornk /hp-concord
— Python package released soon.
I’'m looking for more applications!
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Thank you!
Questions?
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