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Introduction

-A reformulation of dynamical systems theory in terms of evolution of observables.

-Koopman and von Neumann used it to study measure-preserving systems.

-Last 20 years; studies of dissipative systems; data-driven methodologies.

-Spectral objects associated with a class of linear, infinite-dimensional, non self-
adjoint operators help unravel the state-space geometry and enable model 
reduction and control in high-dimensional systems.

-Relationship to data analysis is direct: akin to stochastic process theory

New applications Return to the roots
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Operator theory: history and setup

Koopman operator:

Vector field case:

Observables on phase space M

B.O. Koopman “Hamiltonian Systems and Transformations in Hilbert Space”, PNAS (1931)
Cf. Carleman (1931), Koopman-vonNeumann (1932)

Generator  equation

Eigenfunction  equation



Algebraic Properties of Eigenfunctions



Invariants and eigenspace at 1

Kicked planar 
pendulum

Left: time averages=eigenfunctions at 1.
Right: state-space (phase space).



Invariants and the ergodic partition

f1=
f2=
f3=
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Why is the Hamiltonian special?
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Why is the Hamiltonian special?



Why is the Hamiltonian special?



Pendulum Hamiltonian via ANN

Kevrekidis et al:



Spectral Expansion for Composition Operators

Chaotic

I.M. Nonlinear Dynamics, 2005



Heisenberg’s Theory as Koopman Theory

Classical x2

Quantum x2

Position x:



Heisenberg’s Theory as Koopman Theory



Heisenberg’s Theory as Koopman Theory



Heisenberg’s Theory as Koopman Theory



Dirac’s Raising and Lowering Operator



Densities on Observables



Densities on Observables: A Schrodinger-Like Formalism



A Dirac-Like Equation



Conclusions
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